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Investigations in Absolute ttadiometrjf 

By J. Guild, A.R.C.S., F.Inst.P., F.R.A.S. 

Of The National Physical Laboratory 

(Communicated by T. Smith , F.R.S.—Received 25 January 1937) 

I—A NEW TEMPERATURE-DRIFT RADIOMETER 
Introduction 

Of modern British work seeking to establish a scale of radiation intensity 
the most important is that of the late Professor H. L. Callendar ( 1910 ), who 
developed a very accurate instrument, the Callendar Radio-balance, for 
measuring radiation. Subsequently Callendar used the radio-balance to 
calibrate various types of radiometer produced by British instrument 
makers. After his death arrangements were made for this work to be con¬ 
tinued at the National Physical Laboratory. The instrument used to 
establish a scale of radiation intensity at this Laboratory was a radio- 
balance made to an improved design of Callendar’s shortly before Ms death. 
It was made in the Physics workshops of the Imperial College of Science and 
calibrated at the National Physical Laboratory as described in the second 
of these papers. 

Other scales, notably those known as the Smithsonian Scale of 1913 and 
the Angstrom Scale, have also been ©raplbyed in this and other countries, 
particularly for the calibration of meteorological instruments; and it has 
been recognized for some time that these scales are not in agreement. The 
discrepancies indicated the importance of obtaining independent evidence 
of the accuracy of the N.P.L. scale rather than continuing to rely on the 
properties of a single instrument. Accordingly, the first steps taken in a long 
investigation, wMch ultimately led to complete justification of the faith 
reposed in the radio-balance, concerned the development of absolute radio¬ 
meters of an entirely different type. Descriptions of these new instruments, 
and of the method of using them, form the subject of tMs first paper. 

Principles affecting the design 

In considering what type of instrument should be employed to check the 
radio-balance, weight was given to the view that when two instruments 
give the same result for a measurement, the significance of this fact, as a 
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guarantee of the absolute accuracy of the result, is greater the more the 
instruments differ in the principles of their construction and in the technique 
of their operation. The radio-balance is an instrument of delicate con¬ 
struction, with the essential parts small and light to keep the thermal 
capacity as low as possible. Its method of use involves a null reading after 
the attainment of a state of equilibrium. The search for designs remote from 
this led to the consideration of heavy, slow-acting, receivers. When a body 
of considerable thermal capacity is exposed to radiation, the rate of rise of 
temperature is slow and equilibrium is not established for a considerable 
time. It is, therefore, inconvenient to employ the equilibrium condition as 
a criterion; instead it is usual to base measurements on some function of the 
rate of rise of temperature. To distinguish these instruments from those in 
which an equilibrium condition is employed, they will be termed “Tem¬ 
perature-drift” radiometers, or, more simply, drift radiometers. 

Drift radiometers appear to have been used mainly as non-absolute 
instruments requiring calibration by comparison with some other instru¬ 
ment. The best known example is the Abbot silver disk pyrheliometer 
(Abbot 1911 ) of which copies are issued to meteorological stations through¬ 
out the world by the Smithsonian Institution. They consist of a massive 
disk of silver in which the bulb of a sensitive mercury thermometer is 
embedded. When the blackened surface of the disk is exposed to radiation 
the temperature rises slowly, and the rise in 100 sec., corrected for the fall in 
like periods preceding and following the exposure, is observed. The intensity 
of radiation is calculated by means of a constant determined for each instru¬ 
ment by comparison with an absolute radiometer of different type. 

Other instruments, based on the same principle, have been used for 
various purposes. Success does not, however, appear to have been achieved 
in attempts to design an accurate absolute instrument working on the drift 
principle capable of evaluating radiation intensities in physical units. 
A classical example is Pouillet’s Pyrheliometer, in which the intensity of 
radiation was derived from the rate of rise in temperature of a mass of 
water contained in a thin metal box. More recently, the same principle was 
used in a more elaborate instrument, “Standard water-stir pyrheliometer, 
No. 4” (Abbot and Aldrich 1913 ) constructed at the Smithsonian Insti¬ 
tution. The former of these instruments is now only of historical interest, and 
the latter, though employed in establishing the Smithsonian radiation scale 
of 1913, was subsequently found to be unreliable (Abbot and Aldrich 1932 ) 
and was replaced by an instrument working on the equilibrium principle. 
No other attempt to employ the temperature-drift method for absolute 
radiometry is known to the writer. 
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It must be regarded as a defect in both these instruments that direct 
calorimetry is involved in their operation, the heat absorbed from the 
radiation being computed from the rise of temperature and the thermal 
capacity of the receiver. Important assumptions have to be made regarding 
both the variation of temperature throughout the working substance and 
the mode of cooling effective in the heat losses. In practice it is probable that 
none of the assumptions is accurately obeyed. The greater reliability of 
equilibrium radiometers is attributable to the fact that the measurement is, 
in principle, independent of the thermal properties of the instruments, which 
merely act as comparators of the effects produced by radiant heat and by an 
equivalent amount of heat generated or absorbed electrically. The more 
nearly this aim is achieved the more nearly is the method purely one of 
substitution and the less the risk of systematic errors arising from properties 
of the instrument. In designing the instrument now to be described the aim 
was to operate a temperature-drift radiometer by alternate exposure to 
radiant and electrically generated heat, so approaching as near as possible 
to the ideal of pure substitution. 


Description of Radiometer 

Two copper disks, A and B , fig. 1 a, 4*5 cm. in diameter and 0*0 cm. thick, 
are cemented in the flanged edges of a light ring of ebonite, C. The separation 
of the inner surfaces of the disks is approximately 1 cm. Seven pieces of 
No. 34 double silk-covered “eureka” wire, of which three are indicated 
diagrammatically by the saw-toothed lines in the figure, are soldered to the 
inner surfaces of the copper disks. One of these is attached at the centres of 
the disks, and the other six at points distributed on a. circle of approximately 
1*5 cm. radius. The soldering of the wires to the second disk, say B , must be 
done before the disk is attached to the ebonite separator. To permit this the 
wires must be about 7 cm. long, and they are eventually squeezed up into 
the space between the disks when these are cemented to the ebonite ring. 
It is impraetic&ble to keep the wires, thus oonfined, from touching one 
another, and as eleotrical contacts, except with the copper disks, are un¬ 
desirable, it is important to see that the double silk covering is in good 
condition. 

In addition to the eureka wires, two leads of No. 32 d.s.c. copper are 
soldered to the disks and brought out through a small hole in the ebonite 
ring. The system of eureka wires and the two copper leads constitute seven 
similar thermocouples in parallel. The distribution of the junctions on any 
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on© plat© is such that the mean temperature of the junctions should approxi¬ 
mate closely to the mean temperature of the inner surface of the plate. 

To the outer surface of plate A is attached an insulated grid through 
which a current can be passed to generate heat electrically. Two instruments 
have been constructed, identical in all respects except that they are fitted 
with grids of different designs. In one model the grid consists of a circular 
disk of platinum foil, approximately 0*007 mm. thick and 4 cm. in diameter, 
with two small lugs l x and l %} 2*5 mm. wide, projecting from either side as 
shown in fig. 2a. It is attached to the surface of the copper disk with Akron 
photographic dry-mounting tissue. A layer of this material, which somewhat 
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Fig. 1 
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resembles thin tissue paper, was placed over the face of the copper plate. 
The platinum disk was then laid in position and held there under moderate 
pressure by means of a thick disk of brass out to exactly the same size and 
shape as the platinum disk. On heating the metal plates the mounting tissue 
softened and adhered firmly to the copper and platinum. After cooling and 
removing the brass plate, the platinum was found to be evenly attached to 
the copper and well insulated from it. A series of fine cuts was then made in 
the platinum by means of a cutter mounted in a dividing engine. The central 
cut divides the disk completely, as shown in the figure; the others, of which 
there are seven on each side, terminate at alternate ends about 2*5 mm. from 
the edge of the disk, converting each half of the disk into a zigzag strip of 
foil 2*5 mm. wide. 
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Current and potential leads, and €,<$%, of No. 32 d.s.o. copper, were 
soldered in the positions shown, and the two side lugs of the foil, l v l 2l were 
soldered to the edge of the copper plate so as to provide electrical connexion 
between the remote ends of the two platinum strips. A current entering by 
one of the current leads, say c v passes up and down the various sections of 
the left half of the grid, leaves by the lug l v passes through the body of the 
copper disk and enters the right half of the grid by the lug Z 2 , finally emerging 
from the grid at c 2 . The resistance of the platinum grid is approximately 
2*8 ohms, and that of the path through the copper plate which the current 
follows in passing between the lugs l x and i a vanishingly small. The heating 



Fiq. 2 

effect of the current may therefore be considered to be entirely confined to 
the platinum grid. 

In the other model the grid consists simply of a length of about 180 cm. 
of No. 40 d.s.c. copper wire ooiled up in the shape shown in fig. 26, and 
attached to the surface of the copper disk with “ Durofix” cement. Current 
and potential leads c 1 p 1 and c 2 p 2 of No. 32 d.s.c. copper are attached to the 
free ends of the grid as in the other model. In both models after attaching 
the grid to plate A , fig. 1, the outer surfaces of plates A and B were coated 
with lamp-black by dry-smoking over the flame of a turpentine lamp. 

The unit consisting of the two plates and ebonite separator is supported 
inside a massive tubular brass case. The internal diameter of the case is 
5*75 cm., and the walls and back plate are 1 cm. thick. The unit is held in 
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position, with the minimum of thermal contact with the case, by three grub 
screws {of which one is shown at 0) whose points engage in a V groove cut 
round the ebonite separator. At the front of the case, between 1 and 2 mm. 
from the plate A, is mounted a thin diaphragm of highly polished brass, 
about half a millimetre thick, with a knife-edged circular aperture 4 cm. in 
diameter. On the back plate of the case is a boss tapped both longitudinally 
and from one side with No. 0 B.A. thread, for the attachment of a suitable 
stand. By utilizing one or other of these threads the radiometer can 
readily be mounted either horizontally or vertically. 

The back plate also carries six insulated terminals, shown in fig. 16, to 
the inner ends of which are attached the leads from the interior thermocouple 
and the current and potential leads from the grid on plate A t which are 
brought through between the unit and the case, into the back part of the 
latter, for this purpose. All the leads attached to the vital parts of the 
instrument are thus well protected from any risk of damage. A series of ten 
holes, 12 mm. in diameter, are distributed round the case near the back plate. 
One of these is shown at H . They allow free communication between the air 
in the back of the case and that outside, and so maintain the air in contact 
with B at the same temperature as that in contact with A. 

Practical Details 

The instruments were designed for radiation intensities of approxi¬ 
mately 0*5 to 1*5 gcal./sq.cm./min. The dimensions and other constants 
were chosen to give convenient deflexions with a “Pot ” galvanometer made 
by the Cambridge Instrument Co. The Pot galvanometer is very rapid in 
action and almost entirely free from irregularities of zero—properties neces¬ 
sary in an indicator when the drift principle iB employed. Further, it gives 
a well-defined “spot”, easily read to 0*1 mm. at scale distances up to four 
or five metres. By choosing a suitable distance the scale sensitivity can be 
brought within suitable limits. 

The equivalence between electrically generated power and intensity of 
radiation, with instruments of 4 cm. aperture is approximately 0*87 
W/gcal./sq.cm./min., and the grid resistance was so chosen that the readings 
of current and potential drop in the grid oould be made on an ammeter and 
voltmeter of suitable range. The measured resistances are 2*8 ohms for the 
platinum foil grid and 2*5 ohms for the copper wire grid. The latter value was 
aimed at in both instruments, but in the foil grid was not easily achieved. 
The actual value is not of importance, and any resistance of this order is 
quite convenient. With a grid resistance of 2*8 ohms the approximate values 
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of current and volts are 0*39 amp., 1*09 V, and 6*68 amp., 1*9 V, corresponding 
to radiation intensities of respectively 0*5 and 1*5 gcal./sq.cm./min. The 
potentials are convenient for measurements on a voltmeter of 2*4 V range and 
the currents are easily read on an ammeter provided with shunts of 0*5 and 
0*75 amp. range. The voltmeter is connected directly across the potential 
terminals of the grid, and the ammeter, in series with a battery and regu¬ 
lating resistance, is connected to the current leads. A single accumulator 
provides sufficient voltage. It is generally found, however, that if the 
current in the circuit is broken during the cooling periods (see later), there 
is considerable variation of current and voltage during the heating periods. 
This is due to heating and cooling of the regulating resistance, recovery 
effects in the battery, and so on. It is desirable to use a Pohl commutator 
to connect the battery, regulating resistance, and ammeter alternatively 
to the grid circuit of the radiometer or to an alternative circuit of equal 
resistance. The current in the battery circuit then flows continuously during 
the whole series of observations except at the instants of switching over, and 
steady conditions are maintained. Minor changes due to slight change of 
the grid resistance with temperature, which occur during the period of grid 
heating, are slight and practically linear with time, so the voltmeter, which 
is principally affected, is read exactly in the middle of the heating period, 
i.e, 50 sec. after switching in the grid and the ammeter a few seconds earlier 
or later. The values so obtained correspond to the average potential and 
current during the heating period. 

It is necessary to deduct from the total current the part which flows 
through the voltmeter. The correction is small and easily calculated from 
the resistance of the meter. 


Method of Use 

A galvanometer is connected directly to the terminals leading to the 
internal thermojunction. If the two disks A and B are at the same tem¬ 
perature, the galvanometer spot will remain stationary at the zero reading. 
If radiation is permitted to fall on the exposed surface of A its temperature 
will rise slowly. The heat absorbed by A does not all remain in that plate. 
Some is lost by radiation from the exposed surface and some by convection, 
while some is transmitted to the plate B by conduction along the walls of 
the ebonite separator and the wires of the thermocouples connecting the 
plates, by radiation between the internal surfaces of the plates, and by 
convection and conduction of the enclosed air. Both plates will therefore 
rise in temperature, but B much less than A owing to the low conductivity 
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of the intervening parts. An increasing temperature difference will be set 
up between the inner surfaces of the plates, and will be indicated by ft con¬ 
tinuous movement of the galvanometer spot. If there were no heat lost by 
the receiving plate, the movement would proceed indefinitely at a uniform 
rate except for minor variations due to changes in the thermal capaoity as 
the temperature alters. Actually, the rate is greatest initially and diminishes 
until, eventually, a steady deflexion is attained when the heat absorbed by 
the radiation balances the heat lost by the plate. The drift in a given time 
interval, say 100 sec,, is therefore not constant, but depends on the state of 
the system at the instant when the interval begins. The most convenient 
method of utilizing such a system may best be explained by first describing 
the procedure followed in making a measurement with the present apparatus 
and then explaining why this procedure has been adopted. 

Starting with the system in approximate equilibrium with its sur¬ 
roundings, that is to say, with the galvanometer spot in the neighbourhood 
of its zero, radiation is admitted to the receiver. When the exposure has 
lasted about 270 sec. the position of the spot is read. Let this reading be 
denoted by d 0 . The exposure is continued for approximately 20 sec. longer 
and is then stopped by the insertion of a suitable shutter between the source 
and the radiometer. The deflexion then begins to fall and the instant when 
it is again d 0 is noted. Exactly 100 sec. later another reading is taken. Let 
this be d v Cooling is continued for approximately 20 sec. more, then the 
shutter is withdrawn and the radiation admitted again. The deflexion now 
increases and the instant is noted when it is again d v Exactly 100 sec. later 
the deflexion d 2 is noted. In another 20 sec. the radiation is shut off and the 
instant when the deflexion is again observed. Exactly 100 sec. later the 
deflexion is, say, d 3 . We have now obtained three quantities—a fall in the 
temperature difference between the plates, measured by d 0 —d v a rise, 
d % — d ly produced by the radiation, and a subsequent fall, — d 8 , each taking 
place in 100 sec. The quantity 

(dft — di ) -4- 2(d 2 — di ) 4* (d 2 d<j) or d $ —* 3d^ -f- 3d 2 

that is, twice the rise plus the sum of the falls preceding and following it, is 
taken as the significant magnitude for this group of observations. Denote 
it by R v the R signifying that the heat was derived from the radiation. 

Twenty seconds after the observation the grid circuit is closed, per¬ 
mitting an electric current to pass. The magnitude of this current is chosen, 
on the basis of preliminary trials or previous experience, to produce ap¬ 
proximately the same heating as the radiation. The temperature of the 
receiver again begins to rise, this time under the influence of the heat 
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generated .electrically, and the instant is noted at which the deflexion has 
the value d s . Exactly 100 seconds later the deflexion d 4 is noted. Twenty 
' seconds later the circuit is broken, and the instant observed at which the 
deflexion again reaches the value d A . Exactly J00 sec. later the deflexion 
d & is observed. 

The fall d 2 —d 3 , which follows the rise due to the radiation, precedes the 
rise d 4 —d 3 due to electric heating, and this again is followed by the fall 
d 4 -d 6 . As before, we take as the significant magnitude for electric heating 
twice the rise plus the sum of the falls preceding and following it, that iB 
d 2 ~ 3d 3 + 3d 4 — d 6 , which we denote by E v the letter E showing that the 
heat was supplied electrically. If the current and potential drop in the grid 
during the electric heating are C amp. and V volts, the power generated is 
CV watts. Subject to a possible correction for heat generated in the leads, 
to be discussed later, we interpret these observations as indicating that the 
power, W watts, absorbed from the radiation during the exposure, is given 

by 

W = CV^K 

Having obtained W , the calculation of the intensity of the incident radiation 
only involves the area of the diaphragm of the radiometer, the absorption 
factor of the lamp-black and a conversion factor relating the watt to what¬ 
ever unit we wish to employ in the result. The determination of the absorp¬ 
tion factor is discussed later. 

This procedure involves the minimum number of observations required 
to give a single value of each of the quantities R and E . A series of obser¬ 
vations may be made most rapidly by continuing the cycle of operations 
for a number of rises and falls, rises being produced alternately by the 
radiation which is being measured and by the electric current. We thus 
obtain several values of R and E y and mean values are taken as the result 
of the determination. Experience shows that no appreciable gain in the 
accuracy of the final result is achieved by going beyond five cycles in any 
one determination. It is however desirable, for reasons of symmetry, to 
begin and end with the same kind of heating, either radiation or electrical. 
A typical set of observations may be taken to include six values of R and 
five of E . In oomputing the mean value of R, the first and last of the six 
values should be given only half the weight of the others, as this gives the 
*&ost symmetrical relation between the members of the E and R series. 

The interval between rising and falling observations of the same deflexion 
is about 35 or 36 sec. This interval is not exactly constant, for it is neither 
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easy nor necessary to operate the radiation shutter or the grid current key 
exactly at the prescribed 20 sec. after the preceding observation. The 
35 sec. intervals are, however, merely dead time between the alternate 
100 sec. interval? of rise and fall: they do not enter into the result, but 
provide a convenient period in which to record the observations, operate 
the shutter or circuit key, and restore attention to the galvanometer scale 
and time indicator before the next observation is due. 

Mention has been made of a possible correction for heat generated in the 
leads. The potential and current measurements give the power generated in 
the grid, but some heat will be generated in the current leads c v c 2 , fig. 2, and 
a part of this will pass by conduction into the grid. Its effect may be deter¬ 
mined by connecting the battery circuit to one current lead and the attached 
potential lead, say c x and p v adjusting the current to the value it had in the 
main experiment. No current now flows in the grid, but the current in the 
leads c 2 and p x is equal to that which previously flowed in c x and c 2 . As the 
same gauge of wire is used for all the leads, and as the points of attachment 
of all four leads are close together, the heat conducted to the grid will be 
equal in the two cases. If therefore we take a series of observations of the 
galvanometer readings, with the radiation shutter closed, and the current 
alternately admitted and cut off from the lead circuit, evaluating the 
observations in the same way as we evaluated the E 's in the main experi¬ 
ment, we obtain the contribution to the electric heating which was due to 
lead conduction. This contribution, if appreciable, should be subtracted 
from the value of E in order that the latter may correspond exactly to the 
measured power, OF, generated in the grid. 

When this experiment was made, the correction was found to be less 
than the errors of observation for either of the instruments. 

Theory 

It is clear that the time required for the system to pass through two 
different thermal states depends only on the rate at which heat is accumu¬ 
lated or lost by it. If, under exposure to radiation of constant intensity, 
the system passes from one state to another in a certain interval of time and 
is subsequently made to pass from the same initial state to the same final 
state in an equal time by a uniform rate of electric heating, we can say on 
a priori grounds that the rate at which heat is generated electrically in the 
second experiment is equal to the rate at which heat was absorbed from the 
radiation in the first. We can make this statement without any knowledge 
of the connexion between the rate of variation of the thermal state of the 
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system and variation of its heat content. The experiment is purely one of 
substitution and the specific properties of the indicating system are 
eliminated. 

If it were always practicable to adjust the current in the grid circuit to 
make the electric heating exactly equivalent to the radiation, we could 
adopt any convenient criterion for the measurement. We might, for 
instance, simply expose the instrument to radiation, note the time interval 
in which the deflexion passed between any two convenient values, and 
determine the power required to make the deflexion pass between the same 
pair of values in the same interval of time. In fact, however, it is not easy 
to attain exact equality of the electric heat and radiation, especially in a 
slow acting radiometer. When measuring radiation of constant intensity it 
is comparatively easy to ensure that the power supplied to the grid is within 
one or two per cent of that absorbed from the radiation, but to attain a 
closer approximation is difficult. We content ourselves, therefore, with 
approximate equality, and evaluate the ratio of the two unequal quantities 
from the laws governing the behaviour of the indicator. Simple proportion¬ 
ality is the most convenient law of interpolation, so we try to find a function 
of the observations that will be proportional to the rate of heat supply. As 
we are only dealing with small differences, it is only necessary to know the 
behaviour of the instrument approximately; we therefore consider a system 
of which the thermal capacity is constant and the rate of loss of heat is 
proportional to the difference, 6> between its temperature and that of its 
surroundings. 

In such a system the rate of change of 6 is given by 

a 

where H is the rate at which heat is being supplied to the system, and a 
and ft are constants, the latter being the cooling coefficient. The integral of 
the equation may be written 

(0-atf )e>^ = fc, 

where k remains constant as long as H is unaltered. It will be found con¬ 
venient to WTite c for e~^ r , where r is the period both of exposure and of 
shielding. If 0 r _ x and 6 r are the temperatures at the beginning and end of a 
period when H has the steady value H ri this equation gives 

0 r - aH r * - aH r ) c. 

If then the cycles of operations described earlier are carried out, beginning 
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with a fall from 0 O to 6 l (with H x = 0), then a rise from B x to 6 Z on exposure 
to the radiation (H z =p), followed by a fall from 6 t to 6 Z (ZT S =s>0), then a rise 
from 0 a to 6 X due to the electrically generated heat (// 4 = e), and so on, 
we find 

Q x — 0 o c, 

0 a = djc+ap(l-c), 

— 0%c, 

0 t = 0 3 c + oce.{l—c), 

and so on. On substituting successively for the temperatures 0 X , 0 t , 0 Z , ..., 
we obtain equations which are represented by the general expressions 

<?4n = °0 cin + °( 1 ~ C *' 1 ) (£ + C*P). 

0 4m+a = 6 0 c 4ni2 +o{(l — c 4n )c*e + (1 - c 4 "* 4 ) p}, 

@2 n+X 1= @2n c > 

where a is written for a( 1 — c)(1 — c 4 ) -1 . When <9 0 has the value a(e + c*p), the 
cycle of temperatures is repeated exaotly. For any other value of 0 O , say 
a(e + c?p) + (j>, there will be a progressive rise or fall of temperature as oyole 
succeeds cycle, the steps diminishing as the cycles increase in number. 
The values are 

6 in =» 0c 4n + o(e+c 2 p), 

0 in+ 2 - <f>c* n+i + a(p+c 3 e). 

When (j) is zero, or has become negligible because n is large, the relations 

~ ^4n-4 ~ *1^4»-3 + ^4n-2 — ^4n-l> 

~ ^4n-2 — ^tn-1 + 30 in — 0 iH+1 , 
lead to the steady values R and E, where 

R-E * 2u(l —c)(l +c) a (p —e), 

R + E = 4a(l-c)(l + c*)(/> + e). 

Interpolation is only strictly linear if (1 + c)* <= 2(1 +c s ), or c *= 1. This is 
an impossible condition; but, as will be shown presently, linear interpolation 
may be sufficiently accurate for small differences. 

When rj> is not negligible the values of R n and E n are 

R n = R+<f>(l-c)*c"-*, 

E n = E + <f>( 1 — c) s c 4 *~*. 
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The presence of (I -* c) to the third power in the undesired terms involving 
(j> is directly attributable to the inclusion of the preceding and following 
fall in the measure adopted for the heating. In consequence it becomes 
unnecessary to perform several preliminary cycles before readings are taken, 
as would be the case if we had to rely on the evanescence of c in . 

The influence of <}> diminishes as n increases, and when n becomes large, 
a cyclic condition which is independent of the initial conditions is ultimately 
reached. If e = />, the temperature range in the cyclic state is 


a(l — c) (1 +c 2 )p = ap(l —c) (1+C)"" 1 « T say. 

The influence of initial conditions can therefore be eliminated by giving 
a sufficient number of preliminary exposures before beginning the obser¬ 
vations, but it is preferable to arrange the initial conditions so that <j> is 
negligibly small. This can be done by one preliminary heating. Prom the 
integral equation the temperature reached from the state of thermal equili¬ 
brium with the surroundings as a result of exposure to the radiation for the 
time / is ocp( 1 — e^ 1 ) and if this is equal to ap(l + c 2 ), the value of # 0 corre¬ 
sponding to <f> « 0 when e = p, we have 

otp{ 1 - (er^y/r) « ocp(l — c)-* 1 


or 


f „ 1 >g( i + i / c ) 

iogi/c 


In a real instrument initial heating for this period should give a moder¬ 
ately small value of 


Numerical Appu:cation 

According to the foregoing theory the number c is of great importance in 
determining the behaviour of the instrument. It is easily determined from 
a cooling curve. The value found for the instruments described is 0*73 when 
r is 100 sec. The following table gives numbers for finding the influence of 
finite values of <f>: 


n 

(1 —c) a c 4n “ 4 

(1 ~c) 3 

1 

0*0197 

0*0105 

2 

0*0056 

0*0030 

3 

0*0016 

0*0008 

4 

0*0005 

0*0002 

5 

0*0001 

0*0001 

a 

0*0000 

0*0000 


It follows that if the first six observations of R and the first five of E are 
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utilized, the contributions involving 0 are respectively 0*00350 and 0*00290. 
Taking 0 equal to TJ 3 and remembering that R and E are approximately 
equal to 4T, we see that the contributions of 0 to both themean results are 
less than 0*03 % of the whole. If the first cycle were rejected and the 
following six R’& and five JS?’s used* the contributions would be decidedly 
less than 0-01 %. It may be noted that for interpolation the significant 
quantity is 0*00060, the difference between the contributions to R and E , 
so that in fact, without any preliminary cycle, the effect of an initial value 
of 0 as great as T )3 only affects the comparison of E and J? by a few parts 
in a hundred thousand. The initial value of 0 can be kept well under this by 
the procedure suggested. With c =* 0*73 the equation 


t ^ log (1 Hh 1 /c ) 

T logl/C 


gives t = 274 sec. This is why the preliminary heating of about 270 seconds 
is given. 


Finally, 


R-E (1+c 2 ) 

R + E p + e 2(1 c 2 ) 


0*970- 


p + € 


It follows that the assumption p/e = RjE involved in linear interpolation 
will be in error by one part in a thousand if the radiant and electric heat 
differ by 4 %. Now there is no difficulty with the present apparatus in 
ensuring that this difference is less than 5 %. In ten sets of observations 
taken at random from the observation book the difference amounted to 
5 % in only one instance. The average difference was 1*6 %. It follows that 
under the conditions in which the apparatus is intended to be used, R and 
E may be considered directly proportional to the rates of heating. 

This theory, based on the simplifying assumptions of constancy of thermal 
capacity, and Newton’s law of cooling, will not apply strictly to the behaviour 
of a real instrument, but as we only depend on the theory to determine the 
limits of safe interpolation and to indicate the magnitude of small correc¬ 
tions, a comparatively approximate theory is adequate. It is, however, easy 
by varying the electrically supplied heat to determine how closely the 
behaviour of these instruments follows the simple theory, and it was found 
that over a range of six to one in the rate of heat supply no systematic 
departure from the results predicted by the theory was found. No special 
care was taken in these experiments, but systematic errors of 1 % or at 
most 2 % would certainly have been detected. The theory therefore repre¬ 
sents the behaviour of the actual system closely, and would doubtless be 
equally satisfactory if applied to any other drift radiometer. 
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Accidental Disturbances 


In the preceding paragraphs we have considered the behaviour of instru¬ 
ments in the absence of any disturbing factors. In practice, disturbing 
factors are almost always present. They may be caused by draughts, pro¬ 
gressive changes in room temperature, variation of stray electromotive 
forces in the galvanometer circuit, and so on. The procedure adopted with 
these instruments greatly reduces the influence of disturbing factors as 
compared, for instance, with any procedure which only ubcs rate of rise 
of temperature. Short period disturbances do not affect the indications of 
a slow-acting radiometer: we need only oonsider disturbances of long 
period. 

Suppose that for some reason the deflexions are affected by amounts 
which can be represented by a function / changing slowly with the time. 
Denote the time occupied by each measured rise or fall by r, and the length 
of each interval by i. Then the contribution of/to a typical observation of 
R or E is of the form 


/(0) -/(r) - 2/(r + 0 + 2/(2r -f <) +/(2r + 2 1 ) ~/(3r + 20 
which by Taylor’s theorem is equal to 




3t 2 + 4n+ 2<*rf 6 / 


4! 


—- + 

dt 5 




where the differential coefficients are evaluated for t = l*5r-H, the middle 
instant of the observation. Regular disturbances therefore have no effect 
on an observation unless they depend on at least the cube of the time. On 
the other hand, when the rise alone is taken into account the comparable 
..pWMion 1 

L dt 3lS? 4.5!#* -J 

shows that this kind of observation is liable to be affected by any change 
whatsoever in the conditions. 

The superiority of the procedure here used also appears when many 
observations of R and E are alternated. Suppose for instance that R is 
determined from 2 n observations and E from 2n — 1, the two being taken 
alternately, and the first and last values of R being given half weight in 
determining the mean. In terms of the differential coefficients of / for the 
middle instant of the whole series of observations, the contribution of / to 
the mean value of E exceeds that to the mean value of R by 


2r(r + ,)<[© + ...]. 
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On the other hand, if account is only taken of the changes in deflexion while 
the temperature is rising the corresponding difference is 

-8t(t+O*[0+...]. 

To these orders the differences are independent of n. From the former of 
these expressions we see that the method of comparison here used eliminates 
the effect of any disturbances which do not depend on at least the fifth power 
of the time. 


The Two-Grid Systems 

We have now to consider whether the quantities of heat absorbed from 
radiation and those generated electrically in the grid, which measure equal 
as indicated by the behaviour of the galvanometer, are necessarily # equal 
in actual amount. 

If both supplies of heat entered the system in exactly the same way, their 
equality, for equal effects on the galvanometer, would be indisputable; but 
the difficulty with all absolute radiometers is that the mode of entry of the 
two can never be exactly the same. The radiant heat is absorbed at the outer 
surface of the lamp-black coating, and the electrical heat is generated within 
the system. There is therefore a difference in the paths which the heat has 
to follow to reach the thermocouple or other thermometric device used to 
indicate the state of the system. It is much easier, in temperature-drift 
instruments in which the parts are large, to ensure that this path difference 
is very small compared with the path common to both supplies of heat, 
than in small quick-aoting receivers where all the parts have to be kept as 
thin as possible; nevertheless, a path difference exists. Consider first the 
instrument with the platinum foil grid. The radiation is absorbed at the 
lamp-black surface. Some is immediately lost by re-radiation, convection, 
and atmospheric conduction. The remainder flows inwards, passing in turn 
through the lamp-black, the platinum foil, the insulating layer, and the 
copper disk before it reaches the inner surface where the indicating thermo¬ 
couples are attached. In each of these layers there is an inward temperature 
gradient whose magnitude depends on the thermal resistance of the layer. 
When the heat is supplied electrically it is generated within the body of the 
platinum foil. Some of it flows ouXxowrds through the lamp-black layer, and 
is lost by radiation, convection and atmospheric conduction at its outer 
surface, the remainder flowing inwards through the insulating layer and 
copper plate. The conditions mainly differ in the direction of flow in the 
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lamp-black layer. If the thermal resistance of this layer is an appreciable 
fraction of that of the common inward path, the ratio of the heat lost at the 
exposed surface to that flowing inwards to the thermocouples will differ 
in the two cases. The proportion reaching the interior will be less for the 
absorbed radiation, and the instrument will give low values. Any error from 
this cause must be small, on account of the relatively large common path. 
Incidentally, as the insulating layer between the grid and the eopf>er plate 
is of low thermal conductivity, it serves the useful purpose of increasing the 
thermal resistance of the common inward path and so reducing the relative 
importance of the part which is not common to the two paths. 

Though there were good grounds for believing that errors due to path 
difference must be small, the model with the copper wire grid was con¬ 
structed to verify this. As it did not seem possible to improve on the platinum 
grid, the other model was designed to be as faulty as possible. 

Owing to the small cross-section of the wire, most of the radiation reaches 
the blackened surface of the copper disk of this instrument directly, only a 
small fraction passing through the substance of the grid. Also there is no 
insulating layer of low conductivity. There is therefore an easy path of low 
thermal resistance for the radiant heat to reach the inner surface of the disk. 
On the other hand the electrical heat is generated within the copper wires of 
the grid. To reach the copper plate it must pass through the double-silk 
covering and the Durofix cement with which the wire is attached to the 
plate. Moreover, most of the wire surface is not in contact with the plate. 
It is thus clear that the electrical heat has more difficulty in reaching the 
interior of the copper plate than has the heat absorbed from radiation. 
A greater proportion of the latter w ill therefore reach the indicator, and the 
instrument will give high values. 

If then there are errors due to inequality of heat path in either model, the 
instruments should give different results, the one with the foil grid under¬ 
estimating the radiation and that with the wire grid over-estimating it. 
The true value should lie considerably nearer the result obtained with the 
platinum grid, since the paths in this instrument are manifestly less dis¬ 
similar than in the other. It was anticipated that the two instruments would 
give definitely different results, and that about a quarter of this difference 
might safely be taken as the limit of error of the better model. It was there¬ 
fore with surprise as well as satisfaction that the two instruments, when 
carefully compared, were found to agree within one part in a thousand. 
This result shows that even in the inferior grid the dissimilarity of heat path 
is insufficient to give measurable over-weight to either the radiation or the 
electrically generated heat. All the assumptions involved in the design of 
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the instrument and in its use have now been justified for measurements 
accurate to one part in a thousand. There is, therefore, no systematic error 
possible in evaluating the rate at which energy is absorbed from the 
radiation. 


The Absorption Factor of the Lamp-black 

To determine the intensity of the incident radiation from the rate of 
absorption of energy, we must know the area of the aperture and the absorp¬ 
tion coefficient of the lamp-black. Measurement of the absorption is not 
without difficulty. The simplest method is to compare the diffuse reflectivity 
of the lamp-black with a known standard of reflectivity. Use was made of 
Preston’s (1929) result that, for visible light, the reflecting power of mag¬ 
nesium oxide smoked on a silver plate is almost exactly 100% for light 
incident at 45° and observed in a direction normal to the plate, or vice versa. 

The brightness of a magnesium screen prepared and used in this way was 
oompared optically with the brightness of the lamp-black surface under the 
same intensity of illumination. Auxiliary measurements showed no appre¬ 
ciable departure from the cosine law in the reflectivity of the lamp-black. 
A comparison was also made with a photo-electric receiver whose sensitivity 
extended into the near infra-red region. These measurements, though less 
precise than the visual determinations, agreed with them within the errors 
of experiment. The values obtained from the reflectivity of the two instru¬ 
ments were 1*81 and 1*87% respectively, corresponding to absorption 
factors of 98*19 and 98-13 %. The measured reflectivities would require to 
be in error by more than 5 % to affect the absorption factors by one part in 
a thousand. Errors of this magnitude are considered improbable. 

The only defect of this method of finding the absorption factor is that the 
result relates to a limited part of the spectrum. There is reason to believe 
that the absorption of lamp-black diminishes for very long heat waves, 
though no measurements have been found. However, though this diminution 
may be of importance in measurements of spectral energy distribution 
extending to the remoter parts of the infra-red, it appears to be unimportant 
in instruments for the measurement of the total radiation from incandescent 
sources, since nearly all the energy from these sources is of somewhat short 
wave-length. The comparisons with the Callendar Radio-balance for which 
the present instruments were primarily designed were to be carried out with 
radiation from a gas-filled lamp. In this case most of the energy is concen¬ 
trated near the peak of the spectral distribution curve at wave-length 1*0/4, 
and it is safe to assume that the absorption factor of lamp-black for such 
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radiation does not differ appreciably from the value obtained by the method 
used here. 


Summary 

The radiometer was designed for verifying the scale of thermal radiation 
maintained at the National Physical Laboratory since 1930 by means of a 
standard Callendar Radio-balance. It consists of two massive copper disks, 
thermally insulated from their supporting mount and connected by a 
thermocouple to indicate any difference in their temperatures. One of the 
disks may be heated either by radiation or by an electric current in a grid 
attached to its blackened front surface. 

A measurement is made by heating the front disk alternately by the 
radiation and by an electric current which develops approximately the same 
amount of heat, each heating lasting exactly 100 sec., with intervening 
cooling periods of 100 sec. The temperature difference of the disks at the 
beginning and end of each 100 sec. interval is observed on the scale of a 
galvanometer. For each heating, the rise in temperature plus half the sum 
of the preceding and following falls is computed, and mean values of this 
quantity for the radiant and electric heatings give the ratio of the radiant 
heat to the electrically generated heat. The detailed procedure includes a 
preliminary heating of a duration which brings the system to a suitable 
condition for the main cycle of operations. 

A theoretical discussion indicates that the procedure adopted gives 
results independent of the initial conditions and of the usual types of 
accidental disturbance. The effect of errors due to path difference for the 
radiant and electrical heat are shown to be negligible by the comparison of 
two instruments with different types of grid for which the errors, if significant, 
would be of opposite sign. 


II—THE NATIONAL PHYSICAL LABORATORY 
SCALE OF THERMAL RADIATION 

For many years the late Professor Callendar tested all British made 
radiometric instruments, of types which required calibration, in his labora¬ 
tories at the Imperial College of Science, London. Alter his death such 
instruments were sent for test to the National Physical Laboratory, and it 
became neoessary, in 1930, to establish and maintain a standard scale of 
radiation intensity for the purpose of these calibrations. The instrument 
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used as an ultimate standard is a Caliendar Radio-balance (Callendar 1910 ). 
For full details of the design of this instrument and the method of use 
recommended by Callendar the original publication should be consulted; 
but as the instrument does not appear to be as well known as it deserves, a 
brief description is included here. 

The receiving elements consist of two similar cylindrical cups of thin spun 
copper, about 3 mm. in diameter and 9 mm. deep, mounted side by side in 
a cylindrical box of stout copper. Immediately above the open ends of the 
cups are two diaphragms of polished steel in both of which circular apertures 
of 2 mm. diameter, hollow-ground to a sharp edge, are cut. These apertures 
limit the size of the beams of radiation which enter the cups. A selective 
shutter is provided to exclude radiation from either cup. Soldered to the 
bottom of the cups are the two junctions of a thermocouple which can be 
connected in series with a battery, variable resistance and ammeter or other 
current measuring device. In the original instruments iron and constantan 
were used for this couple. 

A second thermocouple, insulated from the first and from the copper cups 
by thin paper and shellac, is connected to a galvanometer, and serves to 
indicate any difference in the temperatures of the cups. The junctions, 
twelve in number, are built in as close contact with the cups as efficient 
insulation permits. 

Measurement of radiation intensity with this instrument only requires 
the measurement of an electric current flowing in the circuit of the thermo¬ 
couple first mentioned. Apart from the areas of the apertures and the 
effective absorption factor of the cups, the only constant of the instrument 
is the Peltier coefficient for the junctions soldered to the cups. 

Callendar claims that the blackened cups are sensibly complete absorbers. 
In fact, however, with an instrument of these dimensions having the cups 
coated with lamp-black (reflexion factor about 2 %), the loss of complete 
blackness due to the presence of the aperture by which the radiation 
enters amounts to almost exactly one part in a thousand, giving an effective 
absorption factor of 99*90 %. If the reflectivity of the interior of the cups 
were 3%, the effective absorption would be 99*85%. These losses are 
so small that it is unnecessary to determine the absorption factor of the 
blacking material with any great accuracy. As the effective absorption 
factor of the receivers changes by only 0*05 % for a change of 1 % in the 
absorption factor of the blacking material, the instrument would not suffer 
appreciably from colour selectivity though the blacking material employed 
were quite appreciably selective. The instrument therefore gives a measure 
ol radiation intensity which is independent of spectral composition. 
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The radio-balance used at the N.P.L. is an instrument of improved design. 
As it had just been completed in the Physics Workshops of the Imperial 
College at the time of Callendar’s death it was not calibrated or used by him. 
Through the interest of Professor A. O. Rankine and the Governors of the 
Imperial College, this instrument was presented to the National Physical 
Laboratory. 

The Peltier couples are of constantan and manganin, and samples of the 
wire used for their construction were supplied with the instrument. The 
electromotive force of a thermocouple constructed from these samples was 
determined with one junction at the ice point, 273*1° K., and the other at 
a series of temperatures between 10 and 35° C. The results are closely 
represented by the formula 

E - — 0*739 + 37*3978(P — 273 1) + 0 04636(7 1 “ 273*1 ) 2 , 

where E is the electromotive force in microvolts and T the absolute tem¬ 
perature of the “hot” junction. The constant — 0*739 occurs in the formula 
because the parabolic function which fitted the observations best does not 
pass exactly through the point E = 0, T — 273*1. The Peltier coefficient, 
P, at temperature f C. is therefore given by 

<IF 

P~T ^ + 273*1) (37*3978 +0*092720/W. 

From the precision of the original observations the values of P should be 
accurate to about one part in a thousand. Observation of the temperature of 
the instrument to the nearest tenth of a degree determines the Peltier 
coefficient to about one part in two thousand. Temperatures are read on an 
open scale mercury thermometer inserted in the body of the radio-balance 
between the two cups. 

The deduction of Peltier coefficients from the relation between electro¬ 
motive force and temperature is much more accurate than any method of 
determining P directly by calorimetric methods. Its validity depends on 
the accuracy with which the theoretical thermodynamic relation between 
E , dEjdT and P represents the behaviour of real couples. By an ingenious 
use of the radio-balance as a calorimeter Callendar has examined this 

dE 

point, and found no departure from the law P ~ T . Discrepancies of 

the order of one part in a thousand would have been revealed in his experi¬ 
ments. It is therefore safe to assume that the Peltier coefficients calculated 
from this relation have the accuracy of the observed connexion between 
E and T for the couple, that is, about one part in a thousand. 
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In the course of preliminary experiments it was found that an appreciable 
amount of radiation was reflected or scattered into the apertures by the 
edges of the diaphragms fitted to shield the body of the instrument from 
undue heating. These edges were not quite sharp, having been rounded 
slightly during the process of polishing the diaphragm plates. The defect 
was remedied by edging all diaphragms with thin aluminium foil, smoke- 
blacked on the surfaces facing inwards. 

From 1930 until 1934 this instrument served as the standard radiometer 
of the National Physical Laboratory. It was used mainly for the periodical 
calibration of thermopiles, which are preferred for use in routine tests on 
account of their greater rapidity of action. 

After the instrument had been in use for a few years it could not be safely 
assumed that its properties had remained unchanged; the possibility of 
slow secular changes in the thermoelectric properties of the Peltier couple 
could not be disregarded and a new calibration therefore appeared to be 
desirable. Recalibration by the original method was not possible, because 
the pieces of wire built into the radio-balance could not be used to determine 
the relation between E and T, and spare pieces of the wire had not under¬ 
gone similar treatment. A direct check of the properties of the built-in 
couple seemed necessary. Callendar ( 1910 ) described methods for the direct 
calibration of the radio-balance by the insertion in the cups of compensated 
heating coils or Peltier junctions whose properties have been freshly deter¬ 
mined. Both methods involve the determination of corrections due to heat 
conducted along the leads. This is somewhat difficult to achieve with the 
desired accuracy, and the author has been less successful with the method 
than Callendar appears to have been. Calibrations carried out with a 
number of different heating coils and Peltier junctions gave results which 
disagreed by as much as one-half of 1 % and were considered inconclusive. 
It was therefore decided that the best check would be obtained by com¬ 
paring the radio-balance results with those from another absolute radiometer 
of entirely different design. The instruments described in the first part of 
this investigation were therefore constructed. 

Comparison of N.P.L. Absolute Radiometers 

Comparisons between the radio-balance and these two instruments were 
made for radiation from a 1500 W gas-filled lamp of the projection type. The 
lamp current was kept constant at 13-50 amp., and the power consumed was 
1517 W. The arrangement of the apparatus used for the comparisons is 
shown diagrammatieally in the plan, fig. 1. The lamp A is mounted close 



Investigations in A bsolute Radiometry 


23 


behind a diaphragm B, consisting of three plates of tinned sheet-iron 1 cm, 
apart. The apertures in the diaphragm are circular, the diameter of the one 
nearest the lamp being 5 cm. Another diaphragm 6\ consisting of two plates 
of sheet iron 5 cm. apart, is mounted 8 cm. in front of B. The diameter of the 
aperture nearer to B is 6 cm. Between the diaphragms B and C is mounted 
a shutter/), consisting of two plates of aluminium, 20 cm. square, 7 mm. thick 
and 5 mm. apart, and a third plate of tinned sheet iron on the side nearer 
the source. The shutter is mounted on a transverse slide, so that it can be 
easily withdrawn from the path of the radiation, and stops are fitted to 
enable it to be moved quickly to either of its correct positions. Two large 
sheets of tinned iron I\ about 4 ft. long, are mounted as shown. They reach 
from the level of the optical bench to the top of the diaphragm B, and keep 



the bright light of the lamp from shining on the instrument table or other¬ 
wise disturbing the observer. A back screen 0 is covered with black velvet. 
The radiometer E, with which measurements are to be made, is situated 
about 75 cm. from the plane of the filament of the lamp. The intensity at 
this distance is of the order of 0*035 W /sq. cm., or about 0-5 geal./sq. cm./min. 
The whole apparatus is fitted on a large optical bench of the type used for 
photometric work. The lamp, shutter, and diaphragms are fixed, but the 
radiometer is mounted on a sliding carriage. The carriage is fitted with a 
horizontal plate provided with three radial grooves. Each of the radio¬ 
meters to be tested is fitted with a rigid tripod, adjusted initially so that when 
placed with its pointed feet in the grooves of the bench carriage the centre 
of the effective aperture of the radiometer is on the horizontal line, Aa, 
through the centre of the lamp filament. Provision is made in the support 
of the radio-balance for bringing either of the two apertures on to the 
line Aa. 

To enable the apertures of all the radiometers to be set in a given plane, 
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measurements were made with a microscope mounted in the line Aa. and 
the carriage positions recorded, 

A considerable time is required to carry out the operations necessary for 
an absolute determination of radiation intensity. For the time occupied by 
two absolute determinations with different instruments it is impossible to 
rely on the constancy of the field of radiation provided by a gas-filled lamp. 
Comparisons were therefore made indirectly, each absolute radiometer 
being employed to calibrate a substandard thermopile. To replace the 
absolute instrument by the thermopile and make a short series of obser¬ 
vations of the electromotive force of the latter occupies only a few minutes. 
This can be done immediately before and after the intensity determinations 
with the absolute instrument, and the mean of the two values obtained for 
the thermopile taken as the quantity to be related to the absolute measure¬ 
ment. By comparing the values of the constant of the thermopile when 
calibrated with different absolute instruments, the scales of these instru¬ 
ments can be related. This procedure has the advantage that all the deter¬ 
minations which it is desired to make with any one absolute instrument 
can be completed, and this instrument with its auxiliary apparatus removed, 
before measurements with another instrument are begum To avoid errors 
from possible instability of the substandard thermopile two thermopiles 
were used for all the comparisons, one a Moll microthermopile, open to the 
air, and the other a vacuum thermopile enclosed in a thin glass bulb. Each 
was mounted in a massive copper block to minimize fluctuations of cold- 
junction temperature. Thermometers inserted in the blocks were observed 
during eaoh measurement and corrections were made when necessary for 
variation of thermo-electric power with temperature. 

The sequence of operations in making a single determination was as 
follows: The two thermopiles were placed, one after the other, in the field of 
radiation, and three or four measurements of the difference in electromotive 
force with the shutter D, fig. 1, open and closed were made with each. The 
absolute instrument was then placed in position and the cycle of operations 
constituting a determination of radiation intensity performed. This was 
followed immediately by another series of measurements with the thermo¬ 
piles. 

The same general procedure was followed in all oases, and it only remains 
to describe as much as is necessary of the detailed procedure constituting a 
determination with the different types of absolute radiometer. The pro¬ 
cedure for the radio-balance varied from that recommended by Callendar 
which is as follows. One of the cups is exposed to the radiation and a current 
of approximately the right magnitude to maintain equality of the tem- 
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peratures of the two cups is passed through the Peltier circuit in the proper 
direction. When steady conditions are attained, the reading of the in¬ 
dicating galvanometer is noted. The selective shutter is then moved over 
to close the cup first exposed and open the other, and simultaneously the 
direction of the current in the Peltier circuit is reversed, its magnitude being 
unchanged. When conditions are again steady, the reading of the galvano¬ 
meter is noted. If the mean of the galvanometer readings with the first cup 
exposed is the same as that with the second, then AH = 2PC , where A 
denotes the mean of the areas of the two apertures, II the radiation in¬ 
tensity in watts per unit area, P the Peltier coefficient of the compensating 
couple in volts, and C the current in the Peltier circuit in amperes. If the 
two galvanometer readings do not agree, a correction, based on the sensi¬ 
tivity of the scale, is applied to obtain the value of C which would exactly 
compensate the radiation. The scale sensitivity is determined by reversing a 
small known current in the Peltier circuit, both cups being shielded from 
radiation. Callendar shows that this procedure eliminates all effects due to 
asymmetry in the cups or the attached couples. 

The author has not found this procedure entirely satisfactory. The 
selective shutter, which consists of a double sheet of highly polished metal, 
undergoes an appreciable rise of temperature when exposed to the radiation 
and re-radiates into the closed cup. There is therefore an indeterminate 
change of zero when the shutter is moved from one position to the other. 
Any error due to this cause is small, but not negligible. The effect can be 
greatly reduced by introducing an additional shutter, consisting of a thin 
strip of copper covered with aluminium foil, to prevent radiation from 
reaching the selective shutter. There is, however, a more serious objection 
to the use of Calendar's procedure when comparing the radio-balance with 
other radiometers. Any radiometer measures the difference between the 
total radiation which reaches the receiver when the shutter is open and that 
which reaches it from the back of the shutter when the latter is closed. 
If different shutters are used with the instruments which are being compared, 
errors arise from differences in the temperature, ernissivity, or angular 
subtense of these shutters. Moreover, radiometers of different designs may 
have widely different angular apertures. They are exposed not merely to the 
souroe A , fig. 2, but to different areas of the surrounding diaphragm C , and 
possibly to portions of the room walls. If, therefore, shutters are used which 
completely close the apertures of the instruments, the quantity measured 
includes not only the radiation from the source but also that from an area of 
the surroundings which is different with different instruments. Errors from 
this cause would only be eliminated if the shutters could be maintained at 
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the same temperature as the radiating surfaces surrounding the source. 
This, though not impossible, is impracticable. These difficulties, and all 
others arising from stray radiation, are eliminated if the same shutter, 
arranged to subtend at the radiometers an angle less than the least angular 
aperture of the instruments compared, is always used. Under these con¬ 
ditions all the instruments measure the difference between the radiation 
which passes the shutter when open and the radiation from the shutter itself 
when closed, and this is the same for all. 

These considerations explain the arrangement of the shutter system in 
fig. 1, and show that it is necessary to make D the operative shutter with all 
instruments which are being compared. To do this with the radio-balance 
Callendar’s procedure is modified. The selective shutter of the instrument is 
set so as to expose cup 1 and cover cup 2. The radiation is admitted by with¬ 
drawing the operative shutter D , and at the same time a compensating 
current of approximately the correct magnitude is switched on. The 
exposure is maintained for 100 sec., at the end of which the galvanometer 
reading is noted, the shutter I) is closed, and the compensating current 
switched off . At the expiry of a further 100 seconds the reading is noted, the 
shutter D opened, and the compensating current switched on, the cycle of 
operations being repeated five times at 100 sec. intervals. The mean of the 
two sets of readings, those with radiation and current on, and those with 
them off, are taken. The difference indicates whether the compensating 
current is too large or too small to balance the effect of the radiation in cup 1, 
and gives the magnitude of the required correction in terms of the scale 
sensitivity. 

The selective shutter is then moved over to expose cup 2 and cover cup 1, 
the direction of the compensating current in the Peltier circuit is reversed, 
and a similar series of exposures is made. We again obtain a difference in 
the mean readings corresponding to the on and off conditions. The algebraic 
mean of this and the previous difference gives the correction, in terms of the 
scale sensitivity, which must be made to the current to obtain the value 
which would exactly compensate the mean effect of the radiation in the two 
cups. The factor relating scale readings to current is determined by Callen- 
dar’s method. 

Callondar’s principle for eliminating effects due to asymmetry in the cups 
is retained in this method, but the shutter of the instrument now merely 
serves the purpose of maintaining constant conditions in the unexposed 
cup: it does not determine what radiation is admitted or excluded in the 
process of measurement. Moreover, any change of zero which occurs when 
the selective shutter is transferred from one cup to the other is eliminated, 
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for the scale differences utilized are differences between readings taken 
without moving this shutter. 

The reason for operating a null instrument like the radio-balance with 
100 sec. periods of exposure and non-exposure may not be obvious. The 
instrument attains equilibrium with its environment in less than a minute, 
and, if the environment were constant, readings could be taken at any time 
after this. Experience has shown that in all radiometric work, even when 
using quick-response instruments such as thermopiles, it is profitable to 
make the observations in a definite time cycle, since this tends to eliminate 
accidental errors. With null instruments the particular time cycle chosen is 
a matter of convenience. Periods of 100 sec. were chosen to make the time 
of a complete determination with the radio-balance approximately equal to 
that required with the temperature-drift radiometers. Systematic changes 
in the environment-—e.g. in the intensity of radiation from the source, 
temperature of the shutter and surrounding diaphragms, and air tempera¬ 
ture—which may take place during a series of observations will then tend 
to be similar for both instruments. 

During a series of observations the temperature of the radio-balance 
usually increases by from 0*5 to 0*8 of a degree. The temperature is read to 
the nearest 0*1° C. half-way through each exposure period. The mean of the 
ten values is taken as the temperature determining the value of the Peltier 
coefficient. 

A series of five separate determinations, carried out on different days, 
served to determine the constants of the thermopiles on the scale of the 
radio-balance to one part in a thousand, the difference between the highest 
and lowest values being just under two parts in a thousand. Similar calibra¬ 
tions were then made by comparison of the piles with each of the tem¬ 
perature-drift radiometers, five separate determinations being made with 
each instrument, as described in part I, 

The timing system employed consists of an electric impulse counter 
actuated every second by a contact drum gear-driven by a synchronous 
motor connected to the alternating current supply. This supply is of con¬ 
trolled frequency, and the departures from the nominal value of 50 c./sec. 
rarely exceed a few seconds in any 24-hour period. The impulse counter is 
very convenient for work of this kind as, in addition to recording the 
seconds, it gives an audible click at each operation. This allows an observer 
to follow the time for a few seconds preceding an observation aurally, 
leaving his eyes free to attend to the movements of the galvanometer spot 
or other indicator under observation. 

In comparing the indications of radiometers having receivers of different 
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area it is necessary to take into account variations in intensity of the 
radiation field over these areas. The radio-balance measures the intensity 
over a small area of 2 mm. diameter centred on Aa y fig. 1, whereas the 
temperature-drift radiometers measure the mean intensity over an area of 
40 mm. diameter. The distribution of intensity over the area covered by the 
aperture of the drift instruments was explored by means of a small thermo¬ 
pile mounted so that it could be moved to any part of this area. It was found 
that the mean intensity over the whole area was less than the intensity at 
the centre by two parts in a thousand. Measurements made with the 
temperature-drift instruments had therefore to be increased by two parts 
in a thousand to give the intensity close to the axis Aa as measured by the 
radio-balance. 

One comparison was made in the Spring of 1934 and another in the 
Spring of 1936. In the former, the radio-balance and one of the drift 
radiometers agreed exactly, while the second drift radiometer gave values 
for the intensity of radiation which were higher by two parts in a thousand. 
In the later comparison the two drift radiometers agreed to less than one 
part in a thousand, and their mean results undervalued the radiation by 
one part in a thousand relative to the radio-balance. 

No definite significance can be assigned to differences of one part in a 
thousand, for this represents the extreme accuracy aimed at in the operation 
of each of the instruments. The legitimate interpretation of the results is 
that the two drift radiometers agree with each other and with the radio¬ 
balance to the precision which it is practicable to achieve with any of them, 
namely one part in a thousand. 

It is reasonable to conclude that the scale of radiation intensity main¬ 
tained at the National Physical Laboratory by means of the standard radio- 
balance is correct to about one part in a thousand. 


Summary 

From 1930 the National Physical Laboratory scale of thermal radiation 
has been maintained by means of a Callendar Radio-balance of improved 
design. In 1934, and again in 1936, comparisons were made between this 
instrument and the two temperature-drift radiometers described in part I. 
The source of radiation was a 1500 W gas-filled projection lamp, and the 
method of comparison was to determine the calibration constant of a thermo¬ 
pile with each of the absolute radiometers in succession. This indirect method 
makes less demand on the constancy of the lamp over a period of time than 
a direct interchange of the absolute instruments. 
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The details of the apparatus and the mode of operation were designed to 
eliminate errors arising from differences in dimensions and other character¬ 
istics of the instruments. 

The results given by the two drift-radiometers agreed with each other 
and with the standard radio-balance to the accuracy of the measurements, 
about one part in a thousand. This agreement, between instruments differing 
widely in their properties and mode of operation, is strong evidence of 
absolute accuracy, and it is concluded that the instruments on which the 
N.P.L. scale of thermal radiation depends are accurate to about one part 
in a thousand. 


IIT—COMPARISON OF N.P.L. SCALE AND OTHER 
SCALES OF THERMAL RADIATION 

In the two preceding parts evidence has been adduced to show that the 
absolute scale of radiation intensity maintained at the National Physical 
Laboratory is accurate to about one part in a thousand* In this part com¬ 
parisons with scales established elsewhere are made. 

Callendar’, s Scale 

As mentioned earlier, the calibration of radiometric instruments in 
Britain was for many years performed by Professor Callendar. He used a 
specially constructed carbon grid-filament lamp to provide a standard 
radiation field in which to calibrate substandard radiometers, and deter¬ 
mined the intensity in this field with his own radio-balances. This lamp, and 
Callendar’s record of its behaviour over a period of years, were lent to the 
Laboratory. Callendar had recorded the voltage and current required to 
give an intensity of 1 gcal./sq. cm./min. at a point 20 cm. from the centre of 
the filament. The lamp had varied very little during its life, and from the 
records it was possible to deduce the values which best represented the mean 
of Callendar’s calibrations at the time the lamp came to us. The lamp was 
operated at this current and voltage, and the radiation intensity at the 
specified point measured with the N.P.L. standard radio-balance. The 
inconveniently short distance from the lamp and the consequent high 
accuracy required in setting up the apparatus caused serious difficulty. The 
lamp is, in fact, a very inconvenient standard for such work, and it is 
evidence of Callendar’s great experimental skill that his laboratory notes 
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show no inconsistencies exceeding two or three parts in a thousand in the 
calibrations he carried out. 

This precision suggests that Callendar always used one definite point of 
the filament from which to measure distances, but no mention of this point 
occurs in the records, and this uncertainty makes exact comparison im- 
possible. It is only possible to say, from the results obtained, that Callen- 
dar’s scale did not differ by more than ± 5 parts in a thousand from the 
N.P.L. scale, and that the difference was probably substantially less than 
this. 


The National Bureau of Standards Scale 

The National Bureau of Standards, Washington, issues standards of 
radiation intensity consisting of carbon filament lamps (Coblentz and Stair 
1933 ); the intensity in a specified direction at a point distant 200 cm. is 
stated. The lamps are compared with master standards calibrated by com¬ 
parison with a black-body radiator at 1000-1150° C. The radiation intensity 
is of the order of ^0 gcal./sq. cm./min. The lamps are therefore suitable 
for the calibration of sensitive radiometers but not of instruments measuring 
large intensities of the order of 1 gcal./sq. cm./min. The instructions supplied 
with the lamps describe the diaphragm and shutter system used in their 
calibration, and an exactly similar system must be employed when the 
lamps are used. 

Four of these lamps, Nos. C 78, C 79, C 82 and C 83, were procured from 
the National Bureau of Standards in 1929. A certificate was issued with 
each lamp giving the intensity at the specified point for four different values 
of the filament current. As the lamps are commercial standards, it is not to 
be expected that the calibrations represent the standard scale of the 
National Bureau of Standards with the highest attainable accuracy. Careful 
comparisons revealed inconsistencies of about 1 % in the values assigned to 
the various lamps. However, the four values given for each lamp give sixteen 
measurements on the N.B.S. scale, and the mean value of the unit repre¬ 
sented by these sixteen calibrations should be fairly close to the true unit 
of the scale. From the comparison corrected values, consistent to better 
than one part in a thousand, were found for the radiation intensity in terms 
of the mean unit derived from the sixteen N.B.S. values. Later, when the 
standard radio-balance had been installed, a comparison of the N.F.L. and 
N.B.S. scales was effected. One of the lamps, No. C79, was employed, and 
operated at a current of 0-350 amp. The radiation intensity at the specified 
point was 62*6 2 ^W/sq. cm. The radio-balance is designed for the measure- 
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ment of intensities several hundred times larger than this, and a special 
technique had to be adopted to obtain satisfactory results at such a low 
intensity. A very sensitive galvanometer, Kipp and Zonen Type ZC, 
operating at the highest sensitivity for which it could be adjusted without 
instability, was employed. Under these conditions disturbances due to 
stray electromotive forces in the circuit and to other causes become relatively 
important, and make it impracticable to employ the ordinary null method 
with the radio-balance. The most satisfactory procedure is to use the 
balance as a thermopile and calibrate the galvanometer scale separately 
with the compensating current. One cup was closed by the selective shutter, 
and the instrument allowed to stand for some time, the main shutter being 
closed until the galvanometer showed that the conditions inside the radio¬ 
balance had become reasonably steady. The shutter was then opened and 
closed at intervals of 60 sec. for a series of eleven exposures, and the galvano¬ 
meter read exactly at the 60th second after each movement of the shutter. 
The reading at the end of the first exposure was neglected. From this series 
of observations twenty values of gal vanometer deflexion, consisting of the 
difference between each of the ten on-readings and the off-readings preceding 
and following it, were obtained. The mean of these deflexions was taken as 
the value corresponding to exposure of the cup in use. The selective shutter 
was then moved to expose the other cup and the apparatus allowed to stand 
until the disturbance introduced by this change, which was usually con¬ 
siderable when working at high sensitivity, had died down. A similar set of 
observations was then taken with this cup. The mean of these two deflexions 
gives a measure of the radiation in terms of the galvanometer scale. Similar 
series of observations were then made with the radiation permanently shut 
off and a current in the Peltier circuit of a magnitude which gave approxi¬ 
mately the same deflexion as the radiation. One series was made with the 
current in one direction and another with the current reversed. From the 
mean of the deflexions obtained in these observations, the value of the 
current which would have produced exactly the same effect as the radiation 
was deduced, and by inserting this in the ordinary radio-balance formula 
the intensity of the radiation was obtained. 

This cyclic method of observation is so effective in eliminating galvano¬ 
meter drift, from whatever cause it may arise, that although the disturbances 
were occasionally greater than the true deflexions, the results obtained in 
different determinations usually agreed to within three or four parts in a 
thousand. Five separate determinations were made; the estimated accuracy 
of the comparison thus afforded between the N.P.L. scale and the N.B.S. 
soale represented by lamp No. C 79, corrected to the mean unit given by the 
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four lamps as already described, is ± 2 parts in a thousand. The value 
obtained was 02*7 o /«W/sq. cm. agreeing to less than the estimated inaccuracy 
of the comparison with the nominal value of 02*6 2 . From this evidence it 
appears that the scales of radiation intensity maintained at the N.B.S. and 
at the N.P.L. agree very closely, certainly to within two or three parts in 
a thousand. 


The Smithsonian Scale of 1013 

Of scales established for general application in physical laboratories, 
Professor Callendar’s and that of the N.B.S. are the only two with which it 
has so far been possible to compare the N.P.L. scale. There are, however, two 
important scales of radiation intensity, intended primarily for meteoro¬ 
logical records, which are familiar all over the world. These are the Smith¬ 
sonian scale of 1913 and the Angstrom scale. 

From about 191] the Smithsonian Institution has endeavoured to co¬ 
ordinate measurements of solar radiation by issuing copies of the Abbot 
silver disk pyrheliometer (Abbot 1911 ). In this instrument the radiation is 
received by a thick blackened disk of silver in which the bulb of a sensitive 
mercury thermometer is embedded. The disk is held by three fine wires in 
a chamber recessed in a stout wooden block. A long brass tube, suitably 
diaphragmed and blackened inside shields the disk from air currents while 
permitting the entry of radiation. 

The method of using the instrument is fully described in the original 
publication. Briefly, the quantity measured is the rise in temperature of 
the thermometer when the disk is exposed to the radiation for a period of a 
hundred seconds; corrections are applied for the mean drift observed during 
periods of a hundred seconds before and after the exposure. 

The precision of repetition with this instrument is surprisingly good. All 
the evidence available goes to show that its properties remain sensibly 
constant for a very long time, so that a silver disk pyrheliometer probably 
provides the nearest approach to a permanent substandard instrument at 
present available. 

The constants of these instruments are determined by comparison with 
an absolute calorimetric pyrheliometer. The constants of instruments issued 
before 1913 were revised in that year (Abbot and Aldrich 1913 ). The basis 
of calibration adopted in 1913 has been maintained since. The probable 
error of the determinations on which the scale is based is stated to be 0*1 % 
and the authors expressed the belief that the mean result must be within 
0-5 % of the truth. 

In 1932 the Smithsonian Institution published results obtained with an 
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improved type of water-flow pyrheliometer (Abbot and Aldrich 1932); from 
this work it was estimated that the 1913 scale is 2*5 % too high, and as the 
result of still further work (Abbot and Aldrich 1934 ) a final value of 2*3 % 
has been obtained as the correction to be subtracted from the 1913 scale to 
give the true calorific value of the radiation intensity. 

Abbot and Aldrich { 1932 ) state: “In our solar-constant values hereafter 
to be published we regard comparability with preceding ones as more 
important than absolute scale. Hence we shall not introduce our new scale 
into such future publications.” It appears, therefore, that the Smithsonian 
scale is to remain on the 1913 basis, and that it is officially regarded as in 
error by 2*3 %. 

A comparison with the N.P.L. scale has been made by means of an Abbot 
silver-disk pyrheliometer, S.1.28, lent to the Laboratory by Dr. F. J. W. 
Whipple, Superintendent of Kew Observatory. As the receiving surface is 
exposed without the intervention of a window it should be non-selective, 
and the instrument, though designed for solar observations, should give 
true readings on the Smithsonian scale for the radiation from a gas-filled 
lamp. Comparison with the standard radio-balance was made with the 
apparatus and procedure employed for the comparison with the temperature- 
drift radiometers described in Part I. 

Ten separate determinations were made; to ensure that no appreciable 
error arose from vignetting by the diaphragm system of the pyrheliometer 
five were made at an effective distance of 75 cm. from the source and five 
at 100 cm. The piles were calibrated for each of these positions with the 
radio-balance also. The results for the two distances agreed within the errors 
of experiment, indicating that the pyrheliometer was fully exposed at both 
distances. The final resul t of the comparison was that the silver disk pyrhelio¬ 
meter made the intensity too high by 2*2 %, a difference of only one part in 
a thousand from the value obtained at the Smithsonian Institution. In 
considering this close agreement we should recognize that the instrument 
S.1,28 may not give the Smithsonian scale of 1913 exactly: a certain toler¬ 
ance for error in the original calibration must be allowed. This is not likely 
to exceed two or three parts in a thousand, and it is reasonable to conclude 
that the most recent absolute determinations at the Smithsonian Institution 
and the N.P.L. agree to this order of accuracy. 

The Angstrom Scale 

The Angstrom pyrheliometer (Angstrom 1899), originally designed as an 
absolute radiometer, is too well known to everyone interested in radiation 
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measurements to require description here. The power absorbed from the 
radiation by one of two similar blacked strips is equated to the power 
generated in the other strip by an electric current. 

Angstrom pyrheliometers in meteorological observatories are not used 
as absolute instruments, but have been calibrated by comparison with a 
standard pyrheliometer, known as No. 70, maintained at Upsala. The 
reasons for this procedure are not known to the author. For our purpose we 
note that the Angstrom scale is embodied in this instrument, and is made 
generally available by the comparison of other Angstrom pyrheliometers 
with it. 

An Angstrom pyrheliometer, No. 100 , calibrated at Upsala, also lent by 
Dr. Whipple, was used for a comparison of the N.P.L. and Angstrom scales. 
The same apparatus and procedure were used as with the silver-disk 
pyrheliometer, but the distance from the source had to be increased to 
160 cm. to avoid vignetting by the diaphragm system of the Angstrom 
instrument. 

When the pyrheliometer was received at the Laboratory the lamp-black 
on the strips was in very poor condition. It was cleaned off’, and the strips 
reblacked by dry-smoking with a turpentine flame. The instrument was 
free from any other observable defect, so that in all essential respects its 
condition during these measurements should have been like that for the 
original calibration at Upsala. The comparison showed that Angstrom 100 
under-estimates the radiation intensity by 0*45 %. 

The Relation between the Smithsonian and Angstrom Scales 

These results indicate that the Angstrom scale reads lower than the 
Smithsonian scale of 1913 by 2*2 + 0*45 % say 2*7 %. The relation of these 
scales has been of much interest to meteorologists, and as a result of many 
determinations made from time to time with many instruments of both 
types, a difference of 3*6 % has been accepted as the most representative 
value of the difference between the scales. 

C. Tingwaldt ( 1931 ) of the Physikalische Technische Reichsanstalt, 
designed a new type of absolute radiometer. The receivers, as in the Callendar 
radio-balance, are cup-shaped radiation traps, but the instrument is on a 
much larger scale, and the cups are immersed in water. The radiant heat is 
evaluated by comparison with heat generated in resistance coils. 

Tingwaldt made comparative measurements with this instrument and an 
Angstrom pyrheliometer, No. 128. Taking the indications of his own in¬ 
strument as correct, he found that the Angstrom scale required a correction 
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of -f 1*8 %; and allowing a difference of 3*5 % between the Angstrom and 
Smithsonian scales, he deduced that the Smithsonian scale requires a 
correction of - 1*8 %. Later, W. Morikofer ( 1932 ) reported that the differ¬ 
ence between this Angstrom pyrheliometer and a silver-disk pyrheliometer 
was in the neighbourhood of 4*6 %, which would change Tingwaidt’s correc¬ 
tion for the Smithsonian scale from 1*8 to 2*9 %. 

A direct comparison between the Tingwaldt pyrheliometer and a silver- 
disk pyrheliometer, S. 1 . 12 , carried out at Potsdam in 1931-2 is reported 
by K. Feusner ( 1935 ). In this comparison the error found for the silver-disk 
pyrheliometer was only about seven parts in a thousand. Feusner gives an 
analysis of the behaviour of the Tingwaldt instrument which throws some 
doubt on the efficiency of the electrical compensating system. 

In view of the contradictory nature of these results, no great weight can 
be attached to them in assessing the error of the Smithsonian scale. On the 
available evidence, this error is probably 2*3 %, the value determined by the 
Smithsonian workers themselves with full access to the original standards. 
The close agreement of this figure with the correction for instrument S.1.28 
examined at the N.P.L. may be regarded partly as confirmation of the 
Smithsonian correction and partly as indicating that*S. 1.28 represents the 
original scale of 1913 very closely. 

Taken in conjunction with the accepted difference of 3*5 % between the 
scales, this value indicates that the Angstrom scale reads too low by 1*2 %, 
an error 0*75 % greater than that found for Angstrom 100 in the comparison 
described here. This would be explained if the original calibration of Ang¬ 
strom 100 at Upsala were in error by 0*75 %. The author understands that 
greater accuracy than 1 % is not claimed for the calibration of individual 
Angstrom instruments, so this explanation is possible, and, if there were no 
other evidence, would have to be accepted as probable. However, other 
evidence exists which is not consistent with this explanation: it is contained 
in a paper by R. E. Watson ( 1923 ), who gives the history of Angstrom 100 
over a number of years. Previous to its calibration at Upsala the instrument 
was overhauled by the makers, and shortly afterwards was compared with 
the silver-disk pyrheliometer No. S, 1.28 for solar radiation and found to read 
lower than the latter by 3*5 e %, which agrees almost exactly with the 
accepted mean percentage difference of 3*5. Watson interprets this as 
indicating that both instruments, Abbot S.1.28 and Angstrom 100 (after its 
last calibration), are typical of their classes. There is therefore a discrepancy 
between the 3 * 5 # % difference found by Watson and the 2 * 6 fi % difference 
found for the same two instruments in the present comparison. The Angstrom 
instrument had been freshly reconditioned before Watson's measurements 
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and also, as regards the blacking of the strips, before the measurements 
described here. The blacking may have been better done on the present 
occasion, thereby making the instrument read higher, but this is improbable, 
and it seems unlikely that there was any real difference in the properties of 
the instrument on the two occasions, The most likely explanation lies in the 
fact that Watson’s comparison, like the earlier comparisons of these two 
types of instrument which led to the difference of 3*5 %, was made with 
solar radiation, whereas the present comparison was made with a laboratory 
source. The difference in the results cannot be due to the difference in spectral 
quality of the radiation, for both the Abbot and Angstrom instruments have 
flat-surface receivers covered with lamp black, and any selectivity affecting 
one would affect the other equally. There is no evidence of selectivity affecting 
the calibration of the Abbot pyrheliometer, and we may therefore dismiss it 
in the case of the Angstrom instrument also. The discrepancy must be sought, 
I believe, in the different amounts of sky radiation included in the solar 
measurements. In the normal use of these instruments for solar work their 
own shutters are used, and when opened these expose the receiver to a 
certain part of the sky as well as to the sun. The diaphragms of the Angstrom 
pyrheliometer are rectangular and give a very restricted angular field in 
certain directions. The amount of sky radiation is less than is taken in by 
the Abbot instrument. The importance of this radiation varies with the 
sky conditions at the time of observation; but, in general, if an Angstrom 
and an Abbot instrument were calibrated to give equal results for a source 
without any radiating surroundings, the former would read lower than the 
latter when both were directed to the sun. Thus, although the included sky 
radiation will not affect the calibration of Angstrom pyrheliometers by 
comparison with a standard Angstrom instrument, nor the calibration of 
Abbot silver-disk pyrheliometers by comparison with master instruments 
of similar design, it may be expected to affect the comparison of the two types 
of instrument. In the comparison described here it was sought to eliminate 
all effects arising from the diaphragm systems of the instruments, and the 
results should give the true relation between the scales when the instruments 
are exposed to the same field of radiation. 

The conclusions which the author draws from these considerations are: 
that the instruments Abbot 8.1.28 and Angstrom 100 are nearly correctly 
calibrated on the Smithsonian and Angstrom scales; that the true difference 
between the scales is of the order 2*7 %; that when compared in sunlight 
with average sky conditions a typical Angstrom pyrheliometer will read 
about 3*5 % lower than a typical Abbot pyrheliometer, this difference being 
the true difference between the scales together with an apparent difference 
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of about f % due to the different amounts of sky radiation admitted by the 
diaphragm systems. 


Conclusion 

The results may be summarized as follows: 

1 — The scale established by the late Professor Callendar, in so far as it 
can be reconstructed from the available data for his carbon-filament lamp 
standard, agrees with the N.P.L. scale certainly within 0-5 % and probably 
more closely. 

2 — The scale established at the N.B.S., as used for calibrating lamp 
standards, agrees with the N.P.L. scale within a very few parts in a thousand. 

3— The Smithsonian scale of 1913 over-values radiation by 2*3%, this 
being the error found by Abbot and Aldrich and verified within one part in 
a thousand by the author. 

4— The Angstrom scale under-values radiation by approximately 0-5 %. 


Summary 

The scales of thermal radiation compared include all those in current or 
recent use for the calibration of radiometers used in industry and meteoro¬ 
logy. Comparison of the N.P.L. scale with that previously maintained by 
Callendar was effected by making measurements with the N.P.L. standard 
radio-balance on a socially designed lamp which had been repeatedly 
standardized by Callendar. The two scales agreed within the accuracy of 
the comparison, estimated at ± 0*5 %. 

Comparison with the scale of the N.B.S. was effected in a similar manner 
by measurements on four lamps standardized at the Bureau. The scales 
agreed within the accuracy of the comparison, estimated at ±0*2 %. 

Comparison with the Smithsonian scale of 1913 was effected by com¬ 
paring the standard radio-balance with an Abbot silver-disk pyrheliometer, 
calibrated at the Smithsonian Institution. The source used was a gas-filled 
lamp, the general method followed being that described in Part II for 
comparing the N.P.L. standard instruments. The pyrheliometer was found 
to read too high by 2*2 %. This agrees to one part in a thousand with the 
error of 2*3 % found at the Smithsonian Institution for the 1913 scale. 

Comparison with the Angstrom scale was effected in a similar manner, 
using an Angstrom pyrheliometer calibrated at Upsala. This instrument 
was found to read too low by about 0*5 %. From this comparison, the 
difference between the Angstrom scale and the Smithsonian scale of 1913 
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is about 2 | % instead of 3£ %, the value usually accepted from comparisons 
with solar radiation. It is concluded that the results obtained in the present 
investigation give the true relation of the scales, and that solar comparisons 
are affected by the inclusion of different amounts of sky light. 
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Investigations on the Spectrum of Bromine 
I—Structure of Br in 

By K. R. Rao, D.Sc. and S. G. Krishnamurty, D.Sc. 

Andhra University, Waltair (India) 

(Communicated by A. Fowler, F.R.S.—Received 15 February 1937) 

[Plato 1] 

Introductory 

The very early work on the spectrum of bromine carried out by Exner 
and Haschek, Eder and Valenta, Asagoe and others is summarized in 
Kayser's “Handbuch”, vol. 8 . The first extensive investigation on the 
spark spectra of this element was made by L. and E, Bloch ( 1927 ), who 
gave an accurate and nearly complete list of lines belonging to Br n, Br m 
and Briv. The source adopted by them was an electrodeless discharge 
through the vapour of bromine, and the allocation of the lines to the 
different spectra was made by a study of the long and short lines produced 
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on account of the radial distribution of the ions in an electrodeless discharge 
tube. The length of the series spark gap was also varied to vary the intensity 
of excitation. The wave-lengths thus recorded by them extended from 
A 6550 to 2000 . Vaudet (1927) measured the spectrum in the region A 2200 - 
1200. In a recent investigation Lacroute (1935) photographed the spectrum 
with a metre vacuum-grating spectrograph and published a list of lines 
extending between A 2300 and 600 . The analysis of the spectrum of doubly 
ionized bromine appears, however, to have been attempted so far only 
by Deb (1930), who published the classification of about 200 lines assigned 
to Br in by L. and E. Bloch. Making an extensive use of the method of 
horizontal comparison suggested by Saha and Mazumdar (1928), Deb 
predicted the positions of the important combination lines of Br ra and 
set up a term scheme depending on what he considered to be recurring 
frequency intervals among the lines of Br in. But it is extremely doubtful 
whether his classifications and the term scheme are correct, as he based his 
predictions on extrapolation from erroneous assignments of Se 11, made 
by Bhattacharyya (1929), and as the discrepancies in frequency differences 
allowed in the classification are very much larger than what the possible 
inaccuracies in the measurement of the wave-lengths would permit. The 
discrepancies amount in many cases to even more than 4 or 5 cm." 1 in the 
near ultra-violet region. 

In a previous communication (Krishnamurty and Rao 1935; cf. also 
Martin 1935) the structure of the spectrum of singly ionized selenium was 
described. It was found to consist of doublet and quartet systems of terms 
based on the 3 P, *D and states of the Se rn core and to resemble in all 
its general features the spectrum of the iso-electronic atom of arsenic, 
i.e. As 1 (Rao 1929, 1932). In the course of the above investigation attempts 
were made to correlate the structures of the three spectra As 1, Se 11 and 
Br m, which arise from the same outer electronic constitution. The corre¬ 
lation clearly indicated that the analysis of Br m, published previously 
by Deb, was completely out of step in the above sequence and must therefore 
be erroneous, particularly when a similar comparison of the principal 
features of the two other corresponding sequences, N 1, O it, F m, Ne iv, 
and P 1, S n, Cl in, A rv, revealed several striking regularities. A thorough 
reinvestigation of the spectrum of bromine has been undertaken, and the 
present paper deals with the identification of the important quartet and 
doublet terms of Br in. A preliminary report of the results appeared in 
Nature (Rao 1936). The relative value of these two sets of terms is yet 
uncertain. A few intercombination lines have been tentatively identified, 
but the publication of these is withheld pending an investigation, now in 
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progress, of the structure of Brn and of the higher configurations of 
Br nr. These will form the subject of a future paper. 

Experimental 

In the region between A7000 and 1300 the spectrum of bromine was 
obtained from discharge tubes similar in design to those used by us pre¬ 
viously in our work on selenium and tellurium (Krishnamurty and Rao 
1935 , 1937 ), the container being filled now with either copper or silver 
bromide. In a few cases liquid bromine was also used. The discharge was 
bluish green with low intensity of excitation and changed into brilliant 
white when the excitation was high. The tube was operated by a JkW 
transformer in a circuit containing a spark gap and condensers of capacity 
about 0*05//F. Various amounts of self-inductance were inserted for some 
exposures in order to obtain spectra with varying intensities of excitation 
and to distinguish thereby lines belonging to the different stages of ionization 
of the element. The essential criterion of this method is that a total sup¬ 
pression or a weakening of the higher spark lines occurs when inductance is 
included in the circuit. The method, although not capable of leading to ab¬ 
solutely correct results, gave results agreeing well with the assignments made 
by L. and E. Bloch ( 1927 ). The same method of distinguishing the lines was 
adopted also when the spectrum was photographed with a grazing incidence 
Siegbahn vacuum spectrograph in the region between A1400 and 400. The 
source in the latter experiments was a high potential vacuum spark excited 
by a 1 kW transformer with a Kenotron valve rectifier and condensed with 
a capacity of about 0*27 //F. A full description of this arrangement, together 
with the manner in which the wave-lengths were derived, was reported 
previously (Rao and Badami 1931 ). The aluminium electrodes in the spark 
chamber were tipped with rubidium or caesium bromide; the lines common 
to the two spectra, after the elimination of those due to the usual impurities 
such as N, 0, C, etc., were ascribed to bromine. The conditions in the 
experiment could be so well controlled by the variation of the capacity 
and inductance in the circuit that spectra belonging to all stages between 
Br 11 and Br vn could be excited in the source and distinguished as such. 

For investigating the regions of longer wave-lengths several instruments 
were used and chiefly ( 1 ) A metre vacuum grating in a Sawyer-Paschen 
mount. The discharge tube was mounted end on in front of the slit with 
a fluorite window fixed in between them. The photographic plate was 
18 cm. long and permitted a record being taken at a single exposure of the 
entire region between A2900 and 1300. ( 2 ) A Hilger Quartz Littrow 
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spectrograph between A5000 and 1050. (3) A glass prism spectrograph 
giving a dispersion of about 20 A/mm. at A4900. (4) A Fuess glass and 
Hilger small quartz spectrographs. Preliminary qualitative observations 
and the measurement of fainter lines were made by the small dispersion 
instruments. 


Predicted Terms 

The electron configurations, of the doubly ionized atom of bromine, 
according to Hund’s theory are obtained by the addition of an electron 
to the higher Br iv ion, the lowest states of which are a P, *D and hS. These 
latter are accordingly the convergence limits of the three families of terms 
characteristic of Br m. The theoretical array of terms, consisting of quartets 
and doublets, are shown in Table I with the respective electron con¬ 
figurations. 

Table I— Predicted Terms of Br m 

Terms 

Term t 1 — ■ * .— v 

3j 3„ 3 3 4j 4 2 4 8 4 4 5 8 5 3 6 t prefix Limit 3 P l S 

~~ > — ' 8p 
2 D a S 

4p iQ 8 F a fi «£)& 

2p apa 2jga 

4 8 2 F a 0 a apt 

a S 5i P a 

a D 2 S 

2 D *8 


The analysis of Br m is much more difficult than that of Se it, 
because, for the higher states the multiplets from different configurations 
overlap to a much greater extent. The position of bromine in the periodic 
system leads us to expect a closer approach to the jj coupling for its spectra 
than in the case of any other element of the same electronic configuration 
and of smaller atomic number like selenium or chlorine. There would, 
generally, be no conformity to multiplet interval rules, except, presumably, 
for the lowest “s” states; the intervals within each multiplet become 
larger compared to the term separations and the very idea of a multiplet is 
perhaps inappropriate. Besides this feature, which is common generally 
to the spectra of all the heavy elements, Br m, like Se n, presents a special 
difficulty, for the electronic configuration is such that the ground state 


2 « ID 2 3 

2 6 10 2 2 

2 6 10 2 2 1 


2 « 10 2 2 


6 10 2 
6 10 1 


4 p 

5 s 

4d 


5 p 

6 s 

sp 4 


*8 

♦P 3 P 
f 4 F 4 D 
\ a F 2 D 
/ 4 D 4 P 
\ a D a P 

4 P sp 

4p *p 


Analysis 
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gives rise but to a single quartet term, i.e. 4p 4 S. There would, therefore, 
be no multiple! array constituting the resonance groups, which, if dis¬ 
covered, would lead easily to a successful and correct analysis of the 
spectrum. The main starting point of the analysis of this spectrum was 
therefore a very careful and close scrutiny of the plates in the region A600-800 
to pick out a set of three lines which, from their intensity and behaviour 
under different experimental excitation conditions, might probably con¬ 
stitute the resonance triplet 4p 4 S-5s 4 P of Br m. It is presumed that it 
was lack of complete and reliable data in this region that led Deb to 
erroneous conclusions. If his scheme had been correct the 5s 4 P term in 
this group should have the intervals 838 and 516 cm.* 1 . No such group 
could be identified. It may be seen further from the following comparisons 
that these intervals (given in parentheses in Table II) are entirely out of 
consonance, while the group suggested in the present work agrees with 
the sequence. 


Table II —Comparison of As i-like Spectra 





Screening 



Screening 

Spectrum 

6* ( 4 P r - 4p u) 

constant 

5 S (*P„-*P H ) 

constant 

As 1 


1287-7 

17-67 

916-8 


20-61 

Se n 


1920-7 

17-06 

1483-6 


20-02 

Br in 


2689-1* 

16-76 

2263-5* 


19*48 



(838)f 


(516)t 





* 

R. and K. f Deb. 






nip -f 1 « 4 P,j 





V 

vJ v i 

V* 




Ni 

83366 

2-23 

Oil 186606 

1-71 

Fin 

317232 

Pi 

66344 

1*96 

S 11 110260 

1-58 

Cl in 

174614 

As 1 

62806 

1-87 

Se n 08676 

1-64 

Br m 

150266 


The second part of the above table is an extension of the sequence shown 
previously (Krishnamurty and Rao 1935 , p. 58 ). Plate 1 exhibits the 
resonance triplet 4 p 4 S-5s 4 P, in the vacuum spark spectrum. An additional 
criterion of the correctness of the identification is that a satisfactory group 
of terms belonging to the 5p configuration, i.e. 5p 4 D, 5p 4 P and 5p 4 S, could 
be set up on the basis of the 5s 4 P intervals newly identified. These 5p terms 
led, in turn, to the discovery of an array of terms, which, from their 
magnitude, could be allocated to the configurations in which the running 
electron exists in the 6 s, 4 d and 5d states. Of these terms, however, it is 
only the 6 s 4 P that could be designated as such with a oertain degree of 
confidence, on account of the general relation that is found to exist in such 
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terms. For the intervals of 5s 4 P, 6$ 4 P of Br m are 4842*6 and 6668*3 cm.™ 1 
tending towards their limiting value 4 p 3 P 0 -4^ s P a 6237 cm.” 1 of Br iv. 

When we consider the 4 d and 5 d terms, their designation becomes 
uncertain, in the absence of other convincing evidence. In this paper the 
magnitude of the terms alone has been calculated and recorded, the suggested 
j values of these terms have been mentioned separately only in the Term 
Table in a succeeding section. Having been based on such general con¬ 
siderations as the relative intensities of the combination lines and comparison 
with the other similar spectra, these must be treated as merely tentative. 

The doublets of Br m have been identified independently of the quartet 
groups. They are by no means completely known, only a first step towards 
their discovery having been taken. The main clue has been the detection of 
several pairs in the region below A1000 having the characteristic interval 
1664 cm.” 1 . This interval agrees with the predicted probable value of 
ip ^-4^) 2p ^. Hence their assignment. It is easy then to build up the 
doublet groups 4 p 2 D, 2 P-5s 2 P, 2 D, although some of the combination lines 
are absent on the plates. By extrapolation into the region of longer wave¬ 
lengths a few additional terms such as 5p a Djj, 2 I) n have been detected. 

The intercombination lines are still completely unknown. It is possible 
that some of the terms assigned to the id and 5d states under the quartet 
system are really doublet terms so that the lines represent actually doublet- 
quartet rather than quartet-quartet combinations. A consideration of 
these is under investigation and the results will be published in a later paper. 

The classifications made so far in the present investigation are collected 
in the form of a diagonal array in Table III, and the list of classified lines in 
diminishing order of their wave-lengths is presented in Table V. The tables 
are self-explanatory. 

Term Values 

The two members of the series 5p 4 P -ms 4 P have led to the calculation 
of the absolute values of the terms thus: 

5p 4 P 2r 5s 4 P 2i - -29993*8, 

5p 4 P a j-6a 4p 2 | =* 35670*4, 

limit 5p 4 P a j 109275*2. 

The remaining quartet terms are based on this value of 5 jp 4 P 2i . The doublet 
terms are similarly estimated from the members of the series 5$ 2 D^- 
mp a D 2t , as the relative value of the two systems cannot be determined at 
present. All the known terms are assembled in Table V and the provisional 
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X 
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pH 
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D PH 

pH 

fH PH 
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74058-7 39560-2(0) 37148-1(1) 37339-4(3) 

69541-8 39732-9(3) 37970-0(2) 

66660-7 44738-0(3) 42614-8(4) 40850-3(5) 
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Table III ( continued ) —Multiplets in Br m (Doublets) 



2 P| 29103 *P x i 

*>i| - 

765-7 


156903*5 

153993*2 

147590*6 

148356-3 

4/>*D u = 291061 

134153(4) 

—* 

143474(7) 

_ 

1259 





a D 2 | m 289802 


136808 (8) 

— 

141446(4) 

*Pi =279188 

122280 (5) 

125195 (4) 

131602(3) 


im 





*P xi = 277524 

— 

123530(3) 

129932(5) 

129170(3) 

5p 3 Dji = 125407*3 

31496-0 (8) 

28585-8 (3) 

22183*7 (7) 

_ 

3483-2 





8 D #t = 121924-1 


32069-6 (5) 

25666*2 (1) 

26432*0 (4) 

'Ft =120670*6 

36232*9 (3) 

— 

26921*0(2) 

— 

*8* = 123231-5 

33672*1 (9) 

30761-7 (4) 



a= 121475*6 


32517*4 (10) 

26115*2(3) 


6= 120680-8 

36222*6 (5) 



27675*6 (3) 

c= 118334*9 



29255*6 (4) 

30021*6 (2) 

d= 118059*9 

38842*9 (3) 


29531*5 (6) 


e= 114199*7 



33391*2 (9) 

34156*3 (10) 

/= 113993-3 

42910*2 (3) 

39999*9 (7) 




Table IV —List of Classified Lines in Br m 


A I.A. (int.) v vac. 


Classification 


A I.A. (int.) 


v vac. Classification 


4519-81 (5) 22118-6 

4506-55 (7) 22183-7 

4389-18(1) 22776-9 

4239-74 (1) 23579-7 

3918-83 (4) 25510-6 

3903-97 (8) 25607-7 

3897-53 (5) 25650-0 

3895-08 (1) 25666-2 

3828-11 (3) 26115-2 

3820-26 (9) 26168-8 

3782-22 (4) 26432-0 

3713-52 (2) 26921-0 

3704-03 (1) 26990-0 

3698-47 (10) 27067-1 

3878-66(1) 27213-1 

3648-01 (0) 27404-4 

3612-27 (8) 27675-6 

3600-71 (9) 27764-4 

3587-08 (3) 27869-9 

3562-48 (10) 28062-7 

3540-16(10) 28239-3 
3526-03 (4) 28352-4 

3517-86 (9) 28422-3 

3497-24 (3) 28585-8 

3487-58 (8) 28665-0 

3476-88 (0) 28753-2 

3447-36 (9) 28999-4 


4 d 

(9) 

-bp 

‘»* 

5* 


“5 p 

‘Du 

4 d 

(9) 

-*P 

‘D.* 

ns 

‘P.I 

-bp 

‘Du 

ns 

*I\i 

-5 p 

‘D» 

4 d 

(«) 

-bp 

*P* 

5 8 

‘P.i 

-bp 

‘Du 

ns 

*D„ 

-5p 

‘Du 

ns 

‘ D ii 

~a 


5 8 

‘Pi* 

-bp 

‘Du 

bs 

J D.* 

-bp 

“Du 

5s 

•D.j 

-bp 

‘P* 

5 P 

‘S.t 

-5 d 

(10) 

4 d 

(9) 

-bp 

‘Pi* 

4d 

(8) 

-bp 

‘P.I 

4 d 

(8) 

“6 p 

‘D»* 

5 8 

‘D,, 

-i b 


5 s 

‘P, 

-bp 

‘D* 

5 s 

‘P.* 

-bp 

‘P.* 

5s 

‘P.i 

-5p 

‘D,» 

5s 

‘P.* 

-bp 

‘D.* 

4d 

(7) 

-bp 

‘D,* 

5 8 

‘P* 

-bp 

‘D.* 

5s 

‘Pit 

-bp 

*Di* 

4 d 

(6) 

-bp 

‘Du 

5p 

‘P.* 

-bd 

(10) 

5s 

‘Pi* 

-bp 

‘P» 


3433*93 

(0) 

3425*25 

(5) 

3424*80 

(5) 

3417*17 

(4) 

3385*26 

(«) 

3349*64 

(10) 

3333*07 

(9) 

3329*98 

(2) 

3282*09 

(6) 

3269*93 

(4) 

3258*11 

(1) 

3252*54 

(3) 

3249*86 

(4) 

3237*90 

(3) 

3214*52 

(«) 

3198*74 

(4) 

3174*08 

(8) 

3147*81 

(0) 

3117*32 

(S) 

3111*89 

(1) 

3091*87 

(5) 

3074*38 

(10) 

3068*21 

(3) 

3057*52 

(8) 

3056*07 

(8) 

3051*32 

(0) 


29112-8 4rf(7) -5p«F t 
29186-6 4d(6) -6p 4 D t 

20190-5 4rf (9) -6p‘P,j 
29256-6 5* *D,j -c 

29531-5 5* ‘D, 4 -rf 

29845-4 4d (5) -bp *D,j 
29993-8 5s *P, t -b]> *P,j 
30021-6 5s *D,j -c 
30459-6 5s 4 P, t -5 p *P,j 
30572-9 4d(7) -bp 4 P,j 
30683-8 bp *D,j-5d (10) 
30736-4 4 d (6) -bp *D,j 
30761-7 5s *P lt -5p *Sj 
30875-3 bp 4 Pjj -lid (10) 
31099-9 4d( 8) -bp *S lt 
31253-3 5s 4 P t -bp 4 Pj 

31490-0 (“<?> 

(5s s Pj -bp *D,j 

31758-9 be 4 P,j -bp 4 S,j 

32069-6 5s *P,j -bp *D rt 

32125-5 5p 4 P lt -6s 4 P t 

32333-5 bp 4 P t j-5d (12) 

32517-4 5s *P lt -a 

32582-9 6s 4 P,j -bp 4 P tl 

32696-8 4d(7) -bp 4 P tJ 

32712-3 5s 4 P t -5p 4 P,j 

32763 2 bp 4 P rt -6s 4 P lt 



A XA. (int.) p vac. 


V TaJme IV— (continued) 

Classification A I.A. (mt.) 


V Vac. 


Classification 


3041*93 (2) 
3033-62 (4) 
3020-66(7) 
2993-03 (0) 
2868*96 (9) 
2948-47(1) 
2936-16 (6) 
2926-86 (10) 
2910-64 (3) 
2901*42 (6) 
2900*99 (4) 
2866*63 (2) 
2840*91(1) 
2842-89 (4) 
2804*12(3) 
2802*62(3) 
2800*43 (2) 
2793*95 (0) 
2767*86(1) 
?766*73 (6) 
2769*89 (6) 
2769-11 (3) 
2758*31 (1) 
2761*99(1) 
2760-60 (2) 
2749*70(1) 
2745-16 (2) 
2736*86(1) 
2710*79(0) 
2696-46 (0) 


32864-3 5p*S 1 j-6rf(13) 
32966*4 4d (6) 4 P U 
33096-8 6;j 4 D ir 6rf(10) 
33391*2 5**D a -e 
33672*1 5**P* 

33906 0 5p •Sy 4 P,* 
34048*1 4d(3) 

34156-3 5* a D, 4 -e 
34346*7 5* 4 P U <8,* 

34466*8 5p 4 P u -5d(12) 
34460*9 44(6) 4 S U 

34886*1 6/> 4 Pj| -05 4 Pjj 

36079*6 44(6) -5/> 4 P t * 

353 65-1 5jt> 4 D ir 64(10) 

35651-3 44(2) ~5j9 4 D* 
35670*4 5p 4 P tJ -0* 4 P f4 
35698-3 44(1) -5p 4 D* 
35781-1 tip 4 P f -64(11) 
36118-3 44(3) ~4p 4 D,* 
36133*1 44(4) ~5p 4 P,* 

36222*6 5#*?* -5 
36232-9 65 ap^ -5p *P* 

36309*2 44(2) -~5p 4 D U 
36326*6 44(4) -tip *D H 
36346*0 5p 4 P t -65 4 P u 
36367*0 44(1) ~5p 4 D l4 

30417*0 tip *D u ^s 4 P* 
36540-9 6p 4 D, r 64(ll) 
36878-7 44 (3) 4 Pj 

37074-8 tip 4 D* -0* 4 P* 


2694*23 (4) 
2691*13(1) 
2677*34 (3) 
2058*05(1) 
2032-87 (2) 
2629-20 (2) 
2016*21 (3) 
2613*11 (5) 
2001-54 (3) 
2689*10(5) 
2580*20 (0) 
2573*70(3) 
2605*15(0) 
2564*24(1) 
2551 85(1) 
2551*07 (5) 
2537*02 (4) 
2527*03 (0) 
2510*05(3) 
2509-00 (0) 
2499*25 (7) 
2498*40 (3) 
2402*35 (4) 
2459*40(2) 
2447*22 (5) 
2435*72 (3) 
2307-30(4) 
2345*88 (4) 
2329*73 (3) 
2234*54 (3) 


37105*3 tip 4 D H ~0* ‘Ptf 
37148*1 tip 4 dJ|- 64 (14) 
37339-4 5p«P ir -54(14) 
37601*9 tip *D*-0* *P*t 
37970*0 tip *8,*-54 (15) 
38023-0 44(5) ~5p 4 S l4 
38211*8 5p 4 P* “54 (13) 
38257*2 44(4) ~5p 
38427*3 44(1) 4 D f * 
38611*9 tip 4 D 1 j-54 (11) 
38745-1 tip 4 D^“54 (12) 
38842-9 5**P* -4 
38972-4 5p 4 D, r 54(13) 
39138-8 44(2) ~ tip 4 P* 
39175-5 5p 4 D ir 0# 4 P lt 
39187*5 44(1) ~5p 4 P* 
39404*6 tip 4 Dj -54 (12) 
39560*2 tip*D#~tid(U) 
39732*9 5j3 4 P,j-54(15) 
39834*0 tip 4 D* ~6s 4 P lf 
30999*9 5a »Ptf -/ 
40013*5 5j» 4 D, r 6a 4 P ti 
40509*3 44(2) ~5p 4 P U 

40647*0 44(1) -5p 4 P,* 
40850*3 5p 4 8 a4 “54(16) 
41043*2 tip 4 D||-54 (13) 
41700*9 5jp 4 D 4 ~3d(13) 
42014*8 tip 4 P^-54 (10) 
42910*2 5a »P* -/ 
44738*0 5p 4 P l4 “54(16) 


A vac, (int.) 


v vac. Classification 


A vac. (int,) v vac. 


Classification 


817*70(5) 
800*52 (3) 
708-70 (4) 
774*18(3) 
709*63 (6) 
750*87 (3) 
745*42 (4) 
730*33 (8) 


122280 4 p 

123530 ip 
125195 4 p 

129170 4 p 

129932 ip 
131602 ip 
134153 ip 
135808 ip 


8 P* ~5a a P* 

•Pj ~5<r ‘Du 
*Djj-6« *Pj 
»D rt -0»*P lt 


700-88 (4) 141440 4j> *D H -6« ‘D* 

686- 08(7) 143474 4p *P ir «* *X> lt 

088-80(3) 140181 4p»S,j-4rf(0) 

687- 08(0) 145410 4p 4 8, t -5« <Pj 

077-70 (8) 147658 4p «8 U -Ad (7) 

077-18 (10) 147009 4p *S U -is ‘P lt 

666-54(10) 150265 4p «8, t ~5« *P rt 


assignment of the j values, in the case of the 4 d and 6 d terms, is shown 
separately in the table. The largest term in the spectrum, 4p*S lt , has the 
value 289529 cm. -1 , from which the ionization potential of Br in is derived 
to be 35-7 V. 


It is a great pleasure to acknowledge our indebtedness and express onr 
very grateful thanks to Professor A. Fowler, F.R.S., for his interest in 
our work. , ' 



Rao and Krishnanmrfy 


Pror. Roy. Roe.., A, ml. JfiJ, Plate 1 
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Table V — Term Values in Br in (Quartets) 


Designation 

Term value 

Designation 

j value 

Term value 

4p ‘Sjj 

289529 

id terms 






(1) 


u 

152045*8 

5« ‘Pi 

144112-1 

(2) 


1 or 4 

151997*9 


141858 0 

(3) 


4 

149737*0 

‘P.i 

139269*2 

(4) 


H 

147532*4 



(«) 


J or 4 

145534*1 

6« *Pi 

79272*5 

(6) 


4 

144354*4 

‘Pit 

76513*7 

(7) 


4 

141971*5 

*P,t 

73604*9 

(H) 


H 

138011*2 



<») 


4 

138405*8 

op ‘Di 

116347*2 

6d. terms 




‘I) li 

115689*0 

(10) 


2i 

80522*9 

4 D,j 

113618*6 

(11) 


4 

77077*4 

4 »»t 

111206*5 

(12) 


4 

70942*8 



(13) 


4 

74640*4 

*P» 

112858*4 

(14) 


2 i 

74058*7 

‘P.I 

111308*0 

(15) 


4 «>»' 2i 

09541*8 

*P«t 

109275*2 

(16) 


4 

66660*7 

* s i| 

107511*2 





Table V (continued) — Term Values in Br m (Doublets) 

Designation 

Term value 

Designation 

Term value 

ip “Du 

291001 

6p ‘Du 


125407*3 

»Du 

289802 


‘Du 


121924*1 

“P* 

279188 


‘Pj 


120070*0 

S P.t 

277524 








*S* 


123231*5 

6s “Pi 

156003*5 


a 


121475*0 

“Pit 

153993-2 


b 


120680*8 




c 


118334*9 

‘Dit 

147590*6 


d 


118059*9 

*D,t 

148350*3 


e 


114199*7 




I 


113993*3 


Summary 

The spectrum of bromine has been extensively investigated under 
different conditions of exoitation and about 300 lines have been assigned 
to Br m. The classifications and term scheme published previously by Deb 
have been found to be erroneous and entirely inconsistent with those due 
to the iso-electronic spectra of As i and Se n, analysed by the writers. 
An altogether new scheme is now set up, consisting of a system of quartets 
and doublets. More than a third of the total number of Br hi lines are 
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thus classified. The largest term 4p *S„ gives the ionization potential of 
Br m as 35-7 V. 
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The Combustion of Aromatic and Alicyclic 
Hydrocarbons 

I—The Slow Combustion of Benzene, Toluene, 
Ethylbenzene, w-Propylbenzene, w-Butylbenzene, 
o-Xylene, m-Xylene, p-Xylene and Mesitylene 

By J. H. Burgoyne, PhJ). 

(Communicated by A. C. G. Egerton , F.R.S.—Received 18 February 1937) 

Introduction 

Recent work upon the kinetics of the oxidation of aliphatic hydrocarbons 
has led to the recognition of certain characteristic features that find a 
ready interpretation in terms of the chain theory of chemical reaction. 
Thus, for example, both paraffins and olefines exhibit well-defined in* 
duction periods, pressure limits of inflammability and a marked sensitivity 
to the influence of surface, that point directly to the intervention of reac¬ 
tion chains; and although the preoise nature of the chain mechanisms is 
somewhat uncertain a great deal of information is available as to their 
length, branching characteristics, mutual interactions and stability. 
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Corresponding data for alicyclic and aromatic compounds are, however, 
very scanty and only in one instance has a comprehensive systematic 
kinetic study been made. Fort and Hinshelwood ( 1930 ) and Amiel 
( 1933 a, b , 1936 ) have investigated the slow combustion of benzene and find 
that whilst it shows a general resemblance to ethylene there are certain 
respects in which significant differences occur. Fort and Hinshelwood 
concluded that benzene is oxidized by a chain mechanism, the chains 
initiated predominantly in the gaseous phase being of short continuation. 

Some two years ago, the author, in collaboration with D. M. Newitt, 
made a comparative study of the slow oxidations of benzene, toluene and 
ethylbenzene at high pressures (Newitt and Burgoyne 1936 ) with a view to 
determining the relative reactivity of the side chain and nucleus and 
identifying the steps leading to the rupture of the latter. The results 
showed that whilst in the case of benzene the formation of a single series of 
hydroxy-intermediates preceded the breakdown of the ring, with toluene 
and ethylbenzene both nuclear and side-chain oxidations occurred simul¬ 
taneously. Furthermore, the phenyl group in ethylbenzene appeared to 
expose the a-carbon atom of the side-chain to oxygen attack. 

In continuation of this work, benzene and a series of its derivatives have 
now been examined at normal pressures and the present paper contains the 
results of comparative experiments with benzene, toluene, ethylbenzene, 
w-propylbenzene, n-butylbenzene, 0 -, m- 9 and p-xylenes and mesitylene. 
The results confirm the view, previously expressed, that chain mechanisms 
are involved in the combustion of aromatic hydrocarbons, but that the 
chain characteristics in the case of benzene are rather sharply distinguished 
from those of its alkyl derivatives. 


Apparatus and Experimental Procedure 

The method employed has been to follow the course of the slow com¬ 
bustion of the various hydrocarbons in a closed silica vessel manometrically. 

The apparatus used is illustrated in fig. 1 . The reaction mixture is made 
up with the aid of the manometer C in the previously evacuated 2 1. bulb 
B from the liquid hydrocarbon contained in A , and pure oxygen from a 
101. gas-holder in which it is stored over a 50% aqueous solution of 
glycerine. The bulbs A and B and their capillary connexions are immersed 
in a thermostatically controlled bath at a temperature sufficiently high to 
maintain the requisite pressure of hydrocarbon vapour in the prepared 
mixture. The desired quantity of this mixture is then transferred through 
electrically heated capillaries to the evacuated silica vessel D (capacity 


Vol. CLXI—A. 


£ 
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= 550c,c.) which is maintained at a suitable reaction temperature. The 
combustion is followed by the change in pressure as indicated by the 
manometer E; and at its conclusion or at some predetermined intermediate 
stage a sample of the contents of the vessel is withdrawn into the gas 
burette F for subsequent analysis. 



Fio. J 


The oxygen used was prepared by heating recrystallized potassium 
jmrmanganate; before passing into the bulb B it traversed two tubes 
packed with freshly distilled phosphorous pentoxide. The pure hydro¬ 
carbons as purchased were dried over anhydrous sodium sulphate and 
fractionally distilled, the end fractions being rejected. 
























o of final value 
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Correlation of Pressure Change with Course of the Reaction 

It was necessary first to ascertain experimentally the relation between 
pressure change and oxygen consumption for certain typical mixtures of 
each of the hydrocarbons. A series of experiments was carried out with a 
given mixture at a fixed initial pressure and temperature, and the reaction 
arrested at various intermediate stages by removing the silica vessel from 



0 5 10 15 20 25 30 


Time in min. 

Fm. 2—I Pressure increase \ 

2 Oxygen consumed ! 100 nun. C c H A .C t H s 4-100 mm. O s -f- 200 mm. N a at 

3 OO g formed | 438° C. 

4 CO formed J 

5 Pressure increase 50 mm. C e H*+ 50 nun. O t at 561° C. 

6 Pressure increase 60 mm. 1:3:5 C„H 3 (CH 3 ) a -f 50 mm. 0 8 at 485° C. 

the furnace and rapidly chilling. The cold products were then analysed and 
a comparison made between the oxygen consumption, the amount of 
oxides of carbon formed and the rise of pressure. As an example, the results 
for an ethylbenzene-oxygen-nitrogen mixture reacting at 438° C. are 
shown by means of curves in fig. 2. The composition of the initial mixture 
and the products at the end of the reaction are given in Table I. 

The curves in fig. 2 show that the amount of oxygen consumed is closely 
related to the pressure increase throughout the greater part of the reaction; 

E 2 
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moreover, after a preliminary acceleration the rate of pressure increase 
remains substantially constant until the reaction is about two-thirds 
complete. Similar results are given by the other hydrocarbons, exemplified 
in fig. 2 by typical curves for benzene and mesitylene, and it has therefore 
been assumed in all cases that the time taken for the pressure increment to 
increase from 20 to 00 % of its final value (V-ao) is inversely proportional to 


the reaction rate. 


Table I 


Initial gases 

mm. 

Products 

mm. 

C # H b .C 8 H 5 

100-0 

co 8 

14*8 

o 8 

100-0 

CO 

56*3 

N, 

200*0 

H* + aliphatic 

1*5 


400-0 

hydrocarbons 

Residual ethylbenzene, 




intermediate products 
and steam 

181*0 



N, 

200-0 


463-2 

In the initial stages of the reaction the ratio oxygen consumed/pressure 
increase is much greater than at later stages and it is probable that during 
this period the initial oxidation products are formed with little or no 
pressure change (Fort and Hinshelwood 1930 ). The two oxides of carbon are 
found in the products at all stages, but as the ratio hydrocarbon/oxygen 
increases there is, as might be expected, a corresponding increase in the 
ratio CO/CO a . 

Having established, in the above manner, a basis of comparison for the 
reaction rates of related hydrocarbons, the influence of temperature, 
concentration, dilution and surface factors upon the oxidations were next 
determined. 


The Products of Combustion 

The results of a detailed examination of the products of combustion of 
benzene, toluene and ethylbenzene at high pressures have been described 
in a previous communication (Newitt and Burgoyne 1936 ). In the present 
series of experiments a complete determination of all the intermediate 
products was not feasible and usually the gaseous products only were 
analysed. The predominating reactions were those resulting in the forma- 
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tion of the two oxides of carbon and steam according to the general 
equations: 

C n+8 H 8n44 + —0 2 = (» + 6) C0 2 + (» + 3) H 2 0, (1) 

Q _L 

O.Ahi + 0 2 « (n + 6) CO + (» + 3) H 2 0. (2) 

The percentage pressure increase at constant volume associated with 
these reactions for the nine aromatic hydrocarbons under consideration is 
given in Table II. 

Table II 



% pressure increase due to formation of 

Hydrocarbon 

C() t + H t O by eq. (1) 

CO + H a O by eq. (2) 

Benzene * 

5-9 

64 

Toluene 

10-0 

69 

Ethylbenzene, Xylenes 

130 

73 

n-Propyl benzene, Mesitylene 

15*4 

76 

n-Butyl benzene 

17*2 

79 


By experiment it is found that the products in all cases correspond with 
the occurrence of both reactions in proportions dependent upon tempera¬ 
ture, concentration, dilution and surface factors. It is possible, therefore, 
to compare, as in Table III, the behaviour of the various hydrocarbons 
provided the reaction temperatures are selected to give equal rates of 
oxidation and the initial partial pressures of the reactants are maintained 
constant. 


Table III— Combustion of Equimolecular Hydrocarbon-oxygen 
Mixtures at 100 mm. Initial Pressure 


Hydrocarbon 

Reaction 

temperature 

0 A 

Final pressure 
increment 

mm. 

Ratio 
CO/CO g in 
products 

Percentage 
O, appearing 
as oxides 
of carbon 

Benzene 

834 

24-2 

2*8 

66 

Toluene 

808 

29*2 

2*2 

61 

Ethylbenzene 

748 

40-6 

4*8 

43 

Propylbenzene 

738 

42*2 

4*0 

— 

Butylbenzene 

687 

44*7 

3*8 

46 

o-Xylene 

730 

29*8 

3*5 

— 

m-Xylene 

756 

38*4 

3-5 

— 

p-Xylene 

797 

36*2 

2*5 

— 

Mesitylene 

784 

35*4 

1*7 

60 
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The ratio C0/C0 2 is substantially higher for ethyl-, propyl- and butyl- 
benzenes than in the other series, and the percentage of oxygen accounted 
for as oxides of carbon is much less. This latter fact emphasizes the con¬ 
clusion that, whereas with most of the hydrocarbons considered the total 
reaction is adequately expressed by the equations ( 1 ) and ( 2 ), in the case 
of those derivatives having a long side-chain, appreciable amounts of 
oxygenated intermediates (aldehydes, ketones, etc.) survive in the products. 

In comparing the figures of Tables II and III it must be borne in mind 
that during the combustion of an equimoleeular hydrocarbon-oxygen 
mixture under the stated conditions, all the oxygen is used up, but only 
about 20 % of the hydrocarbon is oxidized. 

The Influence of Temperature 

In order to compare the influence of temperature upon the rates of 
oxidation of the various hydrocarbons, equimoleeular hydrocarbon- 
oxygen mixtures were employed, the concentrations of reactants being 
such that at 800° A their partial pressures were 50 mm. (i.e. 0*001 g.mol./l. 



Fio. 3 

approximately). No difficulty was experienced in obtaining reproducible 
pressure-time curves, the rate of reaction being far less sensitive to surface 
effects than is the case with the paraffin hydrocarbons. The results are 
shown graphically in fig. 3, in which the logarithm of the times taken for 
the reactions to proceed from 20 to 60 % completion are plotted against the 
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reciprocal# of the absolute temperatures. A linear relationship holds, in 
general, within the limits of experimental error, and since is inversely 
proportional to the velocity constant the equation to the lines, namely 

A 

1°§10 4()60 = r jp 

may be written in the form of the Arrhenius equation: 

E 

logek = RT + (J ' 

where E , the energy of activation, is numerically equal to 2*30 x B x A , A 
being the gradients of the lines in fig. 3. The values of E y obtained thus, 
were corrected for the variation of molecular velocity with temperature and 
the amended results arc summarized in Table IV. 


Table IV— Energies of Activation for the Oxidation of 
Aromatic Hydrocarbons* 


Hydrocarbon 

Benzene 
Toluene 
Ethylbenzene 
n-Propyl benzene 
n-Butylbenzene 
o-Xylene 
w-Xylene 
p -Xylene 
Mesityl ene 


Activation energy E 
kcnl./g.tnol. 

68-0 

490 

41-5 

39- a 
340 
38-0 
390 

40- 0 
30-0 


Further confirmation of these values lias been obtained from experi¬ 
ments in which the concentrations of the reactants differed widely from 
those in the series under consideration, the results in all cases showing 
satisfactory agreement. 

The case of n -butyl benzene alone calls for special comment. It was 
found that above about 400° C. the combustion of this hydrocarbon 
obeyed Arrhenius’s equation fairly well, giving a value of E ~ 34 keal., 
but below 400° 0. the temperature coefficient of the reaction appeared to 
decrease, ultimately becoming negative. By increasing the initial pressure 
of the equimoleoular mixture in the temperature range 300-400° C., the 
occurrence of cool flames was revealed upwards of about 120 mm. Further 
experiments are in hand with the object of examining in detail this 
phenomenon, which has not, up to the present, been observed in connexion 
with any of the other hydrocarbons under consideration. 



Activation energy in kilogram-calories/g. mol. 
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If in fig. 3 a line is drawn parallel to the axis of 1/T, the points of inter¬ 
section with the “Arrhenius lines” give the temperatures at which the 
different hydrocarbons are oxidised at equal rates. In fig, 4 a series of 
these values is plotted against the corresponding values of E , and smooth 
connecting curves have been drawn to emphasize the structural relation¬ 
ships of the following three groups of hydrocarbons: 

(1) Benzene and derivatives with a single side-chain of varying length. 

(2) Isomeric xylenes. 

(3) Hydrocarbons with symmetrical molecules. 



Fig. 4 


The conclusions to be drawn regarding the relative ease of oxidation of 
benzene and its homologues, which are illustrated clearly in fig. 4, may be 
summarized as follows: 

(1) The introduction of an unbranched, saturated side-chain into the 
benzene nucleus facilitates combustion to a degree dependent on the length 
of the chain. 

(2) The activating effect of adding more than one side-chain is progres¬ 
sive, subject to the modification that 

(3) The symmetrical disposition of a given number of equal groups round 
the nucleus constitutes the least reactive configuration. 

Assuming the activation energies relate to primary hydrocarbon- 
oxygen encounters, the calculated reaction velocities are for benzene 
several million times less and for toluene about one thousand times less than 
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the experimental values ; for the remaining hydrocarbons the differences 
between the calculated and experimental figures are not so marked al¬ 
though the former are always lower. 

The Influence of Concentration Factors 

For each of the nine hydrocarbons three series of comparative experi¬ 
ments have been made under varying conditions of concentration. Starting 
with an equimolecular mixture at 100 mm. total pressure and at a suitable 
reaction temperature, the effect of the following factors upon the velocity 
of combustion and the analysis of the products were studied: 

(1) Variation of the initial pressure between 50 and 500 mm. 

(2) Progressive increase of partial pressure of oxygen to 350 mm. or 
more. 

(3) Progressive increase of partial pressure of hydrocarbon to 300 mm. 
It w as found that, with the exception of benzene, the rate of reaction w r as 

directly proportional to a power of the total or partial pressure undergoing 
variation, i.e, 

= k p k > 

ho~oo 

where p is the pressure and n and K are constants. 

The index “n” expresses the dependence of the reaction velocity upon 
the various concentration factors and provides a useful basis for comparing 
the behaviour of the different hydrocarbons. 

In Table V are set out the values of n for the various hydrocarbons, 
relative to the total pressure of the equimolecular mixture, the initial 
partial pressure of oxygen and the initial partial pressure of hydrocarbon, 
respectively. 

Table V— Values of Indices expressing the Dependence of the 
Reaction Velocity upon the Total Pressure and Partial Pressures 



of Reactants 





Partial pressure of 

Values of n relative to ... 

Total pressure 

Oxygen 

Hydrocarbon 

Benzene 

<]•») 

(0*2) 

0*7) 

Toluene 

2*0 

1-0 

0*8 

Ethylbenzene 

2*0 

0*3 

2*0 

n-Propyl benzene 

2*1 

-01 

2*2 

n-Butyl benzene 

2*1 

-0*4 

— 

o-Xylene 

1*0 

1*0 

0 

w-Xylene 

1*7 

0*8 

0*6 

p*Xylene 

1*6 

00 

0*2 

Mesitylene 

1*6 

M 

0*2 
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One notable exception to the general equation 

J~=K.p» 

* 20-00 

is benzene. It was found that the rate of reaction of 50 mm. O e H 0 4- 50 mm. O a 
was not much increased when the partial pressure of oxygen was raised 
to 150 mm., in accordance with the value n = 0*2 given in the above table. 
For higher concentrations of oxygen however, "a much increased depend¬ 
ence of the reaction velocity upon this factor was noticed. For the 
theoretical mixture (50 mm. C 6 H 6 -f 375 mm. 0 2 ) n was 1*5 relative to 
the partial pressure of oxygen and 2-5 relative to the total pressure. 
Experiments with mixtures containing 25 mm. of benzene and from twenty 
to thirty times this amount of oxygen indicated that in the limiting case the 
reaction rate is proportional to the square of the oxygen concentration. In 
this connexion it may be recalled that the energy of activation is the same 
for the equimolecular and theoretical mixtures. 

Referring to Table V, attention may be drawn to the following features: 

(1) For benzene and those derivatives containing a single side-chain, the 
rate of reaction depends approximately upon the square of the total 
pressure. 

(2) Ethyl-, propyl- and butylbenzenes fall into a series in which the 
oxygen concentration has a small and progressively diminishing influence; 
with butylbenzene, indeed, oxygen definitely retards the rate of reaction; 
the effect of the hydrocarbon concentration is substantially the inverse of 
the oxygen effect. 

(3) Toluene is exceptional in that hydrocarbon and oxygen exert 
approximately equal effects. 

(4) The hydrocarbons containing more than one methyl group attached 
to the nucleus show a greater degree of complexity, an important feature 
being the marked influence of oxygen as compared with hydrocarbon 
concentration. 

The composition of the gaseous products is not materially influenced by 
an increase of total pressure, although there is a definite small increase in 
the C0/C0 2 ratio. When, however, the relative proportions of hydrocarbon 
and oxygen are varied, considerable changes occur. In Table VI is given 
the composition of the products from a series of experiments with benzene 
in which the hydrocarbon and oxygen concentrations respectively were the 
only varying factors; and these results may be taken as representative of 
the remaining hydrocarbons examined. 

It will be observed that when the ratio oxygen/benzene is less than about 
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4, the oxygen is completely consumed and the observed pressure increase 
indicates that a certain amount of hydrocarbon survives in the products; 
when the ratio is 6 or more, the whole of the benzene is oxidized. Those 
derivatives having a single side-chain behave in a similar manner to 
benzene, but when more than one methyl group is present, the hydro¬ 
carbon is capable of reacting with upwards of four times its own volume of 
oxygen; to this rule o-xylene is an exception, being similar to the single 
side-chain derivatives in this respect. 

The formation of carbon monoxide is favoured by a defect of oxygen, 
that of the dioxide by an excess, whilst ethylene, hydrogen and aliphatic 
hydrocarbons are found in considerable quantities in the products if the 
ratio hydrocarbon/oxygen is high. Acetylene is practically always pro¬ 
duced, but only assumes measurable proportions when ignition occurs. 


The Influence of Surface Factors 

(а) The Condition of the Surface . It is well known that the rates of oxida¬ 
tion of certain combustibles are very sensitive to changes in the surface of 
the reaction vessel and extreme precautions are often necessary in order 
to maintain the surface in such a uniform state as to give reproducible 
results. This phenomenon, however, is not so marked with aromatic as with 
paraffin hydrocarbons and one or two preliminary experiments in the 
apparatus usually sufficed to stabilize its surface. Of the nine hydro¬ 
carbons examined benzene and its mono-alkyl derivatives are the least 
sensitive and mesitylene the most sensitive in this respect. 

(б) The Surface I Volume Ratio. When a combustion proceeds by a chain 
mechanism in which the chains are broken on the walls, an increase in the 
surface/volume ratio of the reaction vessel generally causes a retardation of 
the reaction rate. A series of experiments was carried out to determine 
whether in the case of the aromatic hydrocarbons any such influence is 
operative. For this purpose, comparative oxidations were made with the 
vessel (i) empty and (ii) packed with 20 silica rods, whereby its surface 
volume ratio was increased 3*4 times. The results are recorded in Table VII. 

In all cases, the rate of reaction in the packed vessel was appreciably 
slower, but whereas in the case of benzene the decrease was about 50 % for 
the remaining hydrocarbons it did not exceed 30 %; the retarding effect, 
moreover, showed a progressive diminution on ascending the homologous 
series. 

The only appreciable effect upon the gaseous products of increasing the 
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Table VII—The Effect of Increasing the Surf ace/Volume 
Ratio 3-4 times on the Rate of Aromatic Combustions 


Hydrocarbon 

Hydro¬ 

carbon 

mm. 

Oxygon 

mm. 

Temp. 

°C. 

Ratio 

*ao-«o in empty vessel 
f *o-eo in packed vessel 

Benzene 

50 

200 

555 

0-55 


50 

200 

565 

0-51 

Toluene 

50 

150 

520 

0*72 

Ethylbenzene 

50 

150 

404 

0*84 

m-Xylerio 

50 

150 

459 

0*71 

Mesitylene 

50 

150 

481 

0*78 


Burface/volume ratio is to diminish the ratio C0/C0 2> there being a corre¬ 
sponding decrease in the pressure rise. Tiius for ethylbenzene (of. Table VII) 
the following figures were obtained: 

Total pressuro 
increase 

Ratio CO/CO a mm. 

Unpacked bulb (S/V — 0-87) 2-72 81-8 

Packed bulb (S/V- 2*9) 2-15 76-6 

Thjs Influence of Dilution 

To obtain further information as to the chain characteristics of the 
reactions a considerable number of observations were made upon the 
influence of progressive dilutions with nitrogen on the reaction velocity of 
certain hydrocarbon-oxygen mixtures. The general effect was the same in 
all cases but varied slightly in degree. Thus, the addition of small amounts 
of diluent either had no effect on the reaction rate or caused a minor 
retardation. An increase in the partial pressure of the diluent caused a 
considerable acceleration which persisted over the greater part of the 
range of concentration it was feasible to employ in the present apparatus. 
At the highest partial pressures of diluent the reaction rate showed signs 
of reaching a maximum, but further experiments are required to establish 
this observation. 

Three series of experiments were carried out with each hydrocarbon, in 
which (1) the same hydrocarbon-oxygen mixture was progressively diluted 
with nitrogen at various reaction temperatures; (2) a given mixture was 
progressively diluted with nitrogen at a constant reaction temperature, 
the vessel being (a) empty, and (b) packed with 20 silica rods; (3) the effect 
of using argon or helium as diluent in place of nitrogen was observed. 

The results obtained for benzene will be considered briefly. In Table VIII 
are given the relative rates of reaction of a 50 mm. C 6 H # + 200 mm. 0 2 
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mixture, diluted with various amounts of nitrogen and reacting at various 
temperatures in (a) an unpacked vessel and (6) a vessel packed so as to 
increase the surface/volume ratio 3-4 times. 


Table VIII— Influence of Diluent Nitrogen on the Rate of 
Reaction of 50 mm. C 6 H„ + 200 mm. 0 2 

undiluted mixture 

Ratio -r—r— — at 

*2o~eo diluted mixture 


mm. of N g 

635° V. 

555° C. 

555° C. 

rm° e. 

505° 0. 

added 

(unpacked) 

(unpacked) 

(packed) 

(unpacked) 

(packed) 

50 

— 

0*95 

— 

1*03 

0*93 

100 

— 

— 

0-92 

1*05 

I 01 

150 

. 

117 

109 

— 

M0 

250 

1-35 

1*3H 

1*05 

1*32 

M0 

350 

1*55 

1*54 

Ml 

1*53 

1*30 

450 

1*73 

1*73 

— 

1*77 

— 


It will be seen that whilst temperature has no marked influence on the 
accelerating action of the diluent an increase in the surface/volume ratio of 
the vessel tends to suppress it. 

In Table IX, the effect of replacing nitrogen by helium is illustrated; it is 
seen that the latter has considerably the less accelerating influence. When 
argon is the diluent, the relative reaction rates do not differ appreciably 
from the figures obtained for nitrogen. 


Table IX—Comparison of Effects of Nitrogen and Helium in the 
Dilution of a 100 mm. C 6 H e + 100 mm. 0 2 Mixture at 550° C. 


mm. of diluent added 


^ ■ 4a~an undiluted mixture 

RtttlO — r r :\—'— r— 7- 

/go-ao diluted mixture 

/ - * - 

Nitrogen 


in presence of 
Helium 


100 

1*01 

0*99 

200 

M2 

1*02 

300 

1*58 

1*05 

400 

1*74 

1*25 


Similar results were obtained with all the other hydrocarbons examined, 
although the observed effects were less pronounced than in the ease of 
benzene; comparative figures for toluene, ethylbenzene, m-xylene and 
mesitylene are given in Table X and need no further comment. 


Discussion 

The effects of surface/volume ratio and of diluents upon the velocity of 
reaction suggest that a chain mechanism is operative and also afford 
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Table X— The Influence of Diluent Nitrogen on the 
Rate of Aromatic Combustion 


_ , undiluted mixture , 

Ratio 20 *° ------—; - in the 



presence of a: mm. N # , whore .1 

r is 

Mixture and experimental 

/ - 


-» —. —. 

- H 

conditions 

50 

100 

200 300 

400 

60 mm. ) 

0*98 

0*96 

(1-01)* 1-23 

d-06) 

4 - 150 mm, 0, at 620° C.J 



Ml 

1*27 

60mrn. O A H 0 C a H A 1 



(1-00) (1-09) 


4-150 mm. O a at 464° C.J 


114 

1*19 1-44 

1*48 

60 rnm. m — C 6 H 4 (GH 3 ) g 1 



(1*06) 


+ 150 mm. 0 2 at 469° C.J 



1*15 

1*43 

60 mm. C fl H 3 (CH 3 ) 3 ] 





4- 160 mm. O* at 481° C.J 

1*01 


1*14 

1*25 


* The figures in brackets refer to experiments in the packed bulb. 


certain information as to the nature of the chains involved. Thus the 
retardation caused by an increase of the surface/volume ratio is explained 
on the assumption that chains are deactivated on the walls of the vessel. 
If in a cylindrical vessel they are deactivated solely by this means, their 
length may be shown to be proportional to the square of the diameter of 
the vessel, and hence inversely proportional to the square of the surface/ 
volume ratio R . This latter relationship also holds good for vessels of other 
regular shapes (Bursian and Sorokin 1931 ), and thus if the number of 
initial centres remains constant the rate of reaction to is given by 



where K is a constant. If the chains are simultaneously deactivated in the 
gas phase 

W =x(a + A), 

where a and 6 denote the proportions of the total change due to chains 
which are ultimately deactivated in the gas phase and on the walls re¬ 
spectively. For two values of the velocity oj x and <o 2 corresponding with 
surface/volume ratios of R t and R 2 , 

a ti >2 ~~ 

If it be assumed that the walls play no part in initiating chains and that 
the above relationship holds in the case of a cylindrical vessel packed with 
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rods, the values of b/a and the percentage of the reactions due to chains 
breaking on the walls and in the gas phase may be calculated for five 
representative hydrocarbon-oxygen mixtures from the data in Table VII; 
the results are recorded in Table XI. 


Table XI— The Deactivation of Reaction Chains on the Walls 
and in the Gas Phase fob various Hydrocarbon-oxygen Mixtures 


Mixture 


Percentage of 
reaction due 
to chains 
which break 


mm. r —^ — s 

hydro- mm. On In gas 


Hydrocarbon 

carbon 

oxygen 

Temp. 0 C. 


b/a 

walls 

phase 

Benzene 

50 

200 

555 and 565 

*0 63 

0-83 

45 

56 

Toluene 

50 

150 

520 

0-72 

0-34 

25 

75 

Ethylbenzene 

50 

150 

459 

0*84 

0*16 

14 

86 

m-Xylene 

50 

150 

459 

0-71 

0*36 

26 

74 

Menitylene 

50 

150 

481 

0-78 

0*25 

20 

80 


* Mean figure. 


Comparing the figures for benzene, toluene and ethylbenzene, it will be 
seen that the ratio b/a and hence the average chain lengths diminish with 
increasing molecular weight. This result is in harmony with the corre¬ 
sponding variations in the activation energies of the hydrocarbon and in 
the calculated and observed reaction velocities. 

The addition of increasing proportions of diluents to the reacting medium 
accelerates the reaction as shown by the results in Table VIII. If from 


Table XII— The Deactivation of Chains on the Walls and in the 
Gas Phase in the Combustion of 50 mm. Benzene+ 200 mm. Oxygen; 
Effect of Dilution with Nitrogen 


Percentage of reaction due 
to chains which rupture 


Diluent added 

0ljui 1 

b/a 

On walls 

In gas phase 

At 555° 0.: 

Nil 

0*55 

0*78 

43 

67 

150 mm. 

0*61 

0*88 

47 

63 

350 mm. 

0*40 

1*46 

59 

41 

At 565 n 0.: 

Nil 

0-51 

0*88 

47 

53 

100 mm. 

0-49 

0*97 

49 

51 

250 mm. 

0-45 

1*16 

54 

46 

360 mm. 

0-43 

1*27 

56 

44 
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these figures the corresponding values of the ratio bfa are calculated (see 
Table XII), the cause of the acceleration is seen to be due to an increase in 
the average chain length as though the diluent were impeding the diffusion 
of active centres to the walls. 

It is possible that the diluent may act also as a deactivating medium, 
for with excessive dilution the reaction velocity shows signs of passing 
through a maximum. With the present apparatus, however, it was not 
possible to proceed to such high dilutions as would satisfactorily establish 
this point. 

In addition to the specific effects of surface/volume ratio and of diluents, 
further evidence in support of a chain mechanism is furnished by the close 
adherence of the pressure-time curves to theoretical chain relationships, 
although of course such agreement may be of merely empirical significance. 
It has been shown (Kowalsky 1933; Semenoff 1933) that the complete 
course of a chain reaction may be represented by the expression 

t _ 100 
b ~ 1 + 5 


whence 


1 = a 1o &T 


<j) Bc 100 -£ 


+ constant, 


where £ is the percentage of the total reaction taking place during a time t 
from the start, 0 is the time measured from the point of half-change and <f> 
is a parameter depending upon the properties of the initial reacting medium. 
It has been found that the above relationships are valid for £ = 10 — 90 % in 
the case of aromatic combustions. This fact is illustrated in fig. 5, where 


£ 

l°gi° £ is plotted against t for a few hydrocarbon-oxygen mixtures 
chosen at random. 

It is not proposed to discuss the actual mechanism by which chains are 
propagated in the various hydrocarbon-oxygen media until further work, 
now in progress, has been completed. It may be pointed out, however, that 
no single mechanism is likely to be applicable both to benzene and its 
homologues since nuclear and side chain oxidations may proceed simul¬ 
taneously and the point at which the benzene ring ultimately breaks may 
be influenced by the position and number of the side chains. 


The author is indebted to Dr. D. M. Newitt for many valuable discussions 
and to the Department of Scientific and Industrial Research for a grant 
with the aid of which part of the above investigation has been carried out. 
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Summary 

The kinetics of the slow combustion of benzene and eight alkyl deri¬ 
vatives have been studied and compared. It has been shown that the rate 
of such combustions can be judged with a considerable degree of accuracy 
by manometric observations. 



yiu. 5—1, 50 mm. C # H 0 + 5O mm. O a at 565° C\; 2, 50 mm. C e H # + 50mm. O a 
544° C.; 3, 50 mm. 50 mm. O* at 503” C.; 4, 50 mm. C? a H 8 C a H 7 

+ 50 mm. O a at 438*5° C.; 5, 50 mm. 1:3:5 C e H 8 (CH a ) a + 50 mm. O t at 481° C. 


The influence upon the various combustions of factors of temperature, 
concentration, dilution and surface have been investigated, and as a result 
it is now clear that the hydrocarbons considered may be variously classi¬ 
fied. Generally speaking, benzene stands considerably apart from its 
derivatives, and exhibits evidence of chain mechanisms in a more pro¬ 
nounced manner than do its derivatives. 

In the matter of reactivity, three classes have been established: 

(1) the derivatives with a single side chain, 

(2) the isomeric xylenes, 

( 3 ) the hydrocarbons with symmetrical molecules, 




07 


Aromatic and Alicyclic Hydrocarbons 

and it is suggested that relationships in the matter of the effectiveness of 
the primary encounter of hydrocarbon and oxygen molecules are to be 
sought along these lines. 

From a kinetical point of view, having regard to the influence of con¬ 
centration factors, three classes are again established but of a different 
constitution. They are: 

(1) benzene, 

(2) derivatives with methyl groups attached to the nucleus (toluene, the 
xylenes and mesitylene), 

( 3 ) derivatives with a single side chain containing more than one 
carbon atom. 

Conclusions as to reaction mechanism are evidently to be based on this 
scheme of classification. 
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The Interaction of Vapour Molecules with a 
Crystal Surface 

By T. Alty, The University , Glasgow 
(Communicated by J. Chadwick , F,R.S.—Received 20 February 1937 ) 

Introduction 

When a gas or vapour molecule strikes a solid surface it may either con¬ 
dense on the surface and remain there for some time before returning to the 
gas phase, or it may rebound at once from the surface. The ratio of the number 
of molecules condensing on any surface per second to the total number 
incident on that surface per second may be defined as the “coefficient of 
condensation ” /. The value of this coefficient will be expected to vary with 
the nature of the solid surface and of the gas but in a number of cases 
(Langmuir 1916) early evidence indicated that it is close to unity and it 
has sometimes been assumed that this is always so. 

The experiments described in the present paper were designed to test the 
correctness of this assumption, and for this purpose the coefficient of 
condensation has been measured at a number of crystal surfaces. The 
measurement can be made very directly in the special case in which the 
solid and the gas molecules are identical in nature, and for this reason 
crystals which sublime at ordinary temperatures have been used and/has 
been measured for the collisions of the vapour molecules with a solid 
surface of the same substance. 

II a crystal (e.g. iodine) is surrounded by its saturated vapour, there will 
be a steady interchange of molecules between the crystal and the vapour, 
the number evaporating from the crystal per second being exactly balanced 
by the number condensing on it from the vapour. If r is the average time 
spent by a molecule on the surface before it evaporates, the number of 
molecules evaporating inti} the vapour per second will be proportional to 
(I/r). When the actual vapour pressure is small, so that the concentration 
of vapour molecules near the crystal surface is small, the presence of this 
vapour will not affect the value of r appreciably, and the rate of evaporation 4 
of molecules from the crystal will be the same when the evaporation takes 
place into a saturated vapour as when the crystal is in a perfect vacuum. 
(Clearly in the former case the resultant rate of evaporation will be zero 
because of the condensation of molecules from the vapour on to the crystal.) 

I w ] 
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It therefore follows that the rate of evaporation of a crystal into a vacuum 
will be equal to the rate of condensation of vapour molecules on to its surface 
from the saturated vapour at the temperature of the crystal. Measurement 
of this rate of evaporation thus gives the mass (M x ) of vapour molecules 
condensing per second. 

The mass {M z ) of vapour molecules actually incident on the crystal 
surface per second can be obtained at once from the well-known kinetic 
theory expression: 

M 2 = \Nmc, 


where N ~ number of molecules per c.c. in the vapour, m — mass of dne 
molecule, c ~ average velocity of the molecule. 

Assuming that the vapour behaves as a perfect gas, so that 


P = Nkt and 


I Sk-T 
V nm * 


where P is the saturated vapour pressure in dynes/sq. cm. and k is Boltz¬ 
mann’s constant, we have 


= 0-0584 JM [~jf} S-H- cm./sec., (1) 

where P is now measured in mm. of mercury and M is the molecular weight 
of the vapour. Therefore, if M y is determined experimentally and M t 
obtained from equation (1), then 

/ = coefficient of condensation 

- MJM t . ( 2 ) 

This method has already been used (Alty 1931, 1933; Altyand Mackay 
1935) to determine the condensation coefficients of vapours at liquid surfaces. 
The results showed that for benzene and carbon tetrachloride / is equal to 
unity. For water, however, / = 0 - 036 , so that there is much reflexion of 
molecules at the surface of this liquid. In the same way, preliminary experi¬ 
ments showed that for ethyl alcohol/has a small value. The exact magnitude 
was not obtained in this case. 

These results obtained with liquids are interesting both in showing for 
the first time that / may in certain cases have quite small values and also 
in showing how the value of the condensation coefficient depends on the 
electrical structure of the molecule of the liquid used. Two, water and 
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ethyl alcohol, have large dipole moments, while the other two, benzene 
and carbon tetrachloride, are non-polar. The results indicate that it is the 
polar liquids which have small values of the condensation coefficients. 
The molecular orientation usually found in the surface layers of such liquids 
may have some bearing on the values off found. 

In view of these results, the crystals to be used in the present work were 
selected with a view to determining the effect of dipole moment in the solid 
state. The substances used, with their dipole moments, are given in Table I. 


Table I 


Substance 

Iodine 

Naphthalene 
Synthetic camphor 
Benzoic acid 


Dipole moment 
Formula (Smyth 1931 ) 

I. 0 

C 10 H S 0 

C 10 H ie O 2*95 x 10~ 18 

C^O, 0-8 x I0“ 18 


The coefficient of condensation of the vapour at the crystal surface of 
each of these substances has been determined. 


Experimental 

The apparatus used is shown in fig. 1, and requires little explanation. 
The evaporating crystal was used in the form of a hemispherical cap C 
which was deposited on the end of a thin glass tube T of diameter about 
12 mm. Water was circulated through this tube so as to control the tempera¬ 
ture of the crystal and hence its rate of evaporation. The tube itself was 
surrounded by a wider glass tube 0 of diameter 32 mm., on the inner 
surface of which the evaporated molecules from the crystal were condensed. 
The whole apparatus was connected through a liquid air trap to an oil 
diffusion pump and a discharge tube which was used to indicate the gas 
pressure in the apparatus. A large induction coil, used with a spark gap 
set at about 1 in., supplied the current to the discharge tube, and throughout 
all experiments the pressure was so low that no discharge was visible in 
the tube. 

In order to deposit the solid cap C on the tube T , the latter was inter¬ 
changed with the stopper S of the vessel V which contained a quantity of 
the resublimed material from which the cap was to be formed. Warm water 
was circulated through T, the vessel V was itself surrounded by a Dewar 
flask containing warm water, and the vapour was pumped off until about 
one-quarter of the original material had evaporated. In this way any trace 
of more volatile impurities should have been eliminated. The warm water 
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circulating in T was then replaced by ice water and the deposition of the 
cap commenced. When this was complete, the tube T was removed from V 
and all the material deposited along its length was removed so that only 
a uniform cap at the end of the tube remained. The dimensions of this 
deposit were measured before it was replaced inside the experimental tube 0 . 



The intense evaporation of the solid produces very large temperature 
gradients in it, and it is necessary to measure as accurately as possible the 
temperature of the evaporating surface itself, since it is this which controls 
the rate of evaporation. A fine copper-oonstantan thermocouple was used 
for this purpose. The wires were led out through the ground joints J; 
they passed along the narrow tube J?, and the thermo junction was at L on 
the surface of the deposit. These thermocouple wires were passed below 
the cap C and then, by rotation of the joint K , the junction was drawn into 
very close contact with the deposit, By leaving the two wires under a slight 
tension at the beginning of an experiment, it was easy to ensure a good 
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contact between the junction and the surface throughout its progress. If, 
as hapj>ened on one or two occasions, this contact was in any way imperfect, 
the erratic behaviour of the galvanometer at once drew attention to the 
difficulty and the experiment was abandoned. 

In performing an experiment, ice water was passed through the cooling 
system in the tube T and the apparatus was connected to the pump. The 
evaporation thus produced caused a slight fall in the surface temperature of 
C , but, once the pressure in the apparatus became constant, the surface tem¬ 
perature became constant and the deflexion of the galvanometer to which 
the thermocouple was connected remained stationary. At this point the 
surface temperature, as registered by the gal vanometer, was noted and the 
vessel 0 was immersed in liquid air. As soon as 0 became cold and con¬ 
densation on its inner surface w r as possible, intense evaporation commenced 
at the surface of C and the galvanometer deflexion began to change, rapidly 
at first and then more slowly. The time of evaporation was measured from 
the instant at which this change in the surface temperature began. The 
galvanometer deflexion was read every 10 sec. throughout the experiment. 

After a suitable interval the experiment was stopped by the admission 
of dry C0 2 -frec air to the apparatus. The liquid air was removed from G, 
which was itself taken from the apparatus and stoppered until its tempera¬ 
ture had returned to that of the room. It could then be weighed and the 
mass of the deposited film ascertained. This film was very uniform and 
smooth. 

The area of the cap C was measured both before and after the experiment 
and the average area used in the calculation of/. 

The variation of the surface temperature during a typical experiment 
is shown in fig, 2. Clearly this variation must be taken into account in 
calculating Jf 2 , the mass striking the crystal surface. For this reason 
equation (l) is modified slightly. 

Let the surface temperature during the short interval t to (t + dt) in the 
experiment be T and the corresponding vapour pressure be P, then the 
mass striking unit area in time dt is 

p 

dM 2 = 0*0584 JM -yy dt, 

and the total mass striking unit area during the experiment is 

= 0-0584 

The vapour pressures of the various substances were taken from the 
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“International Critioal Tables’’, and the above integral calculated graphi¬ 
cally. 



Fig. 2 

If A is the average area of the evaporating cap, the total mass of vapour 
striking it during the experiment is 

M t — AM a = 0-0584 JM.A . f 

J o V-* 

and if M x is the mass of the actual deposit in the tube 0, then 



Results 

The surface formed by the deposition of a crystalline material on to the 
tube T was, in general, not perfectly smooth. The actual deposition of the 
material took plaoe slowly and uniformly and gave a very compact, solid 
deposit whose surface was composed of many small plane crystal faces 
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orientated in different directions. Thus the actual area available for evapora¬ 
tion, being the total area of these exposed crystal faces, would be larger 
than the apparent area calculated on the assumption that the surface was 
completely smooth. 

In the calculations of the coefficient of condensation which follow no 
allowance is made for this lack of smoothness of the evaporating surface, 
so that the values obtained for the coefficient will be too large in the ratio 
of the actual evaporating area to the apparent area. Hence the true values 
of / must always be equal to or smaller than those given below. 

For each substance the saturated vapour pressure was calculated from 
a formula of the type 


. , , n 0-052234 

| ogiop( mm ) = B - Y —' 


The appropriate values of the constants A and B are given in the tables of 
results. 

I —Iodine 

Pure resublimed iodine crystals were used to form the cap C, which was 
hard and firm. The surface was not smooth, so that the value of /deduced 
must be too large. The size of the individual crystal faces forming the surface 
varied somewhat from one experiment to another, being dependent to 
some extent on the speed of formation of the cap C \ the actual surface area 
will therefore vary correspondingly from one experiment to another. 

As already explained, the surface temperature varies during an experi¬ 
ment, falling more or less exponentially from the initial to the final value. 
The range of temperature is indicated in the tables of results, which give 
the initial surface temperature (T x ) and its final temperature (T t ). Typical 
results are shown in Table II. 


Table II—Condensation Coefficient of Iodine Vapoxte 


Exp. no. 

T, 

T, 

M x 

M t 

/ 

1 

4*4 

-16*0 

0-471 

0*257 

1-83 

2 

7-4 

-21*4 

0*298 

0*210 

1*26 

3 

4-7 

-18*0 

0*305 

0*253 

1*21 

4 

5*6 

-17*1 

0*486 

0*249 

1 -95 

6 

3-2 

-15*4 

0*313 

0*281 

M2 


Average value of/= 1-45, A = 66,054, £= 1M14. 


In all experiments on the evaporation of iodine, the actual amount of 
evaporation exceeded that calculated for a plane surface of the same 
dimensions by a factor of between 1 and 2. But the area of the actual surface 
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will exceed that of a plane surface by a factor of the same order. It may 
therefore be concluded either that /*= 1, and the actual area is 1*45 
times the apparent area on the average, or that / is smaller than this and 
that the ratio of the areas is greater. This ratio is unlikely greatly to exceed 
the figure given above and for the present it will be assumed that the 
coefficient of condensation for iodine vapour at the surface of an iodine 
crystal is close to unity. In any event the experimental result is not incon¬ 
sistent with the prevailing assumption that / = I. 

II —N aphthalene 

In this case the cap C was very hard and the surface composed of numerous 
crystal faces which, as with iodine, give rise to an actual evaporating area 
in excess of the apparent smooth area. 

The results (Table III) show once more that the actual evaporation is 
equal to that to be expected from an evaporating area between one and 
two times as large as that of a smooth hemisphere of the dimensions of the 
actual cap. As in the case of iodine, it is therefore concluded that for 
naphthalene also the value of/ must be very close to unity. 


Table III— Condensation Coefficient of Naphthalene Vapour 


Exp. no. 

T x 

m 

x a 

M x 


/ 

I 

6*2 

- 9*6 

0*173 

01215 

1*42 

2 

9*8 

— 22*0 

0*123 

0*1066 

1*16 

3 

14*6 

- 10*4 

0*293 

0*1835 

1*60 


Average value of /= 1*39, A = 71,401, £? = 11*450. 


Ill —Synthetic Camphor 

The camphor deposit from which evaporation took place was very 
uniform and perfectly smooth, so that the actual evaporating area must 
have been equal, or very nearly equal, to the apparent area. In early 
experiments, in which the temperature of the cap was somewhat higher 
than in those reported below, and therefore the rate of evaporation con¬ 
siderably greater, a number of short hair-like structures appeared on the 
evaporating surface during the experiment and evaporation from these 
would increase the true evaporating area. In the experiments described 
in Table IV no effect of this kind was observed and the surface appeared 
perfectly smooth throughout. 

The coefficient of condensation of camphor vapour cannot therefore 
exoeed (H7 in value and, because of the very satisfactory nature of the 
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camphor surface, it is concluded that the true value is very close to this 
figure. 


Table TV—-Condensation Coefficient of Camphor Vapour 


Exp. no. 

Tv 

t 2 

M x 


/ 

] 

5-5 

- 5*0 

0*1305 

0*766 

0*170 

2 

3*7 

-100 

0*1455 

0*744 

0*188 

3 

3*7 

- 9*8 

0*076 

0*548 

0*139 

4 

4*0 

-14*5 

0*177 

0*930 

0190 


Average value of /= 0*172, .4 = 53,559, B = 8*799. 


IV —Benzoic Acid 


The benzoic acid surface was very fine grained, uniform, and chalky. 
Because of its chalky nature, the actual area must have been greater than 
its apparent area. 

Owing to the small vapour pressure of benzoic acid at 0°C., it was 
necessary to work at a somewhat higher temperature. For this purpose, 
ice water w as passed through the tube T (fig. 1) until the actual beginning 
of the experiment. When the liquid air was placed in position, the ice water 
was replaced by a steady stream of water at 50° C. The surface temperature 
therefore first fell slightly owing to the beginning of evaporation and then 
was raised up to a suitable point by the warm water. At the end of the 
experiment the warm water was again replaced by ice water so that the final 


„ fto P 

rate of evaporation was very small. In the graphical integration of J ytpdt, 

observations of the surface temperature can be continued up to within 
about 20 sec. of the end of the exj>eriment and the curve must be extrapolated 
over this final interval. By reducing the final temperature as described 
above, any error in this short extrapolation is reduced to a negligible amount. 


Fig. 3, showing a typical curve of 



as a function of time, makes clear 


the extent of the extrapolation involved and the advantage of cooling the 
surface before stopping the experiment. 


Table V—Condensation Coefficient of Benzoic Acid Vapour 


Exp. no. 

T t 

T x 

T* 

M x 

m 2 

/ 

1 

100 

24*0 

- 6*5 

0*103 

0*364 

0*28 

2 

11*5 

10*0 

-15*0 

0*090 

0*176 

0*51 

3 

8-1 

8*1 

-16*0 

0*044 

0*115 

0*38 

4 

5*6 

21*0 

- 8*2 

0*047 

0*203 

0*18 

5 

10*0 

6*2 

-13*4 

0*017 

0*186 

0*09 


Average value 

of /=0*29, A 

s= 63,820, B = 

9*033. 




77 


The Interaction of Vapour Molecules 

(In this table T x is the initial surface temperature, T' % that during the 
experiment, and T % the final temperature after the cold water was applied.) 

The values of / are not nearly so consistent in this case as in the others, 
and this is ascribed primarily to variations in the actual surface area. With 
the fine-grained chalky surface it was impossible to make any estimate 
of the true evaporating surface or to ensure that it should be the same in all 



Fig. 3 


experiments. The surfaces used in Exps. 4 and 5 were particularly smooth 
and uniform, so that the smaller values of/ are probably the more reliable. 
Because of the unfavourable nature of the surface, an estimate of the actual 
value of/is not possible. The experiments, however, do show without doubt 
that it is much less than unity and, very probably, considerably less than 
the average (0-29) of the above results. 


Discussion 

In all, a large number of experiments have been performed with the above 
crystals, and the results show that they may be divided dearly into two 
groups. In no single experiment with iodine or naphthalene did the experi¬ 
mentally determined amount of evaporation fall below that expected 
theoretically on the assumption of complete condensation at the crystal 
faoe. This excess evaporation we associate with the increase in evaporating 
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area due to unevenness of the crystal surface. All these experiments are 
therefore consistent with the view that the coefficient of condensation is 
equal to unity at the surface of iodine and naphthalene crystals. 

On the other hand, every experiment with camphor or benzoic acid 
indicated an amount of evaporation markedly smaller than that theoretically 
exj>ected even on the assumption that the evaporating surfaces were per¬ 
fectly smooth. Any allowance for surface unevenness would increase the 
theoretical estimate of the mass of vapour striking the surface and so reduce 
the value off still further. It is therefore clear that these experiments on 
camphor and benzoic acid are quite inconsistent with a coefficient of 
condensation whose value is unity and in fact show clearly that the value 
of this constant is much smaller. The assumption that / is invariably equal 
to unity cannot therefore be maintained. 

The smooth waxy surface of the camphor deposit eliminates any great 
error due to lack of knowledge of the exact evaporating area and permits 
us to measure/ fairly accurately. The results are consistent and the value 0*17 
should be quite close to the truth. 

It is to be noted that, as in the case of the liquids previously examined, 
it is the non-polar molecules whose coefficients of condensation are near 
to unity, those molecules having a dipole moment have small values of the 
condensation coefficient. 

The problem of the condensation coefficient has recently been examined 
theoretically by Lennard-Jones and Devonshire ( 1936 ), who have shown that 
on theoretical grounds it is not to be expected that this coefficient shall 
invariably have the value unity. They treat only cases of the condensation 
of gas atoms on to a solid surface in which the binding forces are of the 
van der Waals type and the energy of adsorption is small. The heat of 
vaporization of the substances considered above is much greater than the 
usual van der Waals energy. 

Tablk VI 

Substances for which / is 
approximately equal to unity 

Mercury (Knucteen 1915 ) 

Iodine 

Naphthalene 
Carbon tetrachloride 
Benzene 

In work on the evaporation of liquids, the ratio of the aotual rate of 
evaporation into a vacuum to the total mass of vapour striking the surfaoe 
per second is often defined as the “ vaporization coefficient ” (Roberts 1933). 


Substances for which 1 
Water (/= O-036) 

Ethyl alcohol {/ small) 
Camphor (/=0*17) 
Benzoic acid (/ <0*29) 
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This was done in the earlier work on water, etc. As, however, these experi¬ 
ments do actually measure the probability of condensation of an incident 
molecule, the “coefficient of condensation” appears to be a better name 
than the “vaporization coefficient” for this constant. 

The condensation coefficients, as determined up to the present, are 
given in Table VI. 


Summary 

Information regarding the interchange of molecules between a subliming 
crystal and its vapour is obtainable from a knowledge of the rate of sublima¬ 
tion of the crystal into a vacuum. In this paper, measurements of the rates 
of sublimation of crystals of iodine, naphthalene, synthetic oamphor, and 
benzoic acid are described, and the coefficient of condensation for the 
vapour molecules on the crystal surface is deduced for each. The results 
indicate that, in the case of iodine and naphthalene, the value of the 
coefficient is near to unity, but for camphor its value is 0*17 and for benzoic 
acid it is probably smaller than 0*1. 
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The Thermal Diffusion of Radon Gas Mixtures 

By G. E. Harrison, Ph.D. 

Physics Department , University of Birmingham 

(Communicated by S. W. J. Smith , F.R.SReceived 22 February 1937) 

Introduction 

A special theoretical treatment of thermal diffusion in mixtures of two 
gases, in which one component is rare, has been given by Chapman ( 1929 ). 
An interesting result which emerges from this theory is that this phenomenon 
may produce a large change in the quantity of the rare constituent on the 
cold and hot sides. 

Let M t be the mass of the molecules of the rare and heavy constituent, 
M 2 that of t he light constituent, and r the ratio of the proportion by volume 
of the rare constituent on the cold to that on the hot side, after thermal 
diffusion. When M 2 /M l is small, the formulae expressing the relationship 
between r and $ 12 , the repulsive force index between unlike molecules, can 
be expressed in a simple form. In this case, the experimental value of the 
ratio, r, together with the coefficient of ordinary diffusion of the two gases 
and the coefficient of viscosity of the lighter gas, suffices to determine 

The purpose of the present experiments has been to determine the ratio, 
r, in radon-hydrogen and radon-helium gas mixtures. The value of for 
these two pairs of gases was then calculated. 

Information on the very massive monoatomic molecule of radon is of 
special interest. Other methods of obtaining information regarding the 
molecular field, from viscosity measurements, or the equation of state, could 
not he applied owing to the extremely small quantity of gas available. 


Experimental 

(a) General Principles of the Method 

The gas apparatus used is shown in the figure. This was filled with a 
uniform gas mixture of radon and hydrogen or radon and helium. A y-ray 
method was employed to measure the quantity of radon which alone was 
estimated in these experiments, the other gas having no direct effect upon 
the measuring instrument. The apparatus containing the gas mixture was 

[ 80 ] 
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mounted in front of a rectangular block of lead 30 cm. long and 15cm. in 
width. Tina is also seen in plan in the figure. 

Two rectangular apertures A and B were cut in this block, the aperture B 
being adjustable in width by means of’ a screw R, Two ionization chambers 
I x and / 2 , of the Compton type, were mounted opposite the apertures A and 
B as shown in the figure. These were charged to equal and opposite potentials 



Fio. 1—Diagram of Apparatus. 


of 50 V, so that a balance could be obtained between the ionization currents 
produced by the radioactive material in front of these apertures. The 
measuring instrument was a Compton electrometer, E . 

The quantities of radon in front of the apertures A and B were compared 
by means of the y-rays emitted by the solid decay products, radium B and C, 
which were deposited on the interior walls of the gas apparatus in the 
proeess of radioactive change. The radiation was filtered by 3 mm. of 
lead. Thus, 4 hr. after any change in the distribution of radon in the gas 
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apparatus, the y-ray ionization in each of the chambers J x and / 2 was pro¬ 
portional to the quantity of radon opposite the respective aperture. The lead 
block served to limit the y-rays received by the chambers to that from the 
active deposits in two uniform portions of the long, wide bore tubing 
opposite the apertures. 

With taps S j and S 2 closed, one side of the gas apparatus, //, was heated to 
a constant temperature of about 100 ° C., while the other side, C\ was cooled 
in an ice bath. The pressures on the hot and cold sides were thus proportional 
to the absolute temperatures. These pressures were equalized by opening 
the tap in the long, narrow bore, side tube P for a short time. The pro¬ 
portion by volume of radon in the gas mixture remained unaltered, any 
thermal separation being avoided by making this pressure equalization 
through the long, narrow bore tube. The aperture B was now increased in 
width so that the ionizations produced in the two chambers I x and / 2 were 
equal. This means, with suitable precautions to be described later, that the 
two chambers were exposed to ionization produced by equal quantities of 
radon. Provided the temperatures of the hot and cold sides remain constant, 
any subsequent change in this balance must be due to an alteration in the 
proportion by volume of radon in the gas mixture on the hot and cold sides, 
brought about by thermal separation. 

The 1 cm. bore tap 8 X was now opened for 1 hr. to give full time for any 
thermal separation to take place. The ionizations received by the two 
chambers were then found to be different, due to the radon molecules 
passing over to one side, and an equal number of the lighter gas molecules 
passing over to the other side. The resulting rate of drift of the electrometer 
needle was timed, and by adding radium needles of know n content opposite 
one of the apertures, the difference in the quantity of radon opposite the 
apertures was determined. By employing this differential method, in which 
everything was balanced before thermal diffusion commenced in the gas 
mixture, the thermal separation of the radon was measured directly. 


(b ) The Gas Mixtures 

Since the temperature gradient across the tap 8 X was considerable, the gas 
apparatus was constructed from pyrex glass. The total volume of the vessel 
was 25*8 c.c. and the overall length 30 cm., while the diameter of the wide 
bore tubing was 1 cm. A narrow, closed, capillary tube containing a known 
amount of radon, at a given time, was pushed into the bore of the tap 8 Z and 
a plate 1) was afterwards waxed on to the end. The apparatus was exhausted 
through a tap not shown in the diagram, and then hydrogen or helium 
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from a cylinder introduced, so that the final pressure was about one atmo¬ 
sphere. With the tap 8 4 closed, and the taps S 1 and 8 2 open, the radon capillary 
was broken in the apparatus by turning the tap $ 3 . Diffusion was allowed to 
take place overnight to produce a uniform gas mixture, after which, the 
taps 8 V 8 2 and 8 S were all closed. The proportion by volume of radon in the 
mixtures was one in several hundred thousands, and any impurities intro¬ 
duced into the mixture with the radon had a negligible effect upon the results 
obtained. 

A cylindrically shaped electric heater was fitted over the hot side, H , of 
the apparatus, so that the gas mixture within the heater could be brought to 
a constant temperature of about 100° C. The cold side of the vessel, C, was 
immersed in an ice bath. A copper cons tan tan thermo junction was used to 
measure the temperature difference between the hot and cold sides, by 
placing the hot junction w ithin the electric heater and the cold junction in 
the ice bath. This temperature difference was maintained throughout the 
experiment. 


(c) The Electrical Apparatus 

The electrical arrangement was similar to that used by Ahmad ( 1924 ) to 
measure the absorption of hard y-rays. The ionization chambers, I x and / 2 , 
were of the Compton type *each consisting of a cubical box of sheet brass of 
6 | cm. side and 2 mm. wall thickness, divided internally by brass plates into 
a number of compartments with a central electrode. The electrodes were 
carried by a central horizontal rod, supported by a second rod at right angles, 
passing through an amberoid plug. The leads were all shielded by earthed 
brass tubes, which were closed at either end by an ebonite plug so that they 
could be exhausted. A large, slate slab minimized cross scattering between 
the two chambers. A uranium oxide resistance was also included in the 
circuit to balance the small “natural leak” of the system. The Compton 
electrometer was adjusted so that with 50 V on the needle the sensitivity 
was about 5000 mm. scale divisions per volt. 

In the absence of radioactive material, the “natural leak ” of the electrical 
system was balanced to a few scale divisions per minute by the use of the 
uranium oxide resistance. The apparatus containing the gas mixture was 
now aligned in front of the apertures A and B , and the heating furnace and 
ice bath placed in position. Compensation was made for the difference in 
the absorption of y-rays by the ice bath and electric heater. The width 
of aperture B was adjusted until the difference between the two y-ray 
ionization currents was only a few scale divisions per minute, the gas mixture 
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still being at room temperature. It was found that the widths of the apertures 
A and B were equal when this balance was obtained, so that equal volumes 
of the gas mixture gave equal ionization intensities. The gas mixture was 
therefore of uniform composition. 

The heating current was now applied to the furnace and the cold end of the 
apparatus immersed in ice. After a steady temperature difference of 100° C. 
had been obtained between the two sides, the tap # 2 was opened for a minute 
or so, so that the gas pressures on the cold and hot sides could equalize 
without any thermal diffusion taking place. 

After 3£ hr. the ionization currents were again balanced by altering the 
width of the aperture B . The change in width of this aperture was always 
about 8-5mm. in the experimental results which are given. 

Several preliminary observations of this change in width of aperture B 
were made, and a consistent value for the increase in width showed that the 
electrical system was satisfactory. 

Thus the gas pressures were equalized and the electrical system balanced 
before any thermal separation took place, and any subsequent change in the 
compositions of the gas mixture on the hot and cold sides, due to thermal 
diffusion, was measured directly. 

The wide bore tap 8 X was now opened for 1 hr. to allow thermal separation 
to occur. For the two mixtures, hydrogen-radon and helium-radon, this 
meant that the quantity of radon increased on the cold side. After a further 
interval of 3 hr., the final difference in the y-ray ionization currents from the 
radioactive material in front of apertures A and B was determined by timing 
the rate of drift of the electrometer needle. This rate of drift was of the order 
of 5()0 scale divisions per min. 

Standard radium needles were now used to obtain the difference in the 
quantities of radon in front of the apertures. The difference in the y-ray 
ionization produced in the two chambers I x and / 2 was increased by adding 
1 mg. radium needles to the gas apparatus. These were attached to the wide 
bore tubing opposite the aperture A , one at a time. 

As a further check on the determination of the difference in the quantity 
of radon opposite the apertures A and B , due to thermal separation, the 
ionization currents were balanced by increasing the width of aperture B. 
Thermal diffusion had, of course, taken place and the thermal gradient 
applied to the gas mixture was maintained. Standard radium needles of 
about £,1,2 and 3 mg, radium content, and (>• 5mm. platinum filtration, were 
then attached, one by one, to the wide bore tube opposite the aperture A. 
As in the previous calibration, suitable correction to the y-ray intensity 
of each of these needles was made for the extra filtration of the radiation, 
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and also for their distance from the ionization chambers relative to the other 
radioactive material. The rate of drift obtained with each of these needles, 
plotted against the effective mg. excess of radium on the cold side, gave an 
approximately linear relationship. From this graph, the observed rate of 
drift due to the thermal diffusion of the gas mixture was interpolated. The 
results obtained from these two methods of calibration agreed quite closely. 


Results 


Consider the conditions in the gas mixture 4 hr. after the pressure 
equalization has taken place, but before thermal diffusion. Suppose that the 
aperture B , opposite the hot side, has been opened, so that the y-ray in¬ 
tensity from it is equal to that from the aperture A. The number of milli- 
euries of radon opposite these apertures is equal, and the proportion by 
volume of radon, c lt is unchanged on either side by the pressure equalization. 
Moreover, thermal separation involves no further pressure change, the 
number of molecules of radon which leave the hot side being balanced by an 
equal number of molecules of the lighter gas which come to the hot side. The 
number of millicuries of radon, at a given time, in the total volume of the 
diffusion apparatus was known, so that if the temperature and pressure at 
which the hydrogen or helium was put into the apparatus are known, the 
original proportion by volume of radon, c v can readily be obtained. 

When thermal diffusion is complete, let x millicuries of radon per c.o. pass 
over from the hot side of volume V x to the cold side of volume V t . Suppose 
the affective volumes of gas opposite the apertures A and B are v 2 and v x 
respectively. The decrease in the number of millicuries of radon in front of 
aperture B is v x x> w hile the total number of millicuries of radon passing over 
to the cold side is I \x. The increase in the number of millicuries of radon in 


V 

front of aperture A is v 2 x A . Since the number of millicuries of radon opposite 

2 

the apertures before thermal diffusion was equal, the final difference in the 

quantities of radon opposite these apertures, q , is x^v x 4- 

Suppose a x and a 2 are the number of millicuries per c.o. on the hot and 
cold sides respectively, after the pressure equalization, but before thermal 
diffusion. Although a x will be less than u a , the original proportion by volume 
of radon, c v will be unchanged by the pressure equalization. Thus, after 
thermal diffusion, the percentage change in c x on the hot side is xja x x 100, and 

x y 

the percentage change in c x on the cold side is — - - x 100. If c x is denoted by 

a 2* 2 
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unity, the ratio of the proportion by volume of radon on the cold side to that 
on the hot side, r, is 


This ratio will be unity in the absence of thermal diffusion. Chapman denotes 
it by Cj/cJ. 

This ratio is of importance in the subsequent theory. 

Determination of ?; 2 , a x and a 2 

A uniform radon-gas mixture was put into the apparatus already 
described, and the latter then aligned in front of apertures A and B , without 
any applied thermal gradient, but otherwise exactly as in the previous 
experiments. The gas mixture contained a known amount of radon, and 
the width of aperture B was the same as that used in the measurement of 
the thermal separations. After 4 hr. the intensity of the y-rays passing 
through each of these apertures was measured separately, using a y-ray 
electroscope with a wall filtration of 3 mm. lead. The number of millicuries 
of radon in front of each of the apertures A and B was determined by com¬ 
paring these intensities with that from a 5 mg. radium standard. The 
apparatus containing the gas mixtures was calibrated, so that the volumes 
v x and v 2 uncovered by the apertures A and B could be calculated. v x was 
thus found to be 0-0 c.c. and v 2 9*0 c.c. The electric heater and ice bath were 
now applied to the hot and cold sides of the gas apparatus respectively, 
exactly as in the thermal diffusion experiments, and a difference of tempera¬ 
ture of 100° C. maintained. A pressure equalization was allowed to take 
place by opening the tap S 2 for about 2 min. After 4 hr. the y-ray activity 
from the aperture A , now equal to that from aperture B, was again measured, 
and the total number of millicuries opposite aperture A, a x v v was obtained. 
The value of a x was deduced. 

If T x and T 2 are the absolute temperatures of the hot and cold sides 
respectively, then 

«2 “3V 

Thus u 2 can also be calculated. 

The volumes \\ and V 2 were taken as the volumes of gas actually within 
the heater and the ice bath. These were 12*4 and 10*1 c.c. respectively. In 
these diffusion experiments, the quantity of radon opposite each of the 
apertures before thermal diffusion took place was about 11 millicuries. 
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A small correction to the value of g, the excess number of millicuriea of 
radon opposite aperture A after thermal diffusion, was applied to the 
experimental values, to correct for the incomplete growth or decay of y-ray 
activity from radium C at the time of measurement. This correction was 
not greater than 3% in the experimental results given in Table I. 

In these experiments, the recoil of radon atoms when a-particles are 
ejected will have a negligible effect on the final distribution reached after 
thermal diffusion, as the number of radon molecules in the process of 
disintegration, at any instant, will be extremely small compared with the 
total number of radon molecules present . 

For the purpose of calculating c l9 the volume of 1 curie of radon was taken 
as 6*6 x 10 ' 4 e.c. at N.T.P., which is the value given by the International 
Radium Standard Committee ( 1931 ). 

In Table I, the original proportion by volume of radon in the gas mixture 
is given in col. 1. Col. 2 gives q , the excess number of millicuries of radon 
opposite the aperture A after thermal diffusion. Cols. 3 and 4 contain the 
percentage change in c, due to thermal diffusion, while the last column gives 
the values of the ratio r. All the gas mixtures were originally at about 76 cm. 
mercury pressure. The temperat ures of the hot and cold sides were 373° and 
273° abs. respectively. 


Table I 

(a) Radon-Hydrogen Mixtures 


% change in c, on 





•-. 

Total % 




(1) Hot 

(2) Cold 

change 


<4 

9 

side 

side 

in Cj 

r 

1 *18 x 10~ fl 

1*15 

4*90 

4*47 

9*43 

1*102 

1*36 x 10~ e 

1*47 

5*18 

4*05 

9*83 

1*104 

1*42 x 10"® 

1-47 

5*00 

4*60 

9*50 

MOO 

1*95 x 10* 

2*00 

5*10 

4*57 

9*07 

1*102 

2*18 x 10“* 

2*41 

5*22 

4*70 

9*92 

1*106 


(b) 

Radon-Heijum Mixtures 




% change in c x on 







Total % 




(1) Hot 

(2) Cold 

change 



9 

side 

aide 

in c x 

r 

1*30 x 10~ 8 

2*94 

10*75 

9-66 

20*40 

1*220 

1*51 x 10~ fl 

3*32 

10*42 

9-41 

19*83 

1*219 

1*55 x 10~ 6 

3*31 

10*18 

918 

19*30 

1*213 

1*82 x 10“* 

4*10 

10*90 

9-82 

20*72 

1*230 

2*08 x 10~ 8 

4*14 

1038 

914 

19*52 

1*215 
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The results given in the fourth column of this table show that the total 
percentage change in c x for the radon-hydrogen and radon-helium mixtures 
examined is indefKmdent of Cj. This result confirms the theoretical prediction 
due to Chapman ( 1929 ). It will be seen from Table I that, although c x was 
varied from 1*2 to 2*2 x 10“ 6 in the radon-hydrogen mixtures, and from 1 *3 to 
2*1 x I 0 -6 in the radon-helium mixtures, the variations in the total per¬ 
centage change in c x do not exceed experimental error. It was estimated that 
the differences in the observed values of this quantity, due to experimental 
error, might be r> %, while the corresponding differences in col. 5 for r should 
only he about 1 %. The mean of the results given in cols. 4 and 5 is therefore 
taken for each pair of gases. These mean values are: 

(а) Radon-Hydrogen Mixtures 

Total percentage change in c v 9*7 ±0-3. Value oftheratior, M03± 0*005. 

( б ) Radon-Helium * Mixtures 

Total percentage change in c v 20*0 ± 0*5. Value of the ratio r, 1 *221 ± 0*006. 


Calculation of the Field of Force between Radon-Hydrogen and 
Radon-Helium Molecules 


If we suppose that the molecules in the gas mixture may be treated as 
point centres of force varying as r r being the distance between these 
point centres, and s being the repulsive force index, the force between unlike 
molecules can be denoted by: 


K 


M X M % 


..—Sjjj 


M x and M 2 being the molecular weights of the two constituents of the gas 
mixture, and A " 12 the repulsive force constant. The problem is to evaluate 
s n and K u , 

It is shown by Chapman ( 1929 ) that if c x is the proportion by volume of the 
rare constituent of a gas mixture, c % being the proportion by volume of the 
second constituent, such that c x 4 * c a — 1, the equation which approximately 
determines the steady distribution when the absolute temperature T varies 
in the direction of x is 

19^ _ otdT 

c x dx Tdz* Kl) 


* 1 he helium used in these experiments contained a small percentage of impurity 
which should not affect these results. 
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where a is proportional to T$, ft being a constant for a given pair of gases. 
Equation ( 1 ) has the solution 

log e c y =-■ constant-^. ( 2 ) 


When c x and the mass ratio, MJM X , of the two constituents of the mixture 
are both small, a first approximation to a, a(l), may be obtained in terms of 
the repulsive force index, s l2 . This first approximation is 


3s 12 -5 RT t} 2 
4 <s 12 — 1 pAf 2 Du 


( 3 ) 


where R is the gas constant per gram molecule, y 2 is the viscosity of the lighter 
gas at an absolute temperature 7\ and Z > 12 is the coefficient of diffusion of the 
mixture at any pressure p and absolute temperature while M 2 is now the 
mass of the gram molecule of the lighter gas. 

If c x and represent the proportion by volume of the rare gas at the 
absolute temperatures T and T' respectively, equation ( 2 ) may be written 


log. 


C J 

ci 



a 

a 



(4) 


where the constant (i , for a given pair of gases, is given by 


ft __ * ( ^12 *•* 

2 1^12 “ 1 L< ^2 M 


(6) 


s 2 being the repulsive force index between like molecules of the lighter gas. 

By the aid of this theoretical treatment, it will he seen that if rj 2 has been 
determined over a range of temf>eratures so that s 2 is known, and if A. is 
known at a pressure p and an absolute temperature T , the experimental 
value of the ratio c x jc[ or r is sufficient to determine the repulsive force 
index s 12 using equations ( 3 ), (4) and (5). Further, although the theory is not 
quoted here, the value of D u suffices to determine the repulsive force 
constant K l2i so that the nature of the repulsive force between the unlike 
molecules is completely determined. 

Unfortunately, the experimental values available for the coefficient of 
diffusion of radon or its isotopes actinon and thoron into other gases are far 
from concordant. The results obtained by different observers, for a given pair 
of gases, at a given temperature and pressure, differ by as much as 25 %. No 
experimental values for the coefficient of diffusion of any of these radioactive 
gases into helium are available, and the only experimental values for the 
coefficient of diffusion of radioactive gases into hydrogen are those obtained 
by Bruhat ( 1909 ) and Russ ( 1909 ) using actinon and hydrogen at about 
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15° C. and 70 cm. mercury pressure. The values of D l% obtained by these 
two observers under these conditions are 0*41 and 0*33 respectively. 

In order to check these experimental results, and also to obtain a value 
for the coefficient of diffusion of radon into helium, the value of D 12 was 
calculated from the formula, due to Chapman (1917, P* 167), which may be 


written 


A.- 


0*0804 




(•) 


where c, z is the root mean square velocity of the lighter gas molecules at 
0° C., cr 1 and cr 2 are the molecular radii of radon and the lighter gas molecules 
respectively, while v 0 is the total number of gas molecules per c.c. (2*7 x 10 18 ). 
The suppositions made in the derivation of this formula are that the mole¬ 
cules are Maxwellian ones, for which the repulsive force index is 5, and that 
the mass-ratio, M.JM A , between the molecules is small. To obtain a value 
for the molecular radius, cr 1 , of radon, the formula, 


cr 


&PC 1 


2 __ ZLZ1 _ 

64V3jnv/|l + |^ 


( 7 ) 


also due to Chapman (1916, p. 347), was used. Here, p is the density of 
radon, c x the root mean square velocity of the radon molecules, ?/ the 
coefficient of viscosity of the gas, 8 Sutherland’s constant, and T the 
absolute temperature. This formula is derived on the assumption that the 
molecules behave as rigid, elastic spheres. Substituting Gray and Ramsay’s 
(1910) value of p » 9*727 x 10~ 3 g./c.c. at N.T.P., and taking?/as 2*13 x 10"" 4 
c.g.s. units at 0° C., and Sutherland’s constant as 337, which are the extra¬ 
polated values obtained by Rankine (1911) from his viscosity measurements 
on the rare gases, cr 1 was calculated to be 1*85 x 10 8 cm. If the molecular 
radius of hydrogen is taken as 1*27 x 10~ 8 cm. (Jeans 1925, p. 327), formula 
(6) yields the value l) n - 0*60 cm. 2 set;." 1 at N.T.P. for radon into hydrogen. 
Similarly, if the molecular radius of helium is taken as 0*99 x 10" 8 cm., D n 
for radon into helium is calculated to be 0*52 cm. 2 sec." 1 at N.T.P. 

These theoretical values are liable to error, for it is doubtful how far the 
assumptions made in the derivation of formulae (6) and (7) are applicable to 
the present cases. There are, however, a considerable number of measure¬ 
ments of the coefficient of diffusion of radioactive gases into air, and these 
may be used to estimate the error in applying the above formulae to the 
determination of the diffusion coefficients of radon into hydrogen, and radon 
into helium. The best mean experimental value of D l2 for radioactive gases 
into air is 0*108 cm.^sec," 1 at N.T.P, Taking the radius of the nitrogen 
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molecule as 1*78 x 10~ 8 cm,, formula ( 6 ) yields the value 0*120cm. 2 sec ,” 1 at 
N.T.P. This result is subject to a small correction due to the fact that the 
mass ratio between nitrogen and radon is not small, but in view of the 
uncertainty in the numerical values of some of the quantities appearing in 
the formulae, this correction is neglected. 

The calculated value of I) 12> for radioactive gases into air, is about 1 1 % 
higher than the best mean of the experimental determinations. It was 
therefore assumed that the calculated values of the coefficient of diffusion 
for radon into hydrogen and radon into helium would also be 11 % too great, 
and thus Z > J2 for radon into hydrogen was taken as 0*54 cm . 2 sec.” 1 , and I ) 12 
for radon into helium as 0*46 cm . 2 sec .^ 1 at N.T.P. Though these values are 
appreciably higher than the two experimental ones already quoted for radon 
into hydrogen, they are, at least, likely to have a high relative accuracy, and 
they were therefore used to calculate the repulsive force index, # l2 , for the 
two pairs of molecules. Fortunately, a 10 % variation in the value of D 12 
only affects the value obtained for the repulsive force index by about 2 %. 
The uncertainty in this quantity, however, precluded any reliable calcula¬ 
tion of the repulsive force constant, A" 12 , and thus it is proposed to make some 
direct measurements of the diffusion coefficients for these two pairs of gases. 

Using equations (3), (4) and (5), the values of s l2 , between radon-hydrogen 
and radon-helium molecules, can now be calculated. For hydrogen, s 2 , the 
repulsive force index between like molecules, was taken as 12 0 (Jeans 1925 , 
p. 288 ), the coefficient of viscosity at 0 °C. as 86 x 10 ” 6 c.g.s. units, and 
substituting the mean experimental value of r ~ 1*103, the net repulsive 
force index between radon and hydrogen molecules was found to he 6*3. 
For helium, s 2 was taken as 14*6, the coefficient of viscosity at 0 ° C. as 
189 x lO^c.g.s. units, and r as 1 * 221 . The value of s X2 between radon and 
helium molecules was thus calculated to be 7*3. Owing to uncertainty in 
the absolute value of D n for either of these pairs of gases, the error in the 
absolute value of s n may be 5%. Their relative accuracy is, however, 
considerably higher. 


Discussion 

Chapman ( 1929 ) has shown that if s 12 = 5, no thermal separation would 
be obtained in the gas mixture, with the result that r would be unity. On 
the other hand, if the molecules behave as rigid elastic spheres, for which 
s 12 * 00 , then, under the conditions of these experiments, i.e. using mixtures 
in which one of the components is rare, and the mass ratio, MJM V is small, 
the value of r, after thermal diffusion, is independent of M 9 IM U It depends 
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only on the temperatures of the hot and cold sides, and the ratio of the 
molecular diameters of the two gases composing the mixture. For the mole¬ 
cular diameters already quoted for radon, hydrogen and helium, r was 
calculated to be 1*47 for radon-hydrogen mixtures and 1 *67 for radon- 
helium mixtures, 7 \ in each case being 100° C. and T 2 0° C. From considera¬ 
tion of this extreme case, s 12 ~ oo, it is seen that thermal diffusion of a rare and 
heavy constituent in a gas mixture may produce a large change in r. The 
value of r may therefore be expected to be a sensitive test of the repulsive 
force index between the unlike molecules. 

The fact that the experimental values of the ratio r lie between the two 
limits expected on the assumption that s l2 = 5 and a 12 = oo is a confirmation 
of the general accuracy of the theoretical treatment. Using the experimental 
values of r, the repulsive force index between radon-hydrogen molecules is 
calculated to be b*3 and that for radon-helium molecules 7 * 3 . There is thus a 
decided difference in the value of s i2 between radon-hydrogen and radon- 
helium molecules which shows that the second pair is the “harder”. 

If the values of a l2 obtained for radon-hydrogen and radon-helium mole¬ 
cules are compared with those given by Ibbs and Grew (1931 )* and Grew and 
Atkins (1936)! for other pairs of molecules in which hydrogen or helium is 
a constituent, it is at once seen that the repulsive force index always 
increases when helium is substituted for hydrogen in the mixture. 

Although the present results are derived from an entirely different 
theoretical treatment and a different experimental method, the data given 
in Table IT show that they are in agreement with information derived 
from experiments, by Ibbs and his collaborators (Ibbs and Grew 1931, 
Grew and Atkins 1936), on the thermal diffusion of ordinary gas mixtures. 

Previous experiments on viscosity, and the work of Ibbs and Grew (1931) 
on thermal diffusion, have shown that helium is the “hardest” molecule 
known, and that hydrogen is also a very “hard” molecule. The low values 
of 8 n obtained from the present series of experiments for radon-helium and 
radon-hydrogen molecules must therefore mean that the radon molecule is 
very “soft”. This is the first experimental evidence on the nature of the 
molecular field of the radon molecule. 

In view of this result, the repulsive force index, « 2 , between radon 
molecules themselves was calculated from data given by Rankine (1911). 
He measured the viscosity of helium, neon, argon, krypton and xenon, and, 
using the Sutherland constants for these gases, calculated the viscosities, 
Vi" a t their critical temperature. Plotting rj c against the atomic weight for 
these five gases, ho obtained a smooth curve. By extrapolation from this, 

* Where references to other theoretical papers by Chapman are given, 
t Where references to other recent experimental work are given. 
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using the known atomic weight of radon, he obtained ij c for that gas. The 
critical temperature of radon (377° abs.), which was obtained by Gray and 
Ramsay ( 1909 ), was then used by Rankine to calculate the Sutherland 
constant for radon (337) and the viscosity at 0 ° C. (213 x 10~ 4 c.g.s. units). 

Table II—A Comparison between the Revised Values of the 
Repulsive Force Index between Unlike Pairs of Gas Molecules, 
when Helium is substituted for Hydrogen in the Mixture 


Pair of 

Repulsive 

molecules 

force index 

H 2 ~Ne 

10*3* 

He-No 

11*4* 

Hj~A 

7*3* 

Ho--A 

9*0* 

HjNj 

8-3f 

Ho-N 2 

9* Of 

Hj-Rn 

0*3 

He~Kn 

7*3 


* Ibbs and Grew ( 1931 ). t Grew and Atkins ( 1936 ). 

In the present calculation of s 2 for radon molecules, this data given by 
Rankine was combined with the expression given by Chapman ( 1929 ) 

v oc 

The value of s 2 obtained was 4*6, an index which is lower than any other 
known. This rather indirect evidence, therefore, again suggests that the 
radon molecule is very “soft”. 

Further experiments are being made using mixtures of radon with some of 
the heavier inert gases. 

[Note added in Proof, 27 May 1937—Paneth and Rosenblum ( Nature, 
Loud., 8 May 1937) have recently shown that the active deposits radium 
A, B and C tend to be precipitated on a cold surface opposite a hot wire. 
In the present experiments, there will therefore be a tendency for the 
active deposits to be precipitated on the walls of the cold side of the gas 
apparatus, while the tap S x is open for thermal diffusion to take place. As 
the tap was closed for nearly three hours before the measurements were 
made, the y-ray activity of this deposit will have decreased to such an 
extent as to have no appreciable effect on the results obtained. ) 

In conclusion, I wish to thank Professor 8 , W. J, Sirtith, F.R.S., for the 
full facilities which he has provided for carrying out this work. My thanks 
are due to Dr, T. L. Ibbs for suggesting the problem to me, and giving his 
valuable advice and criticism. I am also indebted to Mr. J. R. Clarkson, B.Sc., 
for the preparation and measurement of the radon specimens. 
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SUMMARY 

Experiments on the thermal diffusion of radon-hydrogen and radon- 
helium gas mixtures are descri bed. Radon was the rare and heavy constituent 
of these mixtures, the original proportion by volume of radon varying, in 
different experiments, from 1*2 to 2*2 x I0" 6 . The temperature of the hot 
side was 100° C\, and that of the cold side 0° C. A differential, y-ray method 
was used, so that the difference in the quantity of radon on the cold and hot 
sides, due to thermal diffusion, could be obtained directly, and from this 
the ratio of the proportion by volume of radon on tho cold to that on the hot 
side was calculated. The special theory due to Chapman (1929), of thermal 
diffusion of rare constituents in gas mixtures, was then used to evaluate the 
repulsive force index, $ l2 , between these two pairs of molecules from the 
experimental results. 

The mean value obtained for the ratio of the proportion by volume of 
radon on the cold to that on the hot side, after thermal diffusion, was T10 
for radon-hydrogen mixtures, and 1*22 for radon-helium mixtures. The 
calculated value of s Vi was 6*3 for radon-hydrogen molecules, and 7*3 for 
radon-helium molecules, 

A comparison between the results of the present series of experiments and 
those of Ibbs and Grew (1931) shows that the radon molecule must be very 
“soft". The revised values of 8 12 obtained by Ibbs and Grew for the 
following pairs of molecules are: hydrogen-neon ( 10 * 3 ), hydrogen-argon 
( 7 * 3 ), helium-neon ( 11 * 4 ), and helium-argon ( 9 * 0 ). 
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Investigation of Cosmic-Ray Showers at 
4000 in. above Sea-Level 

By Hu Chikn Shan, B. B. Kisilbasch and D. Ketiladge 
(Communicated by P . M . 8, Blackett , F.R.S.—Received 25 February 1937) 

1—Apparatus 

During the summer of 1936, we made some experiments on Mt. Kazbek in 
the Caucasus in order to study cosmic-ray showers. The main object of the 
work was to find if the Z 2 law for the relative frequency of the recorded showers 
produced in thin layers of diff erent elements of atomic; number Z> which had 
been established at sea-level by Morgan and Nielsen ( 1936 ) (Hu Chien Shan 
1937 ), was also true at a considerable height above sea-level. The usual 
coincidence counting method was used. Most of the work was done using 
five counters arranged as described by Follett and Crawshaw ( 1936 ) and one 
of the authors (Hu Chien Shan 1937 ). An ordinary amplifier was used with 
pentodes in the first stages. To operate the counting meter two triodes in 
cascade were used instead of a thyratron, since this arrangement has a 
much lower filament consumption. Economy in filament consumption was 
essential, as there was no electric supply on the mountain and the filament 
accumulators had to be taken 15 km. down the mountain to be charged. 
One of the triodes was so arranged that the pulses were lengthened enough 
to operate the counting meter. Glass counters filled with argon-air mixture 
at a total pressure of about 20 cm. Hg were used. They all had an internal 
diameter of 1*7 cm. and a length of 20 cm. 

Each counter was fitted inside a thin tube made of tinned iron sheet, and 
this tube was soldered on to a thin cylindrical box which contained the 
pentode. This arrangement not only gives good shielding against pick-up, 
but also makes possible the use of very short bare connecting wires between 
the coupling condenser and the wire electrode of the counter. These counter¬ 
pentode units were designed so that they could easily be made airtight and 
thus could be used even in very wet weather. 

The measurements were made on Mt. Kazbek at a height of 4000 m. above 
sea-level in the meteorological station, which was built of wooden board and 
other light materials. The average barometric pressure was about 490 mm. 
Hg. The intensity of the vertical cosmic rays and the frequency of the 
recorded shotvers were about 2-K and 4*5 times their respective sea-level 
values, as measured in London with the same apparatus. 

r 95 ) 
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2—The Relative Size and the Relative Frequency of the Cosmic- 
ray Showers produced in different Elements at a High 
Altitude 

At sea-level it has been found (Hu Chien Shan 1937) that the relative 
frequency of the cosmic-ray showers, produced in a thin layer of lead, tin, 
zinc or aluminium, and recorded by the quintuple coincidence method, is 
proportional, within the experimental error, to the square of the atomic 
number of the element . The same law was reported by Morgan and Nielsen 
(1936). To see whether this Z 2 law also holds at a high altitude, we made some 
measurements on Mt. Kazbek with the quintuple coincidence method. The 
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Fiu. 1—The rate of quintuple coincidences due to showers produced 
in different elements. 

elements studied were carbon, magnesium, aluminium, iron, copper, zinc, 
tin and lead. They were arranged in spaced layers so as to give a roughly 
equal atomic density. The results and the experimental arrangement are 
given in fig. 1, where the hourly rate R of the recorded showers is plotted 
against the product n.Z 2 , where n is the thickness of the shower-producing 
material expressed as the number of atoms per square centimetre of the 
surface of the material. The statistical probable errors which have the value 
0*68 yjNj 7 \ where N is the total number of coincidences obtained in the total 
time of T hours, are shown as vertical lines in the figure. The correction due 
to the barometric effect is omitted, since it is negligible. We see from fig. 1 
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that the curves for all the different elements studied coincide. This shows that 
the Z 2 law for the relative frequency of the recorded showers from different 
elements is as valid at high altitudes as at sea-level. From this result we must 
conclude, either that the relative frequency of the recorded showers from 
different elements is independent of the energy of the shower-producing 
rays, or that the energy of the shower-producing rays is the samo at a high 
altitude and at sea-level. 

The relative frequency of the recorded showers is a measure of the product 
of the true relative frequency of shower production and the probability 
of a given shower being recorded by the counter system. This probability 
(Montgomery and Montgomery 1935) is a monotonic increasing function of 
the number N of rays contained in the shower and a monotonic decreasing 
function of the number of counters used. The ratio of the rates of quadruple 
and quintuple coincidences decreases with increasing value of N and 
approaches unity as N approaches infinity. By measuring this ratio, we 
found qualitatively that the average size (number of rays per shower) of the 
showers increased with increasing atomic number of the shower-producing 
material. This agrees with the result of Messerschmidt (1933) on the relative 
size of cosmic-ray bursts produced in lead, iron and aluminium. Our results 
are given in Table I, 

Table I 

Element ... Pb(l-7cm.) Sn Zn A1 Pb (0*67cm.) 

Thickness n = 
no. of atoms 

per om. 2 ... (55-6 x 10 2i ) (50-3 xlO* 1 ) (162x 10 41 ) (130xl0 ai ) (22-2 xlO») 

Ratio of quad¬ 
ruple to quin¬ 
tuple rates ... 2-2 2-4 3 0 3*5 4*2 

Since the size of a shower increases with Z t and the number of recorded 
showers is proportional to Z 2 , it follows that the true relative frequency of 
shower production in different elements increases with the atomic number Z 
less rapidly than the Z 2 law. If we regard the shower phenomena as involving 
multiple processes of pair production, this is consistent with modern theo¬ 
retical calculations (Bethe and Heitler 1934; Oppenheimer 1935; Nordheim 

1936). 

From Table 1 we see that the size of showers produced from thin lead is 
smaller than that from thick lead. This justifies the view that shower rays 
can themselves produce secondary showers. There is already much evidence 
of this from the cloud photographs of showers (Blackett and Occhialini 
1933; Anderson and others 1934; Stevenson and Street 1936; Ehrenfest and 
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Auger 1936). In Table I it is seen that the thicknesses of aluminium and zinc 
used were greater than those of tin and lead. If the increase of the size of 
showers with increasing thickness of the shower producer is true for all 
elements, as is probable, the effect of the increasing size of showers with the 
increasing atomic number of thte shower-producing element would have 
shown up still more markedly if about equal thicknesses of all the elements 
had been used. 

Recently Montgomery and Montgomery (19366) reported a Z a law for 
burst production from different elements. Since bursts and showers are 
essentially the same (Montgomery and Montgomery 1935; Carmichael 1936; 
Ehrenberg 1936), we can conclude both from their results and from ours that 
the probability of shower production by different elements obeys roughly a 
Z 2 law, but more exactly, that it increases slightly less rapidly than this. 


3—Absorption of the Shower Rays 

A considerable amount of work has already been done by different authors 
to investigate the absorption of the particles which make up a shower of 
shower rays themselves as opposed to the absorption of complete showers. 
The results do not agree entirely with one another and the problem itself is 
still far from settled. 

Using triple coincidences Zeilier (1935) found a mass absorption by lead 
and aluminium of the shower rays produced in lead. His arrangement con¬ 
sisted of a lead plate to produce showers, under which two counters were 
placed in one horizontal plane with a third counter placed below. Between 
the bottom counter and the top counters, lead and aluminium plates of 
different thicknesses were inserted to absorb the shower rays. Zeilier found 
that 1 cm, Pb absorbed about 40 % of the shower rays. 

Woodward (1936) studied the absorption of shower rays using quadruple 
coincidences. Under the lead plate for producing showers were two counters 
in a horizontal plane. Under each of these two counters were placed ab¬ 
sorbers of varying thickness, the two bottom counters were situated under 
the two absorbers. A thick block of iron placed in a vertical position between 
the two absorbers was used to decrease the probability that the secondaries 
produced in the absorber on one side would pass through the counters to the 
other side. Using this arrangement, Woodward found that the first £ cm. of 
lead absorbed three-quarters of the showers recorded, but after 1 cm. of lead 
the absorption became very slow. Thus he concluded that there were two 
components of shower rays with the absorption coefficients 0*4 and 5*0 cm.* 1 



99 


Investigation of Cosmic-Ray Showers 

Pb. And within the experimental accuracy, he reported that the penetrating 
power of shower rays was independent of the thickness of the shower pro¬ 
ducer. By comparing the absorption of the shower rays from lead with those 
from aluminium he concluded that the absorption depended on some power 
of Z lying between the first and the second. 

At the same time Montgomery and Montgomery (1936a) reported, as a 
result of their ionization measurements, that the probability that a shower 
ray produced in lead would penetrate a thickness T of lead decreased 
linearly with increasing T\ and further, that the maximum range of such 
shower rays was about 11 cm. lead. Though they emphasized that it was not 
possible to compare their result directly with the results from the counter 
measurements, it is certain that at least some of the shower rays from lead 
are very penetrating. 

Lastly we come to the work of Clay (1936). He concluded from his measure¬ 
ments that the absorption followed a Z law, that the shower rays from lead 
had a definite range of about 4-4 cm. lead, and that the range of shower rays 
from light elements was greater than those from heavy elements. His 
measurements were made with three counters, two placed above and one 
below the absorber. The half-cylindrical absorber enclosed the bottom 
counter and a half-cylindrical shower producer enclosed the absorber and all 
the three counters. 

From this account of recent results, it is clear that, since the results are 
rather dependent on the particular experimental arrangement used, no very 
definite conclusions can be drawn from them. Thus new measurements under 
more definite and standardized experimental arrangement seemed desirable. 
On Mt. Kazbek we made some measurements with this object in view. 
Though the altitude there is about 4000 m. above sea-level, the results can 
be compared with those obtained at sea-level or at other altitudes, since the 
results of Stearns and Froman (1936), of Andr6 Berthelot (Auger and others, 
1936, see footnote, p. 62), and of Woodward (1936), indicate that the 
penetrating power of the shower rays does not change much with altitude.* 

Our measurements were made with the arrangements shown in fig. 2. The 
five counters were spaced so as to record showers containing at least three 
rays. The breadth and width of the absorber were reduced to a minimum to 
decrease the effect of the secondary showers produced in the absorber. 

* The position of the maximum of the shower transition curve must depend on the 
penetrating power of the shower rays. The conclusion that the penetrating power of 
the shower rays does not change much with altitude is deduced from the fact that the 
position of the maximum of the transition curve does not change appreciably with 
altitude. 



100 Hu Chien Shan, B. B. Kisilbasch and D. Ketiladg© 

During an experiment, the thickness of the absorber was increased from 
above downwards. The results obtained are given below. 



Fig. 2 —Absorption of shower rays from lead by different elements. 


A —Absorption of Shower Rays from Lead by Different Elements 

The absorption of shower rays from lead was measured by using lead, tin, 
zinc, aluminium and carbon as absorbers placed in position A (fig. 2). The 
results are plotted as small circles in fig. 2; the thin curves are drawn through 
the points. The counting rate R for zero thickness of the absorber is taken as 
100 %. The results are plotted against the total number n.Z of the extra- 
nuclear electrons contained in the absorber, where n is the thickness of the 
absorber expressed as the number of atoms per square centimetre of the 
surface. 

It is known that in a shower electrons are sometimes thrown backwards, 
and such retrograde rays would affect the coincidence rate in this arrange¬ 
ment. To obtain an estimate of this effect, we made some measurements 
using thin narrow absorbers placed in the bottom position JB in fig. 2. The 
results are plotted in fig. 2 as the large circles. We see that for each element, 
the quintuple coincidence rate obtained with a thin absorber in the top 
position A is considerably higher than that obtained with an absorber of the 
same thickness in the bottom position B\ thus the thin experimental curves 
in fig. 2 do not represent the true absorption. This change of the coincidence 




101 


Investigation of Cosmic-Ray Showers 

rat© with position of the absorber is a measure of the effect on the backward 
rays. Since in the bottom position B, the absorber is very small and the 
distance between it and the upper counters is large, the decrease of the 
coincidence rate due to it can be regarded as giving nearly the true ab¬ 
sorption. In fig. 2 we see that all the large points seem to lie rather more 
nearly on one curve than do the small points; this indicates an approximate 
Z law of absorption. The short heavy curve passing through these points 
represents therefore more nearly the true absorption curve. How this heavy 
curve would run for bigger thicknesses cannot be determined experimentally 
by the above method, since the method gives worse results for larger thick¬ 
nesses of the absorber. However, this can be predicted from the following 
argument. We know from the results of Flinfer (1933), Gilbert (1934) and 
others that the effect of secondaries thrown back from lead reaches its 
saturation value when the thickness of the lead plate is about 6 mm. This 
means that the percentage increase of the quintuple rate due to the rays 
thrown back from the absorber remains constant for thicknesses of the 
absorber greater than 6 mm.* Thus above 6 mm. thickness of lead, the true 
absorption curve (the thick curve fig. 2) should run in such a way that its 
ordinate is always proportional to that of the thin experimental curve for 
lead; it should run therefore rather as is shown by the dotted curve. The 
resulting curve is not a simple exponential. For the first 5 mm. lead the 
absorption coefficient fi is 0*68 cmr 1 Pb, while between 1 and 2*5 cm. lead 
the value of// is 0*23 cm. 1 Pb. This shows the heterogeneity of the energy of 
the shower rays. It will be remembered that Woodward also found a rapid 
absorption for the first few millimetres of lead, followed by a very slow 
absorption. In the interpretation of these absorption curves, we favour the 
view that the range of the shower rays varies from a few millimetres up to 

* This can easily be seen by considering the probability P b of an average shower 
causing a quintuple coincidence to be equal to the product of the probability P A of an 
average shower causing a quadruple coincidence and the probability l\ that the 
remaining counter will respond to such a shower. Let the true rate of shower pro¬ 
duction be K f and lot the increase of the value of P A due to the presence of the back¬ 
ward rays be A, then the quintuple rates Q A and Q B obtained with a thin absorber in 
position A and in position B in fig. 2 are respectively 

Q A = K(P t + A).P i, and Q B » I<{P 4 ).P lt 
The percentage increase of Q due to the backward rays is 

AQ _ Qa~Q b_ K.A.F x A 
Qb K.2\.Pi P A 

Since P 4 is constant, and A is constant for thicknesses greater than 6 mm. lead, 
AQ must be constant for thicknesses greater than 6 mm. lead. 
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several centimetres of lead, and that their range distribution determines the 
shape of the measured absorption curve* 

B —Absorption of the Sh-ower Bays from Different Elements by Lead 

Using the same arrangement we measured also the absorption by lead 
of shower rays from a thin lead plate, a thick lead plate, zinc and from 
aluminium. The results are plotted in fig. 3 . The curves are made to coincide 
at zero thickness of the absorber. We see that the showers produced in 
the lighter elements have a slightly higher penetrating power. Though the 
differences in the absorption curves shown are not large, they are considered 
to be real because they change systematically with the atomic number. 



Fig. 3—Absorption by lead of shower rays from different elements. 


From Messersehmidt’s result referred to in §2, we know that the most 
frequent size of the bursts produoed in lead is about twice as large as that iii 
aluminium. From fig. 3 we see that the average range of the shower rays from 
aluminium is somewhat less than twice that of the shower rays from lead. 
This rather suggests that the average energy of the shower rays from alu¬ 
minium may be about twice that of the shower rays from lead, since accord¬ 
ing to Bethe and Heitler (1934), the range of fast electrons increases less 
rapidly than the energy. Thus it seems possible that the average total 
energy of showers from different elements may be roughly constant. 

In fig. 3 we see also that the first part of the absorption curve of the 
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showers from the thin lead plate ( 0*07 cm.) does not quite coincide with that 
of showers from the thick lead plate ( 1*7 cm.). The difference between these 
two absorption curves shows that at the low-energy end of the energy 
spectrum the shower rays from the thin lead plate are slightly more pene¬ 
trating than those from the thick one, but this difference is definitely not 
sufficient to be regarded as evidence for the existence of a definite range for 
all the shower rays from lead. 

Recently Morgan and Nielsen (1936) reported their results on the absorp¬ 
tion measurements of the shower rays, some of which agree with ours while 
others do not. The disagreement may be due to the difference in experi¬ 
mental arrangements. 

4—Interpretation of the Shower Transition Curve 

Montgomery and Montgomery (1936a) pointed out that the observed 
high penetrating power of the shower rays was incompatible with the well- 
known Rossi-Gilbert interpretation of the shower transition curve, which 
identifies the thickness of the shower producer corresponding to the maximum 
of the curve with the range of the shower rays. This incompatibility can be 
explained in a way suggested by our results and those of Zeiller on the varia¬ 
tion of the absorption coefficient of shower rays with the number of counters 
covered by the absorber. Zeiller placed three counters in one horizontal 
plane. By covering one, two and all the three counters by the absorber he 
found the measured absorption coefficients to be in the ratio of 1 : 1*5 : 2 * 2 . 
To check Zeiller’s result we made some triple coincidence measurements 
using the lower arrangement shown in fig. 4 . Over each counter a small lead 
absorber was placed. The absorption curve A obtained is plotted in the same 
figure. The curve B showing the absorption by lead of the single shower rays 
from lead measured by using the upper arrangement shown in fig. 4 is re¬ 
produced in the same figure for comparison. We see that the absorption is 
more rapid when all the counters are covered by absorbers. This difference 
can be explained as follows. Assuming, as a first approximation, the true 
absorption curve of a single shower ray to be exponential, the probability for 
the ith counter to respond to an average shower is given by 

Pi * Pierw, ( 1 ) 

where x is the thickness of the absorber surrounding this counter. The 
probability 77 for an average shower to be recorded by the system containing 
three counters all covered with absorbers of thickness x is then 

n = PiP%Pz - 


( 2 ) 
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If the first counter alone is covered by an absorber, the probability 77 
reduces to 

n~p x pj> % .€-K*. ( 3 ) 

Expression (2) corresponds to the curve A in fig, 4 and ( 3 ) to curve B. 
Owing to the complication added by the production of secondary showers 
and by the fact that the absorption of the single shower rays is not really 
exponential, the above explanation of the difference between the curves A 
and B is only qualitative. However, it is interesting to notice that the initial 
slopes of curve A and curve B are in the ratio of about 3 to 1 , as would be 
expected from the above argument. 



Fie. 4—-Absorption curves obtained with different numbers of counters covered by 
the absorbor. Curves A and B were obtained with counter arrangements A and B 
respectively. 

In the measurement of a transition curve each added layer of the shower 
producer acts at the same time as an absorber. Since the absorber covers all 
the counters used, we cannot compare the results with the absorption curves 
measured by covering only one of the counters. By covering one counter 
alone with the absorber, we measure the absorption of single-shower rays, 
while by covering all the counters with the absorber, we measure the com¬ 
plicated absorption of complete showers which may contain many rays with 
different ranges and a wide angular spread in space. Thus, in so far as the 
Rossi-Gilbert transition curve is interpreted, by treating the absorption of 
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complicated showers as that of the single-shower rays, the identification of 
the position of the maximum with the range of the shower rays is unsound. 
In fact, in each added layer of the shower producer more primary showers are 
produced, shower rays produced above are absorbed, and secondary showers 
are produced by shower rays. 


Discussion 

We have seen that to measure the absorption of single-shower particles 
only one of the counters should be covered with the absorber. In Wood¬ 
ward’s measurements the absorbers were placed over two counters, and thus 
we cannot easily deduce the true absorption of single-shower rays from his 
experimental results. In Clay's measurement, the ordinary secondary 
electrons (as opposed to showers, which are supposed to contain not less than 
three rays) certainly play a role, since he used only three counters and a 
large shower producer. Such simple secondary electrons behave somewhat 
differently from the shower rays. He reported a mass-absorption law for the 
shower rays and a higher penetrating power for the shower rays produced in 
lighter elements just as we did. But his conclusion that the shower rays h^ve 
a definite range cannot be correct. On the basis of the estimation of the 
probability of secondary shower production by shower rays made by Steven¬ 
son and Street (1936), the absorption of shower rays should not follow an 
exact Z law, since the probability of shower production depends on Z 2 . 
Probably the deviation of the absorption of the shower rays from the Z law 
is small, and thus is not revealed in our results and in those of Clay. While the 
conclusion of Montgomery and Montgomery about the existence of pene¬ 
trating shower rays is almost certainly true, unfortunately the absorption 
measurements so far obtained using counters do not extend over a sufficient 
range of thickness to check it. 

From our experience on using counters, we believe that although the 
counting method has in the past added much to our knowledge of the cosmic- 
ray showers, the study of this problem required so much more detailed 
knowledge that it is no longer easy to make important advances by using the 
simple counting method alone, since it gives results too strongly dependent 
on the particular experimental arrangement, and which are usually very 
difficult to interpret owing to the extreme complexity of the shower pheno¬ 
mena. 

Our expedition to Mt. Kazbek is the result of co-operation between the 
Physical Institute of the University of Tiflis in the U.S.S.R. and the 
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Physics Department of Birkbeck College, University of London. The 
apparatus was constructed with the aid of a grant from the Dixon Fund of 
London University. We wish to express our hearty thanks to Professor 
P. M. S. Blackett, F.R.S., for his constant encouragement and direction of 
the work, to Professor A. I. Leipunsky for his interest in our work and much 
kind assistance. We want also to thank Dr. H. J. J. Braddick for his invalu¬ 
able help in the design of the apparatus, Mr. H. G. Bell for constructing most 
of the apparatus, and the staffs in the High’Mountain Observatory on Mt. 
Kazbek, where our measurements were made. 


SUMMARY 

At an altitude of about 4000 m. above sea-level, the cosmic rays were 
studied by a quintuple counting method. The results lead to the following 
conclusions: 

Showers arc produced in different elements according roughly to a Z 2 law 
as at sea-level. More exactly, the increase of the probability of shower 
production with the atomic number is slightly less rapid than the Z 2 law. 

The size of showers increases with increasing atomic number and increas¬ 
ing thickness of the shower-producing material. Thus all rays in an average 
shower are not produced in a single act. 

The absorption of shower rays follows an approximate Z law, and thus is 
due chiefly to extranuclear electrons. 

The showers from the lighter elements contain on the average rays of a 
longer range. The average total energy of showers from different elements 
may be constant. 

Showers from lead contain rays of different ranges from a few millimetres 
up to several centimetres of lead or more. There is no definite range for all 
shower rays. 

Since the absorption of the single-shower rays is different from that of the 
showers as a whole, the argument leading to the identification of the thick¬ 
ness of the show er-producing material at which the maximum of the shower 
transition curve exists with the range of the shower rays is untenable. 
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The Molecular Structure of Boron Trifluoride, BF 3 

By C. R. Bailey, J. B. Hale and J. W. Thompson 

The Sir William Ramsay Laboratories of Inorganic and 
Physical Chemistry , University College , London 

(1 Communicated by F. O. Dorman , F.R.S.—Received 13 March 1937 ) 

Introductory 

The total number of valence electrons in this compound is 
3 + 3 x 7 = 24 = 3 x 8 , 

and in accordance with Zachariasen’s rule (1931) the boron atom should lie 
at the centre of the triangle formed by the three fluorine atoms. If this total 
number is expressible as n x 8 + m x 2, then the central atom is displaced from 
the plane, as in S<V~. It was partly with a view to determining whether the 
extreme ionic nature of fluorine made any difference to this principle that 
this infra-red investigation was undertaken. 

The results obtained were completed by the recent publication of the 
Raman spectrum of this substance (Anderson, Lassettre and Yost 1936) in 
both the gaseous and liquid states. 
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Preparative 

Boron trifluoride was prepared by dissolving, fused and powdered boron 
oxide, B 2 0 8 , in 100 % sulphuric acid, and adding calcium fluoride. Sulphur 
trioxide and hydrogen fluoride were removed from the gas stream by a 
carbon dioxide-alcohol trap. The trifluoride was then liquefied at the 
temperature of liquid air and fractionally distilled. 

Experimental 

The infra-red spectrum was explored with a prism spectrometer as 
described by Cassie and Bailey (1931). The slit widths used and the expected 
resolution are recorded in an earlier paper (Bailey, Cassie and Angus 1930), 
in which the experimental errors are also discussed. The Downing galvano¬ 
meter has been replaced by a photo-relay using a Zemicke and a Moll 
galvanometer; the absorption cells and the thermopile cases have been 
fitted with potassium bromide end plates. 

Results 

The spectrum is shown in fig. 1, where the relative intensities are only 
approximate. The samples were contaminated with silicon tetrafluoride, the 
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Fio. I—-The infra-red absorption spectrum of BF S . -at 60 mm. pressure; 
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spectrum of which has been examined in this laboratory: a very powerful 
band at 1022 cm. -1 shows itself at partial pressures of silicon tetrafluoride of 
less than 1 mm. The bands of boron trifluoride are summarized in Table I: 
corrections were made for the temperatures of setting and reading. 
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Table I—The Infra-red Absorption Spectrum of 
Boron Trifluoride 





Relative 




Band centres 

intensities 

Blit 



^_A 

.— 

,- 

*- s 

width 


Band 


cm. -1 

(D 

(2) 

cm.” 1 

Prism 

A 

1-00 

10000 

2 

— 

70 

Quartz 

B 

3 000 

3201 

2 

— 

15 

Fluorite 

C 

3-417 

2927 

43 

3 

12 

9* 

D 

4-442 

2251 

6 

— 

10 


E 

4*856 

2059 

7 

•— 

10 

>9 

F 

5-184 

1929 

5 

— 

8 

99 

a 

5-458 

1832 

10 

— 

7 

9 9 

H 

0-000 

1501 

100 

74 

0 

99 

j 

6-904 

1448 

100 

92 

5 

99 

j 

7-299 

1370 

100 

32 

4 

99 

K 

8-474 

1178 

10 

— 

10 

Rock-salt 

L 

11*60 

802 

2 


4 

»» 

M 

13-85 

722 

100 

30 

3 

y* 


The relative intensities are (1) at 5 cin. pressure, (2) at approximately 3 mm. 
pressure. 

The Individual Bands 

Primarily those bands which show structure, or otherwise require comment, 
are described here. 

Band C —3*417/*, 2927 cm.” 1 ; fig, 2 a. Two shoulders of differing intensities 
are shown at 3024 and 2823 cm.” 1 , with a high central peak at 2927 cm.” 1 . 

Band D —4*442/*, 2251 cm.” 1 ; fig. 26. The band has signs of structure at 
2276, 2251 and 2231 cm.” 1 . 

Bands E, F and G—~ 4*856, 5*184, 5*458/* or 2059, 1929, 1832 cm.” 1 ; 
figs. 2c, d and e. 

Bands H and I —6*066 and 6*904/*, 1501 and 1448 cm.” 1 ; fig. 2/. Faint 
signs of structure are revealed in these isotopic bands somewhat reminiscent 
of P, Q and R branches: in band H at 1514, 1501 and 1487 cm.” 1 ; in band / 
at 1404, 1448 and 1432 cm.” 1 . The modified formula connecting the moment 
of inertia A with the P, Q> R separation, due to Gerhard and Dennison ( 1933 ), 
is Av * {S(ft)/n}(kT/A)i. For a disk ft = S(fi) = 1*496, and band I 
gives A as 9*83 x 10* a# g.cm, 2 , whence r = 1*45 x 10~ 8 cm. (calculated from 
the force constant, r « 1*33 x 10” 8 cm.). 

Band J —7*299/*, 1370 cm.” 1 ; fig. 2g. This is a complex region of absorp¬ 
tion which we have been unable to interpret. The two principal maxima are 
at 1360 and 1380 cm.” 1 . 

Band K— 8*474/*, 1178 cm.” 1 ; fig. 2 h. 

Band L—11 *60/*, 862 cm.” 1 ; fig. 2 i. This band is very similar in appearance 



110 


C. R, Bailey, J. B* Hale and J. W. Thompson 

to C but the separation between the two shoulders is of the same order as 
that in bands H and I. 

Band M —13*85//, 722 cm." 1 ; fig. 2 ^'. We have interpreted the structure of 
this complex band as in the dotted lines below the full envelope. 



Assignments 

Boron trichloride has zero dipole moment (Nespital 1932 ) and is therefore 
probably a plane equilateral triangle, having the boron atom at the centre 
and symmetry D zh . This is confirmed by electron diffraction measurements 
(Brockway 1936 ; Wierl 1931 ), and by the infra-red (Cassie 1935 ) and Raman 
(Anderson and others 1936 ) spectra. Boron tribromide (Anderson and 
others 1936 ) has a similar configuration. 

The spectroscopic properties of this plane tetratomic molecule are sum¬ 
marized in Table II. Table Ila (Placzek 1934 ) gives in the first column the 
type of wave function (corresponding to the designations 8>p ,... of atoms); 
the third column shows that we can expect one frequency active in the 
Raman effect but inactive in the infra-red, another behaving oppositely, 
and two more active in both effects. Column (4) shows the last two to be 
doubly degenerate, giving a total of six degrees of vibrational freedom 
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(3n - 0 » 12 — 0 « 6 ). Table lib (Tisza 1933 ), developed from the symmetry 
of the wave functions concerned, shows the activity of the simplest com¬ 
bination- and over-tones. 


Table Ila 



(2) 





No. and typo 


(3) 

(4) 

(1) 

of modes 


Activity 

Degeneracy 

a; 

i ; •'x 


R 

— 

A 2 

1; i>. 


j (id 

— 

E' 

2; v, 


R (0/7). I (1) 

2 


Table. II/; 



>'iW 


MR, I) 

v t (R, I) 


R 

I 

u,i 

R, I 



R 

R 

11 

Vl 



R , I 

R, 1 


v A I 

If boron trifluoride is a plane equilateral triangle, we must expect v 1 to be 
powerful in the Raman effect and lacking in the infra-red: and indeed the 
Raman spectrum shows a strong line at 880 cm ." 1 which has no counterpart 
in the infra-red, while the inverse holds for our strong band M at 722 cm." 1 , 
which we therefore take as v 2 . The most intense band in the infra-red (H t I) 
is double. We assume this to be and find that the separation between the 
two components, 1448 and 1501 cm. 1 , is that to be expected from the mass 
ratio of the boron isotopes B u and B 10 ; the intensities of the components are 
also in reasonable agreement with the frequency ratio of about 4 to 1. 
Anderson, Lassettre and Yost ( 1936 ) obtained two weak lines, 1038 ( 1 ) and 
1105 (|) cm." 1 , which they attributed to i' 3 , but the infra-red spectrum now 
shows these frequencies to be too low. The band M at 722 cm ." 1 shows signs 
of structure, and we have accordingly estimated c 2 for B U F 3 and B 10 F 3 as 01)4 
and 722 cm ," 1 respectively. It will be seen from the frequency equations 
below that the isotopic effect is negligible for vq and v A . 

In the Raman spectrum of the gas, Yost and his co-workers remark a 
doublet 880 (7), 783 (3) cm." 1 , of which only 886 appears in the Uquid. They 
attribute the doublet to quasi-resonance between 2v x (c. 880 cm," 1 ) and v t 
(which must lie near this value). The phenomenon is absent in boron tri¬ 
chloride where 2v 4 = 480 and v x » 471 cm." 1 , and it seems to us questionable 
whether it is real in boron trifluoride, particularly as we find a weak band, L, 
in the expected place for 2v A , at 802 cm ." 1 Unfortunately the isotopic effect 
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makes it difficult to separate the components of such a combination tone as 
v % -f v t , so we cannot say definitely whether the effect exists or not. In 
assigning the remaining bands to their respective combinations, we have 
assumed that it does not. On the whole the suggested allocations are 
reasonable, but we cannot place the two moderately strong bands 1178 and 
1370 cm.' 1 (Table III). 


Table III—The Assignment of Frequencies in the 
Infra-red Spectrum of BF 3 


Raman 

Infra-red 



(cm. -1 ) 

(cm." 1 ) 

Mode 

(Calc.) 

440 

6941 

*4 

— 


722/ 

v. 

— 

783 


? 

— 


862 

2*4 

880 

886 



— 

1038 1 




no 5/ 


? 

' L 


1178 

? 

— 


13601 




1380/ 

f 


1394 


gy iB u F. 

\ B'°F, 

13881 



1444/ 


14481 

„ / B”F, 

— 


3601/ 

8 i B I0 F, 

— 


18321 

/B H F, 

18881 


1929/ 

w; 

j | (SiF 4 , 1822) 


2059 

3V, (mew) 

2124 (SiF 4 , 2051) 


2251 

( Vj + v, (mean) 

23601 


(2Vj + v 4 

2212/ 


2927 

2v 3 (mean) 

2947 


3261 

(2^ + ^ (mean) 

3246 \ 



\2v 3 4-v 4 (mean) 

3387/ 


Calculation of force constants 

A convenient potential energy expression involving four force constants 
has been constructed by Anderson, Lassettre and Yost. The frequencies are 
given by 

- if - 2K f = 0, 
mA 2 — (3mjM +1) 0 « 0, 

m*AJ ( 4 - ft (K - if') (3 m/M + 2) + 3H(3m/2M + 1)} mA* 4 

+ 3H(If — If') {3mjM -f 1) =» 0. 

If is the force constant relating to change of bond length, K* to the inter- 
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action of the three bonds, H to the angle F-B-F and 0 to the angle made by 
the B-F bond with the plane of the fluorine atoms. M is the atomic mass of 
boron, m that of fluorine, A i = 4 n 2 c % .v\. 

We now take for B 11 F 3 : v x = 886 , v 2 = 694, y a = 1448, r 4 = 440 cm." 1 ; 
and we find; K ~ 6*69, K f « 1*03, O *= 0 * 86 , H = 0*48 x 10 6 dynes/cm. With 
these values of the force constants we can calculate the frequencies for 
the isotopic molecule B 10 F 3 ; they are: v x « 886 , v 2 = 722, r 3 = 1503, 
y 4 = 441 cm." 1 . The observed value for r s is 1501 cm." 1 , the calculated and 
observed isotopic shifts being 55 and 53 cm ." 1 respectively. 


The atomic radius of boron 

With the above value for K we can calculate from Badger’s rule ( 1935 ) a 
value for the length of the B-F link and we find B-F « 1*33 A. The fluorine 
radius is 0*64 A and hence the monovalent boron radius should be 0*69 A. 
Pauling’s table (Pauling and Huggins 1934 ) gives 0*89 A, which seems too 
large. Confirmation can be obtained from an examination of other boron 
compounds. Data for certain diatomic molecules are summarized in Table 
IV, together with the force constants for the corresponding tetratomic 
molecules, r for B-X is calculated in each case from Badger’s rule, except for 
BO, where r is a direct deduction from the rotational structure of the band 
spectrum. 

Table IV 


K x 10 -* r( A) r(A) 



dynes/ 


—— N 



K x 10 6 ,-- 


Molecule 

cm. 

B*X 

B 

Molecule 


dynes/cm. B-X 

B 

B n F s 

6*69 

1*33 

0*69 

B n F* 

1323-6 

7*17 1*32 

0*68 

BC14 

3*30 

1*72 

0*73 

H“Clt 

830-0 

3*40 1*71 

0*72 

BBrtf 

2*50 

1*85 

0*71 

B u Br| 

686-3 

2*67 1*84 

0*70 





B n O§ 

1886-4 

13*6 1*20 

0*60 


* Strong and Knauss ( 1936 ). $ Anderson and others ( 1936 ). 

t Miesoher ( 1935 ). § Mulliken ( 1925 ). 


In addition, electron diffraction measurements show B-Cl in BC1 3 to be 
1*75 A (Wierl 1931 ), or better 1*73A (Brockway 1936 ); and BBr 3 to be 
1-87 A (Brockway 1936 ). 

Accepting the B-0 value for r e , which has been determined by direct 
spectroscopic observation and corresponds to B=, we can now calculate 
B— with Pauling ( 1932 ) as 0*60/0*90 * 0*67 A, and as 0*60 x 0*79/0*90 
= 0-53 A. It is of interest to note the similarity of the force constants for 
the B-X link in the polyatomic and diatomic molecules. If the values for 
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infinitesimal amplitude were accurately known, one might expect the 
correspondence to be complete. 

The authors wish to acknowledge the continued help and encouragement 
they have received from Professor F. G. Donnan, F.R.S. 

Summary 

The infra-red spectrum of BF 3 has been examined between 1 and 20//. 
The fundamental frequencies and some combination and overtones have 
been assigned. 

Comparison of the infra-red and Raman spectra shows the molecule to 
be planar and force constants have been calculated for B U F 3 upon this 
assumption. From the force constants, the shifts to be expected in the 
fundamental bands due to the isotopic molecule B 10 F 3 have been calculated 
and compared with the shifts observed. 

An estimate has been made of the radius of the boron atom. 
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Orientation in Films of Long-Chain Esters 

By A. E. Alexander and J. H. Schulman 
(Communicated by Eric K . Rideal , F.R.8.—Received 18 March 1937) 

Monolayers of long-cliain fats and esters present some interesting 
features in molecular orientation, particularly as regards the effect of this 
orientation on the rate of hydrolysis when spread on alkaline solutions. 

The dibasic and tribasic long-chain esters (elg. glycol dipalmitate and 
tripalmitin) orientate themselves in the interface, with their chains adjacent 
to one another. The monobasic esters of palmitic acid, however, as Adam 
(1929) has shown, behave somewhat differently, in that the alkyl chain, if 
shorter than five carbon atoms and lying extended on the surface in the 
expanded state, can on compression be forced under the surface into a 
vertically orientated position opposing the long acidic chain. 

The effect of this on the vertical component y of the apparent dipole 
moment of the ester group and on the rate of hydrolysis, as will be shown in 
this paper, is to reduce the former from ca. 535 milli-Debye units to under 
200, and to decrease the rate of hydrolysis to about one-tenth of its original 
value in the expanded state. The latter effect may be ascribed partly to the 
hydrocarbon layer formed by the short chains under the surface and a 
potential barrier protecting the ester group from attack by the OH' ions. 
If the ester group is not so protected, as in the condensed films of octadecvl 
acetate, then hydrolysis proceeds very rapidly. 

If the alkyl chain be made sufficiently long (e.g. cetyl C 16 H 33 . ), then the 
lateral adhesion betw een it and the acidic chain becomes sufficient to keep 
them adjacent to one another, and a condensed film of “hairpin” like 
molecules is obtained. In this state the configuration of the ester group is so 
altered that its apparent dipole moment is reduced to approximately zero. 
Thus a film of cetyl palmitate spread to equilibrium has no surface potential, 
and having its ester group unprotected, is hydrolysed extremely readily. 

Experimental 

The films were examined by the usual methods for surface pressures (F) 
and phase boundary potentials (AV) } the substrate being 0*01 NHCL 
The hydrolysis was carried out on NNaOH, on which, so far as could be 
ascertained by rapid measurements, the esters gave F-A and A V-A results 
identical with those on 0*01 N HC1. 

[ 135 ] 1 2 
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The methods employed for calculating the velocity constants and the 
complete reaction kinetics will form the subject of a later communication. 

The substances examined, the states of the film, and the values of fi at 
various areas, are shown in Table I (/t is given in milli-Debye units, i.e. in 
10“ ai e.s.u.). 

Table I 




fi and A at 

H at 

fi at 

fi at 

Ester 

Type of film 

cohering point 

50 A 8 

30 A* 

20 A 8 

Ethyl myristate 

Vapour expanded 

535 

456 

2S4 

*— 

Ethyl palmitate 

Liquid expanded 
and condensed 

640 at 90 A* 

425 

290 

190 

Ethyl stearate 

Condensed 

197 at 21 A 2 

— 

— 

193 

n-Butyl palmitate 

Liquid expanded 

640 at 84 A* 

472 

320 

— 

Cetyl palmitate 

Condensed 

0 at 41 A 2 

(i.e. at 
chain) 

20*5 A 8 /h.c. 

Octadecyl acetate 

Condensed 

500 at 24 A 2 

— 

— 

450 

Cetyl propionate 

Liquid expanded 
and condensed 

506 at 65 A 2 

450 

380 

334 


Table II gives the values for the bimolecular velocity constant k at 21° 
expressed in 1./g.mol./min. 


Table II 


Ester 

Type of film 

F dynes/ 
cm. 

A A 8 / 
mol. 

k at 21 

Ethyl palmitate 

Liquid expanded 

3 

58*5 

0*040 


Condensed 

10*8 

20*0 

0*005 

Ethyl stearate 

Condensed 

3 

20*4 

0*006 


Condensed 

10*8 

19 

0*005 

n-Butyl palmitate 

Liquid expanded 

3 

57 

0*042 


Liquid expanded 

10*8 

28 

0*023 

Cetyl palmitate 

Condensed 

0*4 

41 

ca. 0*18 

Octadecyl acetate 

Condensed 

3 

22*4 

0*16 

Cetyl propionate 

liquid expanded 

3 

49 

0-084 


Condensed 

9 

22 

0*021 

Methyl stearate 

Condensed 

3 

21 

0*021 


Ethyl Myriatate (fig. 1) 

An earlier examination of the A Vjn curve by Schulman and Hughes (1932) 
has shown that this compound gives a constant value for fi from very large 
areas down to about 72 A 2 /mol. A re-examination gives this constant 
value of/i as ca. 535 milli-Debyes; which is seen to be rather less than one- 
half of the value obtained by Adam from the vapour-expanded films of the 
dibasic esters, his values being 1200 and 1120 for the 11 and 16 CH 2 esters 
respectively. Below about 72 A 2 /mol. fi falls progressively; presumably 
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as the ethyl group is being foroed from its initial position on the surface into a 
position in the substrate so as to oppose the long chain. 

As this ester is slightly soluble, its rate of hydrolysis was not determined. 



Fig. 1 


Ethyl Palmitate (figs. 1 and 2) 

On compression from large areas, an inhomogeneous film of ethyl palmitate 
becomes homogeneous at about 90 A 2 and exists as a liquid-expanded film 
down to an area of about 48 A 2 , when transition to the condensed state 
begins. The surface potential rises until the transition sets in, becomes non- 
uniform over the transition region 48-30 A 2 , and then falls off when the 
homogeneous condensed state is reached. The moment // falls steadily 
throughout from about 540 milli-Debyes to 190 as the alkyl radical 
—CH a . CH 8 is compressed under the surface until it has reached a position 
opposite to the long chain at 20 A 2 . 

The rate of hydrolysis of the film on N NaOH was carried out with the 
short chain in the two positions (i.e. on the surface and under the surface). 
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In the expanded state at a pressure of 3 dynes/cm. and at an area of 
58*5 A 2 /mol., when the short chain is on the surface, k » O-OiOmin." 1 . In 
the condensed state at a pressure of 10*8 dynes/cm. and area 20A a /mol., 
when the short chain is forced under the surface, k = 0*005 min." 1 . That is 
to say, by the reorientation due to compression the rate of hydrolysis has 
been reduced to nearly one-tenth of its initial rate. 



Fig. 2 

Ethyl Stearate (figs. 1 and 3) 

Ethyl stearate at 21° C. exists as a typical condensed film, at 20 A a the 
ethyl chain being compressed beneath the ester group. The hydrolysis, as 





119 


Orientation in Films of Long-Chain Esters 

with the condensed ethyl palmitate, is extremely slow: at 21 ° C. and 
10-8 dynes/cm. compression, k = 0-005 min. -1 , the same value as for ethyl 
palmitate under the same conditions. At a pressure of 3 dynes/cm., when the 
ester is in the more compressible region AT, the velocity is slightly greater 
(k = 0-006min.- 1 at 21 ° C.). 



A homogeneous film is only obtained at areas less than about 21-6 A 2 . As 
the film is compressed along AT (figs. 1 and 3) the potential rises and // 
decreases approximately linearly. When the point Y is reached the film 
becomes extremely incompressible and there is a concomitant fall in 
potential, showing that fi is decreasing extremely rapidly, attributable to a 
distortion of the ester group. This appears to provide additional con¬ 
firmation for the view of Sohulman and Hughes ( 1932 ) of the structure of 
the two types of condensed film (AT, YZ). 
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The surface potentials of ethyl palmitate and ethyl stearate in the com¬ 
pressed state, as one should expect, are identical. 

Methyl Stearate 

This ester resembles ethyl stearate very closely, forming a condensed film 
of about the same limiting area with the short methyl chain beneath the 
ester group. The velocity of hydrolysis is about four times that for the ethyl 
ester (k =* 0*021 min.” 1 as compared with 0*006 min. -1 ), since as would be 
expected the small —CH a group gives much less protection. 

Octadecyl Acetate (figs. 1 and 3) 

This ester differs from the previous ones in having a long-chain alcohol 
radical and a short-chain acid. It resembles ethyl stearate in giving a con¬ 
densed film at 21° C. Here, however, there is no protection of the ester 
group by a sheet of hydrocarbon chains beneath the surface, so the very 
rapid hydrolysis observed was to be expected. At 21° C. and 3 dynes/cm. 
compression, the area being 22*4 A 2 /mol., k = 0*15 min.” 1 . This is nearly 
four times as rapid as for the expanded film of ethyl palmitate and some 
thirty times faster than for condensed films of ethyl palmitate and ethyl 
stearate, thus showing that the change of state of the film from expanded to 
condensed (where the kinetic agitation of the ester molecules will be greatly 
diminished) is not responsible for the large changes in the velocity of hydro¬ 
lysis. 

The surface potential of this ester is very interesting in that it is approxi¬ 
mately double that of the previous esters, i.e. those with long-ohain acid 
radical and short alkyl chain. Compression in the condensed state decreases 

but not in the same manner as when the ethyl chain is being compressed 
under the ester group. 


Cetyl Propionate (figs. 1 and 2) 

As might be anticipated from its structure cetyl propionate at room tem¬ 
perature forms a liquid expanded film which can be condensed by increase 
of pressure. At the area (ca. 65 A a ) where the film becomes inhomogeneous, 
the value of //, is about 506 milli-Debyes, practically identical with the value 
given by octadecyl acetate (500 milli-Debyes) when the latter becomes 
coherent at 24 A 2 , i.e. the configuration of the ester dipole is the same in the 
two cases, even though one is expanded and the other condensed. A marked 
difference between the acetate and the propionate is, however, noted on 
compression. At an area of 20 A 2 in each case the moment of the acetate has 



Orientation in Films of Long»Chain Esters 121 

been reduced to 450 milli-Debyes, whereas that of the propionate has fallen 
to 334, It seems probable that the short chain is squeezed under the surface 
and causes a reorientation of the ester group in a manner analogous to ethyl 
palmitate. The probable configurations for the expanded and condensed 
states are given in Table III (figs, v and vr). 

The configurations given are confirmed by the rates of hydrolysis in the 
two positions. In the expanded state (F » 3 dynes/cm.) and T » 21° C., 
h *as 0*084 min." 1 ; in the condensed state (F « 9dynes/cm.) at the same 
temperature, k = 0*023 min.” 1 . Squeezing the short chain beneath the ester 
group lias therefore reduced the rate to about one-quarter of its value in the 
expanded state in a manner exactly analogous to ethyl palmitate. The 
slowing up in this case is less than for ethyl palmitate, since the protection 
will be less (cf. figs, xi and vt, Table III). 

n-Butyl Palmitate (figs. 1 and 2) 

At 21° C. it is impossible to condense this ester, the smallest stable area 
being about 27 A a at F =* 11*2 dynes/cm. It would thus be anticipated that 
the slowing up of hydrolysis by reorientation on compression would be less 
than with the ethyl palmitate. The experimental values given in Table II 
show that this is so; the diminution in velocity only being about one-fifth 
that for ethyl palmitate under the same conditions. 

That compression is really forcing the alkyl chain beneath the surface is 
confirmed by the surface potential measurements. The film becomes homo¬ 
geneous at areas below 74 A 2 and compression decreases ju, as usual. The 
value of fi (540milli-Debyes) when the film becomes homogeneous is very 
close to that for the vapour-expanded films of ethyl myristate. 

Cetyl Palmitate 

As previously mentioned, cetyl palmitate forms a very unstable condensed 
film with the two chains adjacent to one another; collapsing at an area of 
40 A a when the pressure exceeds about 0*4 dynes/cm. At large areas (ca. 
100 A 2 ) it forms an inhomogeneous film; surface potential fluctuations of 
about 200 mV being observed. 

On compression of the film these fluctuations become smaller until finally 
the film has a uniform potential of practically zero at 41 A a . The hydro¬ 
lysis on N NaOH is of interest in that two definite cases are observed. In the 
first case the potential is uniform and rises from about zero to some 90 mV, 
which is very close to the equilibrium value of an equimolecular mixture of 
cetyl alcohol and palmitic acid on the same substrate (about 95 mV). The 
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hydrolysis is very rapid (k ^=018 min . -1 at F * 0-4 dynes/cm., T « 21 ° 0.), 
since the “hairpin” orientation affords little protection to the ester group. 
In the second case the potential is not uniform and falls from some 300 mV 
to approximately the same value as above, All films were spread at an area 
of about 41 A 3 /mol M and it seemed purely fortuitous whether the first or 
second case occurred. In the second case it is impossible to compress the film 
to zero potential—collapse setting in before this happens—showing that 
the film must be a collapsed one initially. This behaviour is not observed on 
an acid substrate and so presumably is due to a slightly greater adhesion of 
the long chains to the strong alkali. 


Molecular Configurations in Long-Chain Ester Films and its Effect upon 
the Vertical Component of the Apparent Dipole Moment fi 


The suggested configurations for the various esters are shown in Table III, 
deduced, as has been previously indicated, from the F-A and A V-A measure¬ 
ments, and from the velocity of hydrolysis. 

If, as has been previously assumed, the short chain is lying on the surface 
in the expanded state, then the work of condensation of the film (i.e. the work 
necessary to force the short chain beneath the surface) should increase with 
increasing chain length and by a definite amount for each —CH a group 
added. From the gaseous films of the soluble organic compounds, Langmuir 
has shown that the work of adsorption per —CH 2 group is about 600-700 
cal./g. mol. From Adam’s F-A curves (Adam 1929 ) the work required to 
condense the various esters can be evaluated; the following values being 
obtained: 

Work of condensa¬ 
tion at 15° C. 

Ester (cal./g. mol.) 


Methyl palmitate 0 

Ethyl palmitate 205 

Propyl palmitate 460 

n-Butyl palmitate 590 


It is seen that the work required increases with the chain length and by 
approximately 200 cal./g. mol. for each —CH 2 added. This confirms the 
position of the short chain in the expanded ester films as lying on the water 
and shows that the Traube rule (Traube 1891 ) is appropriate to this con¬ 
densation which is indeed a type of immersion. 

An examination of the moments of the esters as given in Table I and fig. I 
reveals two points of interest: firstly, that with the exception of cetyl 
palmitate and ethyl stearate, the value of /* at the cohering point (i.e. the 
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largest area at which the film is homogeneous) is practically the same for all , 
the esters examined; secondly, that for ethyl myristate, palmitate and 
stearate, the values of ju, at any given area are identical within the experi¬ 
mental error. 

As has been indicated, the vertical component ji in the vapour expanded 
state is constant at about 535 milli-Debyes and compression of the short 
alkyl chain beneath the surface reduces this to values under 200 , since this 
forces the dipoles of the acid and alcohol radicals into an opposing position 
(Table III, figs, i and n). On the other hand, when no reorientation can occur 
on condensation as with octadecyl acetate, then fi falls but little on com¬ 
pression and the two moments acting in the same direction give the very 
high potential of some 850mV (Table III, fig. m). In the case of cetyl 
propionate (Table III, figs, v and vi), the reorientation which must occur on 
condensation (since the limiting area is ca, 20 A 2 ) is reflected in the large fall 
in fi as the film is compressed. The zero moment of cetyl palmitate requires 
some such configuration as shown in fig. iv of Table III, in which the first 
—CH 2 group of the alkyl chain is forced under the ester group, the rest of the 
chain then doubling back on itself. Such a configuration would clearly be 
very unstable as found experimentally. 

By ascribing a definite dipole moment to each linkage comprising the 
ester group, it has been found possible to explain in an approximately 
quantitative manner the values of ft in the various positions. 

The ester group can be regarded as composed of three dipoles as shown in 
fig. 4. 



Fio. 4 

Taking /t, = 360 milli-Debyes (from Adam’s measurements on the 
ketones, 1934 ), 
ft t = 0 milli-Debyes, 

fi 9 * 170 milli-Debyes (from the moments of ethers in non-polar media 
and taking the dieleotrie constant at the interface as about 7), 

« 

the value of the vertioal component in each of the various configurations can 
readily be calculated. 
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A study of the structure of the ester group indicates that the assumption 
that fL % « 0 is at least approximately justified. In the ethers the oxygen 
atom acts as the negative end of the dipole, but its charge will be reduced by 
the tautomeric changes indicated by the curved arrows. These processes are 
postulated by Robinson to take place in “neutralized systems” such as the 
esters and amides. The work of Sutton indicates that such processes influence 
the dipole moment, at least in the appropriate benzene derivatives, and 
hence it seems permissible to assume a similar effect in the esters. The 
result will be to reduce the moment // 2 to a small value and to increase /* 3 . 
Eucken and Meyer ( 1929 ), when summing the moment of the ester group 
vectorially and taking // 2 = obtained a resultant moment of 1*1 Debyes. 
If, however, /i 2 is taken as zero and the values of the other links as before, 
then the resultant moment is found to be 1 *9 Debyes in much closer agree¬ 
ment with the experimental value (cu. 1-8Debyes), which lends further 
support to the above assumption. 

It is assumed in the expanded films that the resultant dipole is orientated 
vertically with respect to the surface. The angle between the oxygen 
valencies has been taken as the ordinary tetrahedral angle, since Sutton and 
Hampson ( 1935 ) have shown this to be substantially correct for the simple 
aliphatic ethers. With the exception of ethyl stearate the long chains have 
been assumed to be inclined at an angle of 26£° to the vertical as indicated by 
the work of Lyons and Rideai ( 1929 ). The F-A curves (figs. 2 and 3 ) bring 
out the difference between the condensed films of octadecyl acetate and 
ethyl stearate; the highly incompressible region YZ of the latter at areas 
approximating to the cross-section of a hydrocarbon chain (i.e. less than 
19 A 2 ) indicating that in this case the chains are vertical. 

The experimental and calculated values of the vertical component of the 
moment are seen from Table III to be in good agreement. 

Thus it seems that the constituent dipoles of the ester group can be summed 
vectorially to give the resultant vertical component of the apparent dipole 
moment. The dipoles, having interacted with the polar medium, can no 
longer interact with each other. A comparison of the calculated and experi¬ 
mental moments (Eucken and Meyer 1929; Smyth 1931) has indicated that 
for esters in non-polar solvents the strong interaction of the polar groups 
prevents free rotation about the C—0 bond and only one configuration 
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iB possible, whereas with these long-chain esters the aqueous substrate so 
decreases the interaction that both the cis 


r / + x O 

and the trans configurations exist, depending merely on the constitution of 
the ester and the film pressure (see Table III). 

Table III 


..CHi-? 


ON 




CH, 


;)cn; 


-A" 0 * 1 

:h, \ 

I 

o 


Mobn. = 535 milli-Debyes /* obs , = 193 milli-Debyes /^obs. = 502 milli-Debyes 

/^calo. 53 525 ,, /*calc. ^ 198 ,» Acalc. ^ 525 ,, 

A >12 A* A = 20 A 4 -4 = 23 A a 

K = 0*04 min." 1 A = 0*005 min." 1 K = 0* 15 min.- 1 

Fig. I Fig. II Fig. Ill 


/ 


/ r 

u ft * 

’>^ H - 


CM, 

l ' 




/*obs. ** 0 milli-Debyes 
/*oalc. *, 

A = 41 A* 
tf^0*18 min.” 1 
Fig. IV 


^ obg = 506 milli-Debyes 
/*calc. — 525 .» 

A = 65 A* 
if =s 0*084 min. -1 
Fig. V 


/i ob8 . = 334 milli-Debyes 
/*caic. = 329 „ 

A = 21 A 8 
if = 0*021 min.* 1 
Fig. VI 


Note. In order to show the orientation with respect to the water surface, the 
latter is indicated by the dotted horizontal line, which, however, must not be taken 
os the true depth of immersion. 
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Preparation of Materials 

The authors have to thank I)r. N. K. Adam for a gift of ethyl, w-butyl 
and cetyl palmitates. The other esters were prepared in the usual manner 
by direct condensation of the alcohol and acid in the presence of a small 
amount of sulphuric acid. The ester was extracted by ether and then 
repeatedly fractionated in vacuo . 

Melting points: 

Ethyl palmitate 25*0° C., cetyl pahnitate 53-2° C M ethyl myristate 11 * 0 ° C. 

Ethyl stearate 33*5° C., octadecyl acetate 31° 0., cetyl propionate 17*6° C. 

Thanks are also due to the Chemical Society for a grant for the purchase 
of materials, to the Medical Research Council for a personal grant (J. H. S.), 
and to the Department of Scientific and Industrial Research for a mainten¬ 
ance grant (A. E. A.). Finally, their sincere thanks are due to Professor E. K. 
Rideal for his encouragement and stimulating criticism. 


Summary 

Long-chain esters when spread in films on normal caustic soda solutions 
show remarkable differences in the rate of hydrolysis according to the 
orientation of the component parts of the molecule. Differences in velocity 
of some thirty times can be obtained by simple orientation, such that films 
of esters can be placed on strongly alkaline solutions with only extremely 
slow hydrolysis taking place. It is shown that this strong inhibition of the 
hydrolysis is due to the protective sheath of short hydrocarbon chains 
when in a position beneath the polar group. The state of the film, whether 
condensed or expanded, is not an important factor in the rate of hydrolysis. 

The work of compression of the short chain to a position beneath the sur¬ 
face increases by approximately a constant amount for each —CH 2 group 
added; in agreement with the work of Langmuir ( 1917 ) on the soluble 
straight-chain comjKiunds. 

The observed vertical components of the apparent dipole moment (fi) 
in the various configurations can be calculated in an approximately quanti¬ 
tative manner, using the ordinary law of vectorial summation by assigning a 
definite electric moment to each component of the polar group. The polar 
aqueous substrate so reduces the interaction between the constituent 
dipoles of the ester group that free rotation about single bonds becomes 
possible, whereas in non-polar solvents the rotation is restricted. 
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Properties of Adsorbed Films with Repulsive 
Interaction between the Adsorbed Atoms 

By Jwu-Shi Wang 

(Communicated by R . H. Fowler , F.R.S.—Received 24 March 1937) 

1—Introduction 

Recently Fowler ( 1936 a) and Peierls ( 1936 ) have applied the methods of 
Bragg and Williams and of Bethe to the study of adsorption isotherms when 
there is a negative interaction energy (attractive force) between neighbouring 
adsorbed atoms. Their results give an explanation of the critical phenomena 
which are observed in the condensation of metal vapours on solid surfaces, 
in that below a certain critical temperature each theoretical isotherm has an 
unstable region where the fraction of surface covered changes suddenly from 
a small to a large value. 

The purpose of the present paper is to study the form of the adsorption 
isotherm if there is a positive interaction energy between neighbouring 
adsorbed atoms, and to extend the statistical calculation of the isotherm and 
also the thermodynamic treatment by which an equation analogous to the 
Clausius- Olapeyron equation is deduced to the case of adsorption of diatomic 
molecules with dissociation. 
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2—Statistical Derivation of the Adsorption Isotherm 
(a) Adsorption without Dissociation 

In carrying out the statistical calculation we make the same assumptions 
as Peierls did, with the difference that we assume a positive interaction 
energy V between two neighbouring adsorbed atoms, while Peierls assumes 
a negative interaction energy which he writes — V . Hence Peierls’s equation 
r\ e vikT i g now replaced by 

Tj « e~ v ^\ ( 1 ) 

which defines ij here. The statistical calculations are exactly the same as 
those given by Peierls, and all his equations are unchanged except that rj is 
now defined as above. The adsorption isotherm is given by his equation (7), 
which reads 



where Q is the fraction of surface covered by adsorbed atoms, e is a para¬ 
meter introduced in Bethe’s method of approximation to take into account 
the influence of distant adsorbed atoms and is determined by 



z is the number of neighbouring sites to any given site on which adsorption 
can take place and £ is proportional to the gas pressure p, being defined by 

In this expression b g (T) and v t {T) are the partition functions for the states 
of internal motion of free molecules and for the adsorbed states respectively, 
and x is the energy of adsorption per atom when all neighbouring sites are 
unoccupied. It is assumed that only nearest neighbours interact, and that to 
a first approximation the energies of the excited states of adsorption above 
the ground state are independent of the arrangement of atoms on the 
surface, so as to make v,(T) independent of V and e. 

For very small 6, (2) is approximately 

~ - f, (6) 

which is the adsorption isotherm for the case where there is no interaction 
between the adsorbed atoms. This is what one should expect, because when 
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6 is small there are very few adsorbed atoms scattered far apart so that the 
interaction between them is negligible. When 0 is nearly equal to 1 , nearly 
all the available sites are occupied by adsorbed atoms and ( 2 ) becomes 
approximately 

Y~ e = It - (6) 

which again has the form of an adsorption isotherm with no interaction, but 
with a different energy of adsorption from that represented by (5). The 
energies of adsorption per atom in the two cases are x and X ~ Z V respectively. 

Hence when 6 increases from 0 to 1 , the relation between 0 and p begins 
on one Langmuir isotherm and ends on another. It will be proved later (§ 4) 
that the transition from (5) to ( 6 ) takes place so gradually that not only is 
there no critical behaviour, but also no point of inflexion. 

(b) Adsorption with Dissociation 

We shall now consider the case in which a diatomic gas molecule is 
dissociated on adsorption into two similar atoms which are adsorbed 
separately. It will be assumed (cf. Peierls 1936 ), as in case (a), that there is 
on the solid surface only one layer of N possible sites for adsorption, each 
site being able to accommodate one and only one adsorbed atom, and that 
two neighbouring adsorbed atoms act upon each other with a positive 
interaction energy V, while the interaction between more distant atoms is 
neglected. 

A state of adsorption is specified by giving the number M of adsorbed 
atoms and the number of pairs X of neighbouring adsorbed atoms. To con¬ 
struct the partition function one must specify a zero energy, which will be 
assigned, following the usual practice, to the lo west energy of the free atom 
in the gas phase. If — x i 8 the lowest energy of an atom in the adsorbed state, 
and v $ (T) the partition function for the sets of adsorbed states, then the 
partition function for the M adsorbed atoms is* 

where y x is the number of arrangements of a set of M atoms on N sites which 
yield X pairs of neighbours. 

The relative probability of one given arrangement out of the group y x 
in number in which M and X have specified values is (Peierls 1936 ) 

XM^M K -XV)fkT v M i (7) 

* It is assumed as above that the excited states of adsorbed atoms are independent 
of the arrangements of atoms on the surface, so that the function v,(T) does not 
depend on X and F. 
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where AT log A is the partial potential of the adsorbed atoms (Fowler 1936 b, 
p. 194 ). The condition that the partial potential must be the same for all 
phases gives the following expressions for A: 


1 _ f(2 nmJcTf kT l a (2nm 2 )* (kT)\ /kT 

A r L * j x ° x j “~ r ~ P r b * ed ' 


In ( 8 ) p x is the partial pressure of gas atoms, p 2 is the partial pressure of gas 
molecules, b x and 6 2 are the partition functions for the internal motion of 
the atoms and molecules respectively, and Xa is the energy of dissociation of 
a molecule. Following Peierls we put 


?! » e~ v > kT } £ « Av a ex lkT - 


h[ v 8 c<x- ^x d wr 

(2/rm 2 )* 




(9) 


and write (7) in the form g M 7j x . Equation (4) defining £ still holds if p is 
replaced by p x and b g by b x . 

The procedure in (a) can then be followed step by step, yielding the same 
equations ( 2 ) and (3) as before. The difference in the two cases comes from 
£ alone. At ordinary temperatures p x is negligible compared with p t , so we 
can replace p 2 by the total pressure p of the gas. Therefore in the present 
case £ is by (9) proportional to *jp. Hence the isothermal curves in (a) and 
( 6 ) have the same form if in the former case 6 is plotted against p and in the 
latter it is plotted against yjp. 


3—Variation of the Heat of Adsorption 

When the adsorbed atoms do not interact the total energy of adsorption 
is proportional to the number of adsorbed atoms, in other words the energy 
of adsorption per atom is independent of 0 , This is no longer true when the 
adsorbed atoms interact, and in this section we shall see how the heat of 
adsorption and also the mean energy of adsorption per atom vary with 6 . 

(a) Adsorption mthout Dissociation 

The heat of adsorption in the case without dissociation can be defined 
simply as the decrease in the total energy of the whole system when one 
atom is transferred from the gas phase to the adsorbed phase, Let U be the 
total energy of the adsorbed atoms, and u x the energy of a single gas atom. 
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Sinoe NO = M is the number of adsorbed atoms, the heat of adsorption per 
atom q is 


u 


du__ 

1 ~ d(N6) ‘ 


The energy U of the adsorbed atoms is 


( 10 ) 


U = -Mx + MkT*^logv,+XV - U 0 +XV, 


where U 0 is the energy of the adsorbed atoms when the interaction is 
neglected, and X is the average number of pairs of neighbouring adsorbed 
atoms for a fixed M . X is equal to half the product of the number NO of 
adsorbed atoms and the average number of neighbours of an adsorbed atom, 
the factor one-half being introduced so that each pair shall be reckoned once 
only. The average number of neighbours of an adsorbed atom is equal to z 
times the average value of 6 X when 0 Q » 1 (see Peierls 1936 ), i.e. 

zy e 
l + 


Therefore X * \N0~—> 

which, by (3), reduces to 

The energy U is therefore 

v-14+^.r[#-l=3C=gtgSl=!8], ai, 

where U 0 is given by U 0 » - Nd( X ~ kT *Jf lo 8 > 
and consequently the heat of adsorption ( 10 ) becomes 

where q 0 is the heat of adsorption per atom on a bare surface and iB given by 

g ,-X+f*T + *T*~log£. (13) 

At ordinary temperatures the last two terms in ( 13) are small compared with 
X, therefore for comparison with experiment we can take q 0 =■ X - 
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The heat of adsorption is q 0 when 0 = 0 and q 0 — zV when 0 » ]. To show 
how q varies with 0 , the quantity (?0 — £)/zF, which is of course zero at 
0 = 0 and unity at 0 = 1 , is plotted against 0 in fig. 1 for various values of tj. 
The deviation from a linear relation is very small when y is not muoh 
different from 1 , but it is very marked when y is small, i.e. VjkT large. For 
very small y, ( q 0 - q)jzV remains very small when 0 < I, and is nearly equal to 
1 when 0 > \\ it changes rapidly from 0 to 1 in the neighbourhood of 0 = 
For all y, except y = 1 , the curve has a point of inflexion at 0 = 



Fm. 1 —Variation of heat of adsorption with fraction of surface covered. Curve a, 
7 = 5-53 x 10 _< ; curve 6, 7 ss 0*0821; curve c, y as 0-388; curve d t 7 = 0*779; curve e, 
7=1; whom 7 = e~* r / fcr . 

In this connexion there is an important difference between the results 
obtained using the approximations of Bethe and of Bragg and Williams. 
For the latter approximation we have (see Peierls 1936 ) 

z-+ao, zV-+V 9i 

so that 7-^0 and ( 12 ) becomes 

? « ?o*“W 

that is, q varies linearly with 0 for all values of V 0 . 
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(6) Adsorption with Dissociation 

In the case of adsorption with dissociation we shall define the heat of 
adsorption per molecule to be the decrease of energy when a molecule is 
transferred from the gas phase to the adsorbed phase. If u 2 is the energy of a 
free molecule, and q z the heat of adsorption per molecule, we have 

(14) 

U is the same as ( 11 ), but it must be remembered that now x is the difference 
between the energy of an atom adsorbed on a bare surface and an atom in the 
free state, and u 2 is given by 

= -Xd + \kT+ W 1 * ^ log b t . 




r i—20 "i 

8, - ~ jjTT4( i < ,5 > 

where (</ 2 )o is the heat of adsorption of a molecule when 0 = 0 and is given by 

(?») 0 = ZX-Xd + WT+kT*^ log|. (16) 

The term in q 2 representing the variation with 0 is of the same form as that in 
(12), except that the factor | is missing because we are considering the 
adsorption of molecules and the interaction of atoms on the surface. Thus in 
this case the heat of adsorption is (q 2 ) 0 when 0 = 0 and (q z ) 0 -2zV when 
0=1. For a given value of tj the curves in fig. 1 apply to this case also, but 
the ordinate is now 


(c) Relation between 




and the Heat of Adsorption 


For adsorption without dissociation we have from (4) 

fcT»Alogp = kT*~logZ + x + §kT + kT*~\og-*, 

and by (13) kT^-^logp = kT* ~^ log £+q n + kT. 

Differentiating (2) and (3), considering 0 as constant, we obtain 

0 = JfcT» £ log £ + z(r-~ --~~)kT*%?+zV , 

dT es {l + ye 1+e/ dT l + rje' 

o . k H^ + (.JL _I_W* —+ F-^- 

6 dT + ll + J?e 1 + e/ dT +V l+i/e’ 
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de 


whence, eliminating ^ 




—zV- 


rje( 1 + e) 


1 + 2r\e + rjf} 




-q6* + 27je( 1 +e)}‘ 


From (3) we solve for e in terms of 0, obtaining 

• -- (£0‘ ,+ * 
and therefore 

- vTIZTjf^W^))]' 

or by (12) fcT*Alog£ = q-g 0 . 

Hence (17) 

Similarly for adsorption with dissociation we obtain 

<l8) 


by using (8) and (15) instead of (4) and (12). 

Equations (17) and (18) can also be deduced from purely thermodynamical 
considerations as is shown in § 5. 


4—Form of the Adsorption Isotherm 

It might be expected from the sudden change of the heat of adsorption 
which occurs at 0 = | when 7} is small that the isotherm would also show a 
point of inflexion near 0 = It will now be shown that this never occurs 
when the energy of interaction is positive. 

Let us introduce a quantity m defined by 

~r Q = {w, (19) 

The elimination of e from (2) and (3) leads to 

£ut* — £57 tu* -1 -4-177 — 1 = 0 . ( 20 ) 

This equation gives implicitly m as a function of £ and ij. Substituting the 
value of m obtained from (20) into (19), we get the adsorption isotherm 
e - 6{ P< T). 



Properties of Adsorbed Films 136 


For a given equation (20) has at most three positive real roots of m. 
This follows by Descartes’s rule of signs. Since fj< 1, the left-hand side of 
(20) is > 0 for m > 1 and < 0 for m < tj, and consequently all positive roots of 
w must lie between rj and 1. A necessary condition for three real roots is that 
the equation d^jdm = 0 has two roots between yj and l. Writing (20) in the 
form 

r « 1 - W 

£ * w l ~ z - 

W — 7j 

and differentiating logarithmically, we get 

1 d£ z-1_ 1 _1_ 

£ dm ~~ T77 1 — TT7 TV - 7} f 

which is negative for rj < m< 1, since every term on the right-hand side is 
negative. Therefore d&jdm = 0 has no root between rj and 1 , and there is only 
one value of m, i.e. one value of 0, corresponding to one value of £. This shows 
that there is no critical phenomenon in the adsorption and that 6 increases 
steadily with p. 

We shall now prove that the isotherm 0 = 6(p) for adsorption without 
dissociation has no point of inflexion by showing that the equation 
d % pjdd 2 * 0, considered as an equation in m, has no solution for y < w < 1. 
Since by (4) p is proportional to £, the equation d z p)dd % = 0 can be replaced 

by 

- ° < 2, > 


provided dm/dd + 0, since it has already been shown that d£/dm doeB not 
vanish in the range ?)<&< 1. 

Combining (19) and (20) we have 


6 

\-6 ~ W-lj ’ 


from which we deduce 


dvr 

Je 


(m-’>))*'+1j\l-If)' 


which is always negative, and therefore the condition dm/dd * 0 is satisfied. 

To find the left-hand side of (21) we introduce two new variables p, <r in 
plaoe of m and if, defined by* 

i] = m(\-p), \-w = ~2~. (22) 

* If we consider w and rj as co-ordinates in a plane, equation (21) represents a 
curve in that plane. This curve is a unicureal curve and the transformation from 
(w, if) to (p, or) is obtained by searching for the parametric representation of the 
curve. 
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Then 

and 

Hence 


1 d£ 1-2 cr+z<T dm m(l—i}) 

ldm W(T~ ’ W ~ ~ (1 -a )(1 - 2tr)’ 

da _ (Jt-tr) (p- 2 a) 

dm mp 

d£ _ d£ dm _ , (l- 2 or+zo-) 

dO ~ dmdd 51 V> a(l —a)(l -2a)' 

d <% I d| / * — 2_1 1 _2_\*r 

dcT dd £rfnr + \ 1 — 2er + z<r <7 + 1 — <r 1 — 2oy dm 


zp[{\ -2<r)(1 - 2(T + z<r) + 1 -a] + 2[(1 -2rr) 2 (1 -2tr + z<r )-ztr(l -it)] 

~ mp(l — 2<rj(l — 2a+za) 

From (22) we see that for 7) < m < 1 we must have 0 <<r < £ and <p<l. 

d d>£ 

Hence the denominator of - log ~ is always positive and the numerator 
is 

ZfT 

> j™. t( ■ 1 - 2<r ) ( 1 - 2<t + 3cr ) + 1 - v] + 2[( 1 - 2o-) 2 (1 - 2 <t+ zcr) - z<r( 1 - <r)] 


- [: z(z - 1) + 2( 1 — cr) (1 — 2<r) (1 — 2cr + zcr)] > 0, 

Therefore ( 2 i) has no solution for 7j < m < 1 , and consequently the isotherm 
has no point of inflexion. 

This conclusion applies equally to the case of adsorption with dissociation 
if we substitute aJp for p.* 


* It is sometimes stated that, if the surface is not uniform in that various sites on 
the surface have different energies of adsorption associated with them quite inde¬ 
pendently of any interaction between the adsorbed particles, the adsorption isotherm 
will show steps. It can easily be shown that this is not so. The general form of the 
isotherm in such a case is given by Fowler (1936 fe, p, B 33 ) as 

0 = h q(x)dx ’ j q(x)dx=h 

where q{%) dx is the fraction of the number of sites whose adsorption energy lies 
between y and y-f dy. Differentiating we have 


f A c*l kT , . , 

,1 (T+ApeXWjt g(X) dX ’ 


which in a continuous function of p so that there are no steps, and differentiating again 


fO 

dp * 


2(Ae x ^ kT )’ 

i+Ape*i iT ) a 


q(x)dx> 


which is always negative so that there are no points of inflexion. Exactly similar 
considerations apply if the isotherm is expressed as a sunt instead of as an integral. 
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6 is plotted against £ in fig. 2 for various values of 7], z being chosen as 4. 
It is seen that for very small rj, that is for large values of VjkT, 0 remains 
less than £ even for quite large values of p. The physical interpretation is 
that if a given site is occupied, it is very difficult to have the neighbouring 
sites also occupied when the repulsive energy is large. 



Flo. 2—Relation between fraction of surface covered and pressure. Curve a, rj *s 
6*53 x 10~ 4 ; curve 6 , 17 s 0<082l; curve c, ^ 0-368; curve d, y = 0*779; curve e, 

V *= 1; where 1 } = 


5—Equation Analogous to Clapjoyron’s Equation 

It has been shown in §3 that the equations (17) and (18), which are 
analogous to the Clausius-Clapeyron equation in thermodynamics, can be 
deduced from statistical theorems. It is well known that the first of them 
(17) can be obtained from purely thermodynamical considerations and we 
shall now show how the second (18) can be obtained in the same way. The 
thermodynamic formulae are of course more general than those deduced 
statistically and depend only on the assumption that the gases obey the 
perfeot gas laws but not on any particular assum ption as to the nature of the 
interaction between adsorbed particles, for example, the assumption of 
interaction only between nearest neighbours. 
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We regard the mixture of free atoms and molecules in the gas phase as a 
mixture of perfect gases. The free energy (Helmholtz) of Buch a mixture is 
equal to the sum of the free energies of the individual gases each occupying 
the same volume V as the total volume of the mixture. The free energy of 
the adsorbed atoms will depend only on the temperature and the number 
N* of adsorbed atoms and not on the pressure or presence of the gas except 
in so far as these affect this number. The free energy of the whole system is 
then 

Fi + Ft + F,, 

where F l - F t (N v T, V), F 2 = F % (N»T t V) f F g - F,(N„T,A). 

A is the area of the adsorbing material, N x is the number of free atoms, and 
N 2 the number of molecules. In what follows both V and A are kept fixed, 
therefore V and A can be ignored in the expressions for the free energies and 
we have simply 

F x = F X (N V T)> F 2 ~F 2 (N 2i T), F g » F a (N 8 , T) t 

so that each free energy is considered as a function of two variables. The 
individual free energies are connected with the respective internal energies 
U v U 2 , U 8 by the Gibbs-Helmholtz equation, namely 

= U t ~F,-T gf, U, = F,-T\ (23) 


where in the differentiation with respect to T, N ls N t , N, are kept constant. 
The condition of equilibrium is 

S(F 1 + F i +F,) = 0 

for all changes in which V, A , and T are constant, that is 

dF, dF„ .. T SF s ., T 
W, 6Nl + W t SN * + W a 6N '-°- 

Since t he total number of atoms present in all the phases is constant, we have 

SN X + 2 8N 2 + $N a = 0 . 


Therefore the condition of equilibrium becomes 

dF x 1 dF 2 vF a 

dN, = 2 aiv 2 = dN,’ (24 > 

from which we obtain the equilibrium values of N 2 , N g . 

* In this section wo use N g , instead of M in order to have more symmetrical 
expressions. 
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When we vary N x , 2V 4 and T in such a way that (i) equilibrium is main* 
tained and (ii) N f is kept constant, we have 


i -f JZ-. dl'\ 

2 \dN\ dJS * +dN t dT dl ) 


or 


/ dN a \ _ 
\dT) N - 


2 d ' F * 


d 2 F 

» Arp 

BN t dT a ' 
d*F, 


From (23) we obtain 

dll 


dN„dT dN a dT 

a a F g 

a^i 


(25) 


T m 

d~N t SN t 


\ W,_dF,_ r 

\ m > 5 at a at j 


a*F. 


aiv.ajr’ a# sal aiviay’ 


which yields, after subtracting one relation from the other. 


„ &F„ 

9 - _ H 


a 2 f» 


1 {ML a in i( n BF s dFA 
T\dN a “aiV,) + 7 , ( 2 aAr SNj' 


dN'dT dN t ST T 

Since, by hypothesis, equilibrium is maintained, (24) continues to hold. 
Hence 


2 j% 


a a f 9 


a NJT cN t cT 


~T\dN t a NJ 
- TV* dN t j~T’ 


since for an ideal gas u 2 is independent of N a . Substituting into (25) we obtain 


(' 


92 


dNA 

df) N ~ T dyf 

dN\ 


(26) 


Sinoe the gas is assumed to be a perfect gas, F s is given by 

F t - -N 3 t{^c p ~ ~^c v dT-k\ogp a + $^ +corat., 
whenoe we obtain, using the relation p 2 V * N^cT, 


S*F t kT 
dNl = N a ’ 


Substituting into (26) we get 

(d 


n. 
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which reduces to (18) when N 2 is replaced by p^VjkT. The quantity q 2 is the 
same as that defined by (14), 

In conclusion I should like to thank Dr. J, K. Roberts for suggesting this 
problem to me and for many helpful discussions, and Professor R. H. 
Fowler for his interest in the work. 

Summary 

Peierls’s method of using Bethe’s treatment of order-disorder phenomena 
in connexion with adsorption is applied to adsorption with positive inter¬ 
action energy between neighbouring adsorbed atoms. The treatment is 
extended to the case where a diatomic gas molecule dissociates into two atoms 
on adsorption. The shape of the isotherm is studied in detail and it is found 
that critical conditions do not occur and that the isotherm cannot even have 
a point of inflexion. The heat of adsorption is calculated as a function of the 
fraction of surface covered for various interaction energies. The thermo¬ 
dynamic method is applied to the case of adsorption with dissociation and 
yields an equation analogous to the Clausius-Clapeyron equation. 
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The Kinetics of Adsorption with Interaction Between 
the Adsorbed Particles 
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1 —Introduction 

Fowler ( 1935 ) has shown that the Langmuir adsorption isotherm can 
be deduced from statistical considerations and he ( 1936 ) and Peierls ( 1936 ) 
have recently extended the statistical treatment to obtain the form of the 
isotherm when there is interaction between the adsorbed particles. In 
the preceding paper J-S. Wang has applied a similar treatment in¬ 
cluding the effect of interaction between adsorbed particles to the case of 
diatomic molecules which dissociate on adsorption. For the purpose of 
obtaining the form of the isotherm the statistical method is of course the 
correct method to use, but, to obtain from the interpretation of experimental 
results a full understanding of the various processes occurring at the surface, 
expressions are required for the rates of these individual processes. The aim 
of the present paper is to deduce such expressions (4, 5, 8 , 9, 11, 12) from 
kinetical considerations when the effects of interaction between adsorbed 
particles are included. It is important to check that the expressions obtained 
lead to an isotherm of the same form as that deduced statistically. 

The first part of the problem is to obtain the answer to the follo wing and 
similar questions. If the average probability that a site on the surface is 
occupied is 6 and if a given site is occupied, what is the probability that 
neighbouring sites are occupied? The answers to these questions are of 
course given in the complete statistical treatment by Peierls, but they are 
obtained by considering the partition functions for the whole system in¬ 
cluding the gas phase, such considerations giving the complete solution of 
the equilibrium problem. Here we need the result when we consider the 
surface only, the equilibrium between adsorbed and free atoms being 
obtained separately by considering the mechanisms of condensation and 
evaporation. It therefore seems desirable for the sake of clearness to select 
and repeat in its slightly modified form that part of Peierls’ argument which 
is relevant. 


[ Hi 1 
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We shall assume that: (i) there is one layer of N s possible sites for adsorp¬ 
tion arranged in a regular array such that each site has z neighbours and 
such that no two neighbours of a given site are neighbours of one another 
(Peierls 1936 ); (ii) there is an interaction energy of V for each pair of neigh¬ 
bouring adsorbed atoms. If the force between the particles is repulsive, as it 
generally is, V is positive.* 

We shall suppose that there are 0N 8 occupied sites in all and shall consider 
various arrangements of these occupied sites. If in any particular arrange¬ 
ment X pairs of neighbours are occupied, the relative probability of such an 
arrangement is 

e-xvikT . ( 1 ) 

which defines tj . 

Following Peierls we select one fixed site (the “central site”) and its z 
neighbours (the “first shell”) and we define a set of numbers o l ...e a 
which are 0 or 1 according as the corresponding sites are empty or occupied. 
If, keeping 0 , 6 X ... 6 Z constant, we form the sum Xrj x for all possible arrange¬ 
ments of the 6N S - {6$ + 6 x + ... + #*) other adsorbed atoms, we obtain the 
relative probability for the given value of 6 of finding the given values of 
0 O A This 8Um > w bich we shall write /(0;0 O A... 6 S ), is in so far as 
it depends on <9 0 of the form 

/(Mo A - A) - - o z ). 

The last factor may be discussed in the same way as Peierls discusses the 
corresponding factor in his corresponding expression. It is independent of 
8 0 and represents the influence of the interaction energy of the atoms 
adsorbed in the first shell with those outside the first shell. Because of the 
repulsive force there is a diminished chance of finding adsorbed atoms in the 
sites adjoining the first shell, if the first shell is occupied. This, conversely, 
will increase the chance that a site in the first shell is occupied. 

Instead of using the correct form of we assume (Bethe’s 

approximation) that the influence of the outer sites is given by 

£0J+...+0|) # 

with suitably chosen e.f Thus we have 

/(0;0 O A“ A) ** 1 4 (2) 

* Fowler and Peierls discuss attractive forces between adsorbed particles, 

f For a discussion of this assumption see Peierls (1936, p. 47a). It may be men* 
tioned that Peierls does not appear at first sight to define e in this way, but it is the 
same quantity as his e so we use the same symbol. 
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In order to fix e we follow Peierls and calculate the average occupation of 
site 1. If 6 0 is zero, the average value of 0, is given by 

{Ef(0; 0; 1, ^ 6 t )}l{Zf{0 ; 0; 1, 0 t ... 0 t ) + Zf(6-0 ; 0,0 2 ... 0,)}, 

the sums being taken for all possible combinations of values of 0 a ... 
that is by 


e 

f+'e' 


Similarly, if 6 0 is 1, the average value of 0 l is 

ye 

l+1)6' 

Thus, taking the two results together, the average value of 6 l is 

( 1 - 0 ) « +e * 
v 1 + e 1 + //e 

This must be equal to 0 , and therefore 

d __ e( l + r/e) 

T+<T’ 

Equations (2) and (3) together contain the statistical results we require. 


(3) 


2—Adsorption without Dissociation 

We shall now consider from the kinetic point of view the adsorption of a 
monatomic gas or of a polyatomic gas which does not dissociate on adsorp¬ 
tion, We shall assume that the adsorption energy per particle is x if none 
of the z surrounding sites is occupied. The heat of desorption of a particle 
from a given site will be affected by the state of occupation of the z neigh¬ 
bouring sites, and the expression for the rate of evaporation of particles from 
sites surrounded by (^4- + d z ) occupied sites will contain a factor 

q-iOt+.'.+Og) 

If the central site is occupied, the relative probability of an assigned set of 
values for 6 X ... 8 Z is from (2) given by ,4 ^, so that the rate of evapora¬ 

tion from unit area of the surface is 

A6t~^ kT {E (tjef 0 


or 
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Remembering that the sums are to be taken for all possible combinations of 
the various values of 9 l ... 0 V this becomes 

Ade~xi kr (~ + ~Y. (*) 

U + W 

For a given desorption process the factor A may be taken as constant since 
it varies only as a low power of T. 

For the reverse condensation process we assume that the condensation 
coefficient a is independent of the temperature and of the state of occupation 
of the sites which are neighbours to the given site on which condensation 
takes place* The rate of condensation per unit area is then 

( 5 ) 

where p is the pressure in dynes per sq. cm., and fi = {2nmkT)*> in being the 
mass of a molecule and k Boltzmann’s constant in ergs per degree.* 

For equilibrium the rates of evaporation and condensation must be equal 
and thus 

0 _ a pe# kT /1 + rjeSr 

T-e " A ' ft \ i'+e } * {) 

This equation and (3) give the form of the isotherm which agrees as far as 
the important terms in T are concerned with that deduced by Peierls from 
statistical considerations. This agreement of course only means that the 
processes considered above have been formulated and written down in a 
consistent manner. 


3 —Adsorption of Diatomic Gas Molecules with Dissociation 

If diatomic gas molecules dissociate on adsorption, the same three pairs of 
processes must be considered as in the case where the interactions are 
neglected (see Roberts 1936 ) and each pair of processes must itself lead to the 
establishment of thermodynamic equilibrium between dissociated and 
undissociated molecules in the gas phase. We shall consider the effects of 
the interaction on these three sets of processes in turn. 

(i) Evaporation and condensation of atoms —Here we obtain an equation 
similar to (ft), namely: 

± p^ kT n + V e-y 

i-e 1 \ l+e j ’ (7; 

* If there were an energy of activation per atom for the adsorption process, 
expressions ( 4 ) and ( 5 ) would each be multiplied by a factor e~Xai kT . A similar remark 
applies to each pair of processes subsequently considered. 
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where 04 is the condensation coefficient for atoms striking a bare site, A l is 
a constant determining the rate of evaporation of atoms, p 1 is the partial 
pressure of atoms in the gas phase, Xi the energy of adsorption of an atom on 
a site surrounded by bare sites, and ju t = ( 2 nm x kT)i, m x being the mass of an 
atom, rj is equal to e~ V!kT , where V is the interaction energy between two 
neighbouring adsorbed atoms. Each site on the surface can be occupied by 
one atom and the fraction so occupied is 6 . 

(ii) Evaporation and condensation of molecules —Let us first consider the 
condensation process. In this a molecule strikes a place where two neigh¬ 
bouring sites are vacant and condenses. For a fraction (I — d) of collisions 
with site 0 and site 1 it will be found that site 0 is unoccupied. Using (2) it 
can be seen that, for a fraction of these, site 1 will also 

be unoccupied, the sums being taken for all combinations of values of the 
relevant #’s. This last fraction is equal to (1 + e)"* 1 and therefore the rate of 
condensation of molecules per unit area is 

agPa/ l-Q\ ,*v 

where p 2 is the partial pressure of molecules, and, if m 2 is their mass, 

= ( 2 nm a kT)l. As above, oc 2 the condensation coefficient for molecules 
striking two neighbouring bare sites is assumed to be independent of the 
temperature and of the state of occupation of the sites surrounding 0 and 1. 

We now consider atoms in sites 0 and 1 combining and evaporating. The 
fraction of any period of time during which site 0 is occupied is 0 . From (2) 
the fraction of this fraction that site 1 is also occupied is 


£ _ r/e 

£{rje'fi + - +0 ‘ ~ l + ye' 


That is, the fraction of any period of time that sites 0 and 1 are occupied 
together is 


e 


ye 

l +ye' 


* 


We shall suppose that the energy of desorption of the molecule from two 
neighbouring sites, all the surrounding sites being bare, is y a . In order to 
obtain in any case the actual heat of desorption from sites 0 and 1 we shall 
have to oonsider the state of occupation of the sites surrounding 0 and 1. 
Continue to specify the occupation of the sites round 0 by 0,... 6 t , Specify 
the occupation of those round 1 by 6 \... 6 ' t with «* 0 0 . No other dashed 
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site coincides with an undashed site. From considerations exactly similar to 
those leading to expression (4) the average rate of evaporation of molecules 
per unit area of surface is 

, „ ne .. live v -Wt+~+o*)(ye) 1 +**+-* • 

^°lTye e ~ X 

where the sums are to be taken for all possible combinations* of values of 
0 %. •. 0# 9% . * * 8'e- A a like A in section 2 can be taken as constant. This expres¬ 
sion is equal to 



For equilibrium expressions (8) and (9) must be equal. Equating them 
and using (3) we obtain 


0 

\Zo 



( 10 ) 


(iii) An atom from the gas phase strikes an adsorbed atom the two combining 
and evaporating as a molecule , and the opposite process —The process 
described is in general the exothermic one of the pair and we assume that 
the frequency of its occurrence per unit area is given by 


PiO ^ j j ^ 

/h ’ 

with A s to a first approximation independent of the temperature. 

In the opposite process a molecule from the gas phase strikes an un¬ 
occupied site (the central site). One atom is adsorbed and the other escapes 
to the gas phase. The energy absorbed in this process is 

Xd~X i+V(0i+ ... +®«), 

where Xd is fbe energy of dissociation of the free molecule. If the central 
site is vacant the relative probability of a configuration of given 0 X ... 8 Z is 
by (2) given by Thus the frequency of occurrence of this process is 

to the approximation to which we are working taken as 

e -< Xi ~ Xl vkT 

fi, £&+-+». ’ 

* It may be mentioned that 0^. etc. are not all necessarily independent of & t , etc., 
but with the present method of averaging this interdependence must be neglected. 
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~ _) e-ixd-xi^r/Lt^Y 
Ms \l+e/* 
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( 12 ) 


For equilibrium (11) and (12) must be equal, from which we obtain 

0 a s /m 

'iW JPi 


1-0 


p * e -<xd~x, Vfcr, 


/l-M/e\* 
\ 1 + e / 


(13) 


To compare equations (7), (10) and (13), each of which gives the equili¬ 
brium condition, we require the relation 

Xa = 2x 1 -I 7 -Xa> (14) 

which follows directly from the conservation of energy. If K is the equili¬ 
brium constant with pressures measured in atmospheres for the reaction 

Hj = 2H, we have since p x and p a are measured in dyne/cm." 2 

• 

p 1 ** 10 s K*pl (16) 


Further, we have 


ain K H p 
~dT ~ XT*’ 


H p being the heat of reaotion at constant pressure, heat evolved being 
positive. To the approximation to which we are working we write this as 

XL 

dT kT % 


and treat Xa as constant. Integrating this we obtain 

K = Kt~^ kT , (16) 

where a: is a constant. Using this, (15) becomes 

p x = (17) 

Using (14) and (17), equations (7), (10), and (13) all reduce to the form 

JL . (I8) 

The respective expressions for B must all be the same. Thus 

oq 10»K* = / oq y ^ a, («h/w a )* 


(19) 
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These relations may be compared with a similar set (Roberts 1936 , p. 156 , 
equation ( 9 )*) obtained earlier for the case in which interaction is neglected. 


4 —Kinetics of the Formation of Immobile Films 

Measurements by the author ( 1935 ) of the heat of adsorption of hydrogen 
on tungsten at room temperature show that in this case the repulsive forces 
between the adsorbed particles are large, the heat of adsorption falling from 
about 45,000 cal./mol. for the first molecule adsorbed to about 18,000 for the 
last, and that the relation bet ween heat of adsorption and amount adsorbed 
is at least approximately linear. 11 lias been shown too that, for an immobile 
film in which there is no appreciable re-evaporation of adsorbed atoms in the 
time occupied by an experiment and in which the force between two ad¬ 
sorbed particles is unaffected by the state of occupation of surrounding sites, 
such a linear relation would be observed,f On the other hand, J-S. Wang 
has shown in the previous paper that, for a difference between initial and 
final heats of adsorption of the observed order and assuming a mobile film 
(i.e. a film in which the adsorbed atoms can move freely from one site to 
a neighbouring site so that at any instant the adsorbed atoms are distributed 
on the surface in accordance with Boltzmann's law), the relation between 
heat of adsorption and fraction of surface covered is entirely different. We 
conclude that the hydrogen film at room temperature is immobile. The 
kinetics of the formation of an immobile film will be very different from that 
of a mobile film discussed in the preceding section. 

Such an immobile film formed by adsorption of diatomic molecules with 
dissociation has been considered by the author ( 1935 ) in connexion with 
oxygen films on tungsten and it has been pointed out that a certain propor¬ 
tion of isolated vacant sites will be left completely surrounded by occupied 
sites and on these vacant sites no adsorption of atoms can take place. The 
number of such sites has been shown to be 8 % of the whole. We can allow 
for this as follows. For an immobile film in which the probability of a molecule 
condensing on two adjacent bare sites does not depend on the state of 
occupation of the surrounding sites, the probability that a given site is 
vacant is (1 — 0) and that it is occupied is <9. The probability that four given 
sites (in this case the four sites surrounding a specified site) are occupied is 

* For fi x in the middle expression there fi % should be read. The notation has been 
slightly changed but otherwise the expressions are similar. 

t In deducing this result it was assumed that every molecule striking a pair of 
neighbouring vacant- sites is adsorbed. This assumption is unnecessarily restrictive 
and it is sufficient to suppose that the condensation coefficient for a molecule striking 
a pair of vacant sites is independent of the state of occupation of surrounding sites. 
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6*. The fraction*of the sites available for the condensation of molecules will 
to a first approximation* be (1 — 6 — bd*), where ft is to be chosen to make 
this expression zero when 6 = 0-92. That is, 


°' 08 
~ M2* 


0-1117. 


Thus the rate of condensation of molecules per unit area is 


——*(1 — 0 —0-11170 4 ) 2 , (20) 

f l 2 

which may be compared with expression ( 8 ) for the mobile film. If n B is the 
number of sites per unit area for the adsorption of atoms, 


That is 


= - °^ 2 (1 — 0 — 0-11170 4 ) 2 . 
dt n s /i 2 

\* _ M __ _ 2 ct 2 p 2 

!(> 0 (1 —0 —O-11170*j 2 n s ’ 


( 21 ) 

( 22 ) 


where 6 = 6 0 at t « 0 . This differs from the ordinary expression which 
applies to the formation of a mobile film without interaction only by the 
inclusion of the term 0-1117# 4 . 

A numerical application of equation (21) to obtain the condensation 
coefficient of hydrogen on tungsten will be given in a paper to be published 
shortly by R. C. L, Bosworth. 


5—Numerical Comparison of Mobile and Immobile Films 

It is interesting to compare numerically the behaviour when, other things 
being equal, mobile and immobile films are formed from a diatomic gas with 
dissociation on adsorption. In order that the calculations may be made for 
the sort of system which is likely to be encountered experimentally, we shall 
consider a film in which the interaction energy V is the same as that which 
can be deduced from the thermal measurements of the author for hydrogen 
on tungsten. We have seen in § 4 above that this film is immobile and shall 
assume that each adsorbed partiole has four nearest neighbours (i.e. z « 4) 
and that only nearest neighbours interact. In the original analysis 
(Roberts 1935 , p. 455 ) the more general case of an immobile film in which 
interaction was not confined to nearest neighbours was treated and the 
effect of particles farther away was represented by X 2 as in equation (4) 

* A first approximation because the four sites considered are not average sites. 
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there. If in this equation we put X 2 = 0, then N 0 V — X,oal., where N 0 is 
Avogadro’s number.'" That is 

N 0 V = 4500 cal.f 


and 


V _ 2250 
kT~ T ' 


(23) 


At temperatures at which there is no appreciable evaporation from the 
film, the equation analogous to (21 ) giving dO/dt for a mobile film iB from (8) 



d 6 2a 2 p 2 /l— 

(24) 


dt ~~ n 8 \ 1 4- e / 

that is, 

ri±i d 6 = i^p? L 

Jo, 1-0 n, /t 2 

(25) 


Thus for the same a 2 , p 2 , // 2 , n a the ratio of the times t m and i f for a mobile 
and an immobile film respectively to build up from 0 to 6 will be the ratio of 
the integrals from 0 to 6 on the left-hand sides of (25) and (21) respectively. 
In Table I are given for 0 - 0-1, 0-2, etc., values of 


p dO 


and for various values of r) of 


_ p 
“ Jo 1 




For Vjk “ 2260 as above the three values of rj correspond respectively to 
temperatures of 262, 362 and 704° K. respectively. 

* The justification for assuming that only nearest neighbours interact is as follows. 
The only long range forces that arc likely to arise are forces between electrostatic 
dipoles. Assuming that the whole thermal effect was due to such dipoles, it was 
shown (Roberts 1935, p. 459) that the dipoles would be of such strength that the 
contact, potential between bare tungsten and hydrogen covered tungsten would be 
6*2 V. Bosworth has measured this and shown that it is 1*04 V. Thus the dipoles are 
about one-fifth as strong as would be.required to account for the whole thermal 
effect and, since the interaction energy is proportional to the square of the dipole 
strength, electrostatic forces would account for only about 4 % of the whole. The 
remaining 96 % is due to short range forces which can be assumed to be effective only 
t»etween nearest neighbours. It may be mentioned that Langmuir has always stressed 
the importance of such short range forces as well as of dipole forces between adsorbed 
particles. 

t In obtaining the value of X 1 we should strictly take account of the fact that, 
since the film is immobile, the final heat of adsorption refers to a surface 62% 
covered, For the fully covered surface it would be 16,700, using which X 1 *= 4883 
instead of 4500. The difference is of course within the experimental error. 
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An inspection of the values of / 2 shows that for 6 > 0*5 and for r\ small 
(i.e. VjkT large) the time taken for a given change in 0 is much greater than 
for the same change at smaller values of 0. The physical reason for this is 
that, if as we have assumed each adsorbed particle in a complete film has 
four nearest neighbours, up to 6 « 0*5 the particles can always arrange 
themselves so that no two are on neighbouring sites, and pairs of neighbouring 
sites on which adsorption can take place occur without the necessity of 
causing two neighbouring sites to be occupied. Once 0 = 0-5, two neigh¬ 
bouring sites cannot become vacant without, in the case of repulsive forces, 
causing an increase in the interaction energy of the adsorbed particles, so 
that if VjkT is large and positive the probability of such configurations 
occurring becomes small and the rate of condensation slow. The value or 
values of 0 at which such changes in the rate of condensation occur depend 
of course on the number of nearest neighbours. 

The values of IJI X (he. of show a similar effect. Up to 6 » 0*5 there 
is no great difference under comparable conditions between the rates of 
formation of the mobile and immobile films, but above this the immobile 
film forms considerably more rapidly for the larger values of V/kT. It may 
be mentioned that the falling off in the value of at 0 = 0*9 is due to the 
fact that the immobile film is complete when 0 = 0*92, while the mobile film 
approaches a final state in which <9=1. 


Table I 




V/kT = 

805 

V/kT =* 

6-4 

V/kT = 

3*2 



7j = 1*30 

.10~* 

rj =c 1*66. 

—- . . 

10-3 

7f cs 4*08. 

.10“* 

0 

h 


T/a 

h 


h 


0*1 

0-111 

o*m 

10 

0*111 

1*0 

0*111 

1*0 

0-2 

0*250 

0*254 

10 

0*254 

1*0 

0*254 

1*0 

0-3 

0*430 

0*457 

M 

0*457 

M 

0*457 

M 

0*4 

0*670 

0*806 

1-2 

0*806 

1*2 

0*780 

1*2 

0*5 

1-01 

3*0 

3-0 

2*27 

2*3 

1*5 

1*5 

0*6 

1-53 

4*2.10* 

28.10 1 

36*5 

23 

3*7 

2*4 

0*7 

2*48 

2*4.10 s 

9-7.10" 

1*9.10* 

77 

10*9 

4*4 

0-8 

4*81 

9*0.10® 

1-9.10 8 

7-0.10* 

1*5.10* 

33*0 

6*9 

0*0 

31*0 

3*7.10 4 

1-2.10 s 

2-9.10 s 

94 

1*2.10* 

3*9 


Comparison of the values of J a in Table I for different values of y shows 
that for * constant, which is approximately the same as p 2 = con¬ 

stant, the time to reach a given 6 greater than 0*5 diminishes as the tempera¬ 
ture increases. The behaviour is thus similar to what would be obtained if 
there were an energy of activation associated with the adsorption process. 
A number of detailed calculations have been carried out to see if the results 
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of Taylor and Williamson (193 1 ) on the activated adsorption of hydrogen on 
the mixed oxides of manganese and chromium could be accounted for on the 
view that the measured slow rates are due to interaction between adsorbed 
particles. Their experiments give the apparent activation energy and from 
this the interaction energy necessary to give the measured relative rates at 
different temperatures can be deduced. Using this it is possible to calculate 
the absolute rate of adsorption. The calculations will not be given here as 
the calculated absolute rates were much too fast, so that to account fully for 
the experimental results in this way it would be necessary to introduce a 
condensation coefficient so small as to be extremely unlikely. 


6 — The Rate of Production of Atomic Hydrogen 

It can easily be shown from equations (4), (7), (13) and (15) that the con¬ 
siderations brought forward by the author and Bryce (Roberts and Bryce 
1936 ) with regard to the mechanism of the production of atomic hydrogen at 
the surface of hot tungsten are not affected if there is interaction between the 
adsorbed particles. 

Other applications of the above results are reserved until some experi¬ 
mental investigations now in progress are completed. 

In conclusion I should like to thank Professor E. K. Rideal for his 
kind encouragement. 


Summary 

Taking into account the effect of interaction between nearest neighbours 
in an adsorbed film, expressions are obtained for the rates at which evapora¬ 
tion and condensation occur both for simple adsorption processes when the 
gas molecules are adsorbed without dissociation and for the various groups 
of processes which must be considered when dissociation occurs on adsorp¬ 
tion. An expression is also obtained for the rate at which a stable immobile 
film is formed when diatomic molecules dissociate on adsorption. Evidence 
which shows that the adsorbed film of hydrogen on tungsten is immobile 
at room temperature is discussed and other properties of this hydrogen film 
are considered. The rates of formation of mobile and immobile films are 
considered numerically and the ohange in the behaviour of a mobile film, in 
which each site for adsorption has four nearest neighbours, in the region 
6 = 0*5 is discussed in detail. For 6 > 0*5 the interaction between adsorbed 
particles has an effect similar to that of an energy of activation for the 
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adsorption process. Earlier considerations in connexion with the production 
of atomic hydrogen are unaffected by including the effects of interaction 
between adsorbed particles. 
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Introductory 


1 —According to the approximate theory of flexure, the transverse 
loading and deflexion of a girder initially straight are related by the 
equations 



d-M 


(J) 


11 

c? 5 


( 2 ) 

whence we have 01 

n cl imita t ion of M 




d~ ( ,,d 2 !/\ 


(») 


In (1 )~(3), v/\ y and M relate to a section of the girder distant x from one end; 
M is the bending moment at this section, y the deflexion of the central line 
from its initial (unstrained) position, and w the line intensity of the trans¬ 
verse loading.* B( El) denotes the flexural rigidity. 

2 —The solution of (3) entails four arbitrary constants, which can be used 
to satisfy two imposed conditions at each end of the girder. 

When the conditions are those of “ simple support ”, so that M as well as y 
has to vanish at either end, we can deduce an expression for the bending 
moment (M H> say) without considering deflexions; for the conditions then 
serve to determine the constants which appear in an integration of (I), and 
accordingly that equation can be solved without reference to ( 2 ). This is 
an important simplification, because in practice we are usually interested 

* “Hogging” bending moments are taken as positive in this paper, y and tv are 
measured in the downward direction. 
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in y less for its own sake than as a means to the calculation of M, which 
determines the stresses in the girder. 

When other end conditions are imposed, equations (1) and (2) are no longer 
separable. Therefore without considering the curve of deflexion we cannot 
give values to the terminal couples which are entailed (for example) by 
clamping, and hence we cannot formulate an expression for the bending 
moment. ' 

Let M p stand for the required expression. Then, since M c , are both 
solutions of (l), it is evident that 

Mt^M' + A + Gx, (4) 

A and 0 having constant values. Substituting this expression for M in (2), 
we have 

B^jL-M' + A + Cx. 

The solution which satisfies both conditions of clamping at the end (& ~ 0) is 

y f f ^dxdx + A[ f \.dxdx+c[ f dxdx , (5) 

JoJ o JoJo« Jojo" 

and from this, making use of the two conditions of clamping at the other 
end, we can determine values for A and C. Substituting these in (4), we have 
a definite expression for the bending moment, and can deduce values for 
the forces and couples exerted by the terminal constraints.* 

End conditions of other types can be treated similarly, an expression of 
the form (4) holding in every instance. The case of clamped ends (§ 2 and 
fig. 1) is important in relation to the treatment by “relaxation methods’* 
of continuous girders carrying distributed loads, or of transversely loaded 
members in stiff-jointed frameworks. 

Two further problems which occur in the same connexion are indicated 
in figs. 2 and 3, In these there is no transverse loading, but bending is induced 
by the imposition either of a displacement (fig. 2) or of a rotation (fig. 3) 
at one end of the girder, while the other end is held fixed. So the first integral 
(namely, that involving M B ) no longer appears in (5), which is a solution 
satisfying both conditions of fixity at the end (# = 0). With suitable values 
given to A and C t it can be made to satisfy both of the imposed conditions 
at the end which is moved. 

* Substantially the Home treatment is adopted in the “First Method” of this 
paper, but with slight differences of detail. 
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All three problems can be solved exactly provided that B is uniform, 
also to in fig. 1 ; solutions subject to this restriction have been applied in 
published papers, by one of us to stiff-jointed frameworks (Southwell 1935 b), 
and by H, J. Hopkins ( 1937 ) to continuous girders. Both of those papers 
assume that B and w are uniform; but this restriction could at once be 
removed if general and accurate (although not necessarily exact) methods 
were available for dealing with the problems illustrated in figs. 1-3. The 
nature of the calculations is obvious, but their accuracy does not appear 
to have been investigated systematically. 





z 


Fig. 3 


4—At the Engineering Laboratory, Oxford, we have sought to develop 
suitable methods, and two which we have tried appear to be capable of 
dealing with any ordinary example. These are described in the present paper. 
Their accuracy, judged by one or two examples which can be solved exactly, 
is amply sufficient for practical purposes. 

It might, indeed, be held that we have aimed in this paper at greater 
accuracy than is warranted in methods intended for practical use,—having 
regard to the uncertainty of elastic constants, end conditions, etc. To this 
it may be replied that our methods will need little modification to make 
them applicable to more complex problems—e.g. the determination of 
natural frequencies of transverse vibration, or of critical loads in problems 
of elastic stability; and that those harder problems call for more accuracy 
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than would be required (or even justified) if no such extension were contem¬ 
plated. 

5—The first of the two methods is a fairly straightforward application of 
orthodox processes for numerical integration: the only feature which we 
regard as novel is our improvement of the final approximation by an initial 
modification of the data. When the terminal conditions are those of simple 
support (§ 2) this refinement is hardly necessary; but it is shown in Table IX 
to be well worth while-—in fact, almost essential —when the ends of the girder 
are clamped. Then the numerical method, modified in the way we suggest, 
has very considerable advantages over the graphical method (associated 
with the name of O. Mohr) which is its counterpart: first as occupying less 
time, and secondly (what is more important) as permitting an accuracy 
unattainable on the drawing board. 

fi—The second method we believe to be new and likely to be specially 
useful in relation to harder problems. In principle it is an application of the 
“relaxation method” previously employed in relation to frameworks 
(Southwell 1935a and b): that is to say, we calculate exactly the effects of 
certain prescribed displacements, or “operations”, and we combine these 
operations systematically to obtain displacements, necessarily satisfying 
the terminal conditions , which correspond as closely as we like (though not 
exactly) with the specified transverse loading. It is a novel application, 
in that the quantities liquidated are not forces but ratios of bending moments 
to flexural rigidities, and the solution is presented in terms of bending 
moments, which (of. § 2) are what is really wanted in practice. Deflexions, 
if required, can be deduced subsequently. 


Non-Dim ension au Equations 

7—Both methods, being numerical, require the problem to be stated in 
non-dimensional form. 

Let /i 0 , iv 0 stand for the values of B, w at any selected cross-section 
(e.g. the centre, or one end) and L for the length of the girder. Then, if 

2 = xjh f I 

B-B 0 .fi(z), ( 6 ) 

W ~ W Q . fT(2), l 

2 is a number ranging from 0 (at the left-hand end) to I (at the right- 
hand end of the girder), and /?(z), W{z) are also numerical; they define the 
relative variation of B and w. 
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If we also write 

M = w 0 L*.m(z), y = Y{Z), ' ( 7 ) 

i5 0 

then ji(z) and Y(z) will also be numerical quantities; and on substituting 
from (6) and (7) in (1) and (2), we obtain 


whence 







( 8 ) 


These are non-dimensional equations replacing (1 )-(3). 

The terminal conditions of damping are now 

d F 

y as — = () when z ~ 0 and when 2=1. (9) 

dz 

Also we have fi c — /i 8 4- a + y z, (10) 

and Y c = f f -~dzdz + af f \dzdz + y\ f Z dzdz , (11) 

JoJop JoJoP Jojop 

replacing (4) and (5), where 

? d ? L- x (y/g, ) ot, y). (1 


A Numerical Example 

8—For testing the accuracy of our approximate methods it will be con¬ 
venient to have the exact solution of some particular example, A ease 
which yields to orthodox treatment is provided when 

w = w 0 . W(z) = w; 0 (l-2* 2 U 
\B 0 {2~z% / 

w 0> if 0 being the values of w , JS at the left-hand end. Then we have on 
integration of the third of (8) 

fj2 y 

2/l « ( 2 ~**)~ - + 

P and Q being constants defined by the end conditions. 


( 14 ) 
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When fi has to vanish at each end (a terminal condition of “simple 
support”), we have from (14) 

P = 0 , 2, 

and so, in this example, 

W-z) 2 (2 + *)- (15) 

9—Later, using the first of our approximate methods, we shall obtain Y c 
by combining three solutions in the manner of § 2 ; but instead of making 
each partial solution satisfy both conditions of clamping at one end of the 
girder we shall make each satisfy one condition (namely, Y ~ 0) at both ends. 
Accordingly, to obtain exact solutions which shall be comparable, we now 
write 

y c ^(y c ) 1 + a(y c ) 2 + r (7 c ) 3 , <ie) 

where (I^)i 2|3 « 0 when 2 = 0 and when 2 = 1 , and 


(YY — t 1 * 
{Kh ~ fi 


1 2z-3z 2 + S 4 
3' 2-z* .' 


in this example. 


(Yr)l - 




fi 2 - 2 * j2Xj2~z + j2 + 


& 


PX-i —,r 


2 z 


(17) 


c ' 3 fi 2 - 2 * v '2 — z ~j2 + z' 

The required solutions of (17) are 

(Y ,)i = JUX)* - (X), + & -12* + A**], 
wh« re m,, (i+^)iog(i+^)+(i -^ 2 )iog(i-^) 

-z{V2l°g(V2+I)-log2}, 

- 2(2 log(V2 - 1) + -t log 2j J; J 

so according to (16) we have 


(18) 


Yc. = («+ J)(I , e ) l +(y-i)(T c )*+A 6z -«* 2 +2*). ( 19 ) 

The second condition of clamping (namely, Y' c = 0) will be satisfied at both 
ends of the girder provided that 


A + ( 3 a + 1) {log 2 - ^2 log(V2 + 1)} 

“ ( 3 y - 1) {2 + log 2 + 2^/2 log(^2 — 1)} = 0, 
-i + ( 3 a+l)log 2 -( 3 y-l ){2 + 2 V 21 og(V 2 -l)} = 0; 


(20) 
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and from these two conditions we deduce that 


a =+00532398, y = -00412221. (21) 


10—Table I presents the results of the foregoing calculations, values of 
(T c )j, (1+, (>',.) 3 , Y e as computed from (16), (18) and (21) being given for 
values of z which increase from 0 to 1 by steps of 0-1. With a view to later 
requirements, columns have been added to include values of fi t as calculated 
from (15) and values of //,, as calculated from the equation 




d% 
dz 2 ’ 


= /?{(7^ + a(i;); + r (7 c ).;),by(l«), 

= /i g +a + yz, by (17), (10) bis 

after substitution for a and y from (21). 


Table 1 



! Column 1 

Column 2 

Column 3 

Column 4 

Column 5 

Column 6 

£ = 

! 

(VJjX 10 8 

(U* 10* 

(n> 3 x 10» 

r e x io* 

Me 

0 

0 

0 

0 

0 

0 

+ 0*0532398 

01 

- 0*02835 

2*0690 

- 50*3265 

— 19*8584 

0*2084 

+ 0*0207076 

0*2 

- 0*04093 

3*8601 

- 90*5936 

- 38*7074 

0*6325 

-0*0019380 

0*3 

- 0*05635 

5*1797 

- 120*6473 

— 55-5114 

1*0447 

-0*0154708 

0*4 

— 0*0576 

5*9159 

- 140*2184 

-09*1661 

1*3018 

-0*0208490 

0*3 

- 0*052083 

0*0305 

— 148*9082 

-78*4581 

1*3368 

-0*0194540 

0*0 

— 0*0410 

5*5650 

-146*1507 

-82*0176 

1*1555 

-0*0130935 

0*7 

- 0*02835 

4*5769 

— 131*1774 

- 78*2330 

0*8179 

- 0*0039657 

0*8 1 

-0*01493 

3*2241 

— 102*9212 

-65*1270 

0*4294 

+ 0*0053288 

0*9 1 

j -0*00435 

1*6514 

- 59*9080 

-40*1878 

01185 

+ 0*0117899 

!•() j 

! o 

0 

0 

0 

0 

+ 0*0120177 


Introduction of Finite-Difference Relations. 

Approximate Calculation of fi, 

11—We now propound an approximate numerical method for the 
calculation of n„, —i.e. of that solution of the first of (8) which vanishes 
when z - 0 and when z = 1. 

By Taylor’s theorem, if y be any differentiable function of z, and if A be 
any small increment to the independent variable z, we have 


Xv—h "t" Xz+h 


- 2 Xz * 2 [|l^ + il^ V+ ” etC -]> 


( 22 ) 
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primes denoting differentiations with respect to z. Accordingly we neglect h* 
and higher powers of h when we take 

1 


Xz h 2 


(Xz-h + Xz+h “ 2&) 


(23) 


as an approximate expression for y". (It is the first approximation in terms 
of finite differences.) Suppose that the whole range ( 0 <z<l), in our 
problem, is divided into A T equal parts by points numbered 0 , 1, 2, .... N, 
and let Xu stand for the value of x at the point numbered k. Then, writing 
1 jN for h in (23), we have 

Xl^N 2 (Xk. 1 tA'm~ 2 X*) 

as a first approximation which we may expect to be close when N 2 is large. 
On that understanding 

1 + Afc+i - 2 /h ) * w k, I 

N z flic(Y k 1 + Y k , 1 - ' 2 Y k ) ~ /i k , J ] 

may be taken as approximate relations replacing the first and second of ( 8 ). 

1 2 —Let A be defined by 

"o = 0, 2’, s MF 0 + (*-l)H-; + ... + (i) 


and 

Then 


A 0 — 0 , A,. —2, 


_ * v 
* xV" A " 


(«) 


4-A-l - (4 -vi)-^. 


and accordingly 


= If, + ... + W k J- y±\., by (i), 

(4 +1 -4H4-4.i) = Hi. 


(iii) 


Comparing (iii) with the first of (24) we see that A/N 2 satisfies the relation 
imposed on/*; also, according to (ii), it vanishes at both end-points. Therefore 
A jN 2 approximates tcf the required function //„, to the extent that the first 
of (24) approximates to the first of ( 8 ). 

If now <r is defined by 

<r k - W 0 + W x + ... + W k ^ (cr 0 « 0), j 

then from the definition of £ 

£k — 2’fc-i + <r k (2’ 0 = 0). 

We can base on these relations the procedure shown in Table II. In the 
first line we write the specified numerical values of , W { ,..., lt starting 


(25) 
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with 0 in the first column. Next, starting from the left, and putting 0 in the 
second line of the first column, we add to obtain <r in the third line, at each 
stage transferring <r k from the third line of the (A;)th column to the second 
line of the (k + 1 )th column, as indicated by arrows in the table. This part of 
the process is, in effect, a summation of W, replacing the first integration 
in the exact method (§2). 

Table II 



Wt+W x *.„ 


(W' 0 + Wy) W 0 +W x +W 9 9 etc. 
2 W 0 + W t 


2 W Q + W\ 3 W 0 + 2 K\ + W 9 , etc. 

3 

d a , ...» etc. 


A r -1 AT 



Having the third line, we repeat the process to obtain values of E in the 
fifth line of the table. (In effect, we substitute a double summation of W for 
the double integration in the exact method.) Next, in the sixth line, we 
write down the sequonce 0, E N jN, 2 E iX jN t ..., etc.; and finally we subtract 
the sixth line from the fifth to obtain values of A in the seventh. The resulting 
numbers, divided by N 2 , give (approximately ) the required values of . 


Means to a Closer Approximation 

13—The approximation can be improved if we allow for our use of finite* 
difference (in place of differential) equations by making, initially , an 
appropriate modification to W(z). 

The finite-difference equations (24) were deduced from (23), which we 
took as an approximation to the exact relation (22). If in (22) we had 
replaced % and A by p and 1 / N , // being an exact solution of the first of (8), 
then (since p" = W exactly) we should have obtained in place of the first 
of (24) 


+ f l k+i ~ ^! l k) 


L.2! 


W" k 

+ 'i]~N* + 6lN* 


n v 


W %‘ Wl 

+ 8\N i+ mN 9 + l2\N 10 ' 


etc. J. 


(26) 
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When If is a specified function of z t the expression on the right of ( 20 ) can 
be calculated: we call it the “modified form” of the loading W. Then by 
the methods of §§ 11-12 we can solve (26) to obtain exactly , in the sense 
that we can calculate exact values of (i 9 at the points numbered 0 , 1 , 2 ,. N . 

Usually W(z) will be a fairly “flat” function of z, and ( 20 ) shows that in 
these circumstances a quite good approximation to /t H can be obtained by 
neglecting all but the first term on the right-hand side, ■—i.e. by working with 
the approximate relation (24), (If W(z) is linear we obtain an exact result,) 
This conclusion is important, in that calculations based on (24) are the 
numerical counterpart of the “funicular” construction which is commonly 
employed in drawing offices. But examples to be given later will show the 
advantage of modifying W in the manner here suggested,—more especially 
in relation to hyperstatic problems. 

14—When W(z) is not given in mathematical form, the differentials on 
the right of ( 20 ) may be replaced by their approximate expressions in finite 
differences. Thus we have 

HT « N^A*W~A*W + #A*W-lA*W + ffiA*W-- 

W iv « N*[A*W-2A*W + ...], I (27 A) 

Wv'~N«[A*W~ ...], | 

in the ordinary notation, correctly to differences of the sixth order (cf. 
Whittaker and Robinson 1926 , § 35 ); and in the central-difference notation, 
correctly to differences of the tenth order,* 


W" - N*[3*W-+ + 

W *v * n*[#W-WW+ t 

W" - N*l8*W-b6sW + ^mV... 1, 

Ifvin ~ 

W* ~ 

Substituting in (26) from (27 A), we obtain 


(27 B) 


J^tak-i+At+i ~'¥k) « W k + &{A*W k -A>W k ) 

+ -£&A*W k ~ d*W k ... (28 A) 


* Whittaker and Robinson ( 1926 , § 36). Wo have here extended their formula bv 
adding terms in S^W. 
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correctly to differences of the sixth order; and substituting from (27 B) 
we obtain 




= W k + 2 71 SW k 


tv 


•iSi'HH-Oi'l*- 


J.H' + 666 ’j»K 
2.10! d W * + 2.12! d W 


4 ...] 

(28 B) 


correctly to differences of the tenth order. Both in (28 A) and (28 B) any 
number of terms can be retained on the right-hand side: the accuracy 
attainable by either formula will depend upon the order to which differences 
can be calculated, and upon the rate at which successive differences 
decrease in magnitude. 


Compilation of the Solution for Simply Supported Ends 


lfi—Having determined /./*, we can in the case of simply supported ends 
calculate the deflexion (F a ) by a repetition of the same procedure. For 
we have from the second of (8) 


d% 
dz 2 


=/*«//?. 


and the terminal conditions require Y 8 to vanish, like p 8t at either end. Thus 
our problem is the same as before, except that the specified quantity is now 
(ft 8 )klflk * n P^ce of W k . Taking the second of (24) as our finite-difference 
equation, we may either proceed directly on the lines of §12 or (for 
greater accuracy) we may begin by “modifying” the data as described in 
§§13 and 14. 

We now discuss t^e more difficult problem (cf. § 2) in which both ends of 
the girder are clamped. 


Part I. First Method 
Solution for damped Ends 

16—Using this method we divide Y c (as in § 9) into three parts by writing 

where (F c )j, (FJ a , (F^s are defined in (17). Then p c is given by (10) of § 10, 
in which the form of ft a is now known. Our problem is to find a solution of (10) 
which satisfies the conditions (9) of § 7, and thence to determine, the form of , 
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Adopting the finite-difference methods of §§11-14, we replaoe (10) by 
the second of (24),—i.e. we write* 


NHY k ^Y k+l -2Y k ) 


(ftcl > 

(?K 


+ 1 A 

t *'fit’ 


(29) 


Y k now denoting the value of Y c at the point numbered k (§ J1); and we obtain 
a solution of this difference equation in three parts. For each part the 
computation is done in tabular form, on the lines of Table 11: in place of W, 
the specified function (first line of table) is in turn /ijfi* 1//? and kjNfi . 

In each part we can, if we wish, improve the accuracy of our solution by 
“modifying” the specified function in the manner of §14. (Differential 
formulae of the type of (26) cannot be applied to //*//?, since we do not know 
the mathematical expression for ji H \ and usually they wall not be convenient 
as applied to l///, k/Nfi.) 


The Calculation of Term inal Slopes 

17—As a result, we have known values, at the points numbered 0, 1,2,..., 
jV, of [Y r ) x , (J^ ; ) 2 , (I^. Each solution satisfies the condition of zero deflexion 
at both ends, but has (in general) finite terminal slopes. Wo have to deter¬ 
mine values of a and y such that Y t , as given in (16) has zero slope at either end. 

Here a new difficulty is presented. Usually Y c is given by (16) as a difference 
of relatively large quantities, and accordingly a and y must be evaluated 
accurately: this is an easy matter provided that the terminal slopes of 
(F c )i, a.8 a re precisely known, but all that we know in fact is their values at 
particular points. In these circumstances, if accurate results are wanted, 
the slopes must be calculated from a formula involving finite differences of 
fairly high order. 

The requisite formula (akin to (27 A) of § 14) isf 

>'o = AWo - hW’o + M 3 i'o - (30L) 

when the slope is to be calculated for the left-hand end. At the right-hand 
end we must use the formula . 

Y'x = AT[/d^ v + |8*r JV _ 1 + \A*Y N .. 2 + i ^%'-3 + ... etc.], (30 R) 

in which the changes of sign are necessitated by our inability at this end to 

* In the notation of § 11 , z k = k/A T , 

t Whittaker and Robinson (1926, § 35). Diagonal differences are appropriate in 
this instance. 
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calculate differences for increments of z. The point will be made clear by the 
appended scheme, showing the differences which are calculable: 

Y 0 Y t r 2 r 3 ... >v _ 3 r^ t y n1 y n 

AY, AY X AY 2 ... AY n ^ 3 AY n ^ AY n ^ 

AW, AW, AW 2 ...AW n _ a AW x ^ AW n 

AW, aw x ... aw a ^ /i 3 r A ,_ 3 


Evidently ,4^.7 is the highest difference which can be calculated for 
insertion in either formula (cf. § 19). Our experience suggests that differences 
must always be taken to a fairly high order, if really accurate values of the 
slopes are wanted. 

A Numerical Illustration 

( 1 ) Calculation of /i s . 

IK—We now examine the accuracy of our approximate methods by 
applying them to the particular problem of §§ 8-10. 

First (cf. § 11) we have to calculate /i s , and we begin by modifying W{z), 
in the manner of §13, to allow for our use of finite-difference equations. 
According to (13) 

W(z)^l-2z^ | 

whence W*{z) - -4, - (i) 

W"'(z) - W"'(z) etc. = 0;J 

so here the expression ori the right of (20) is (z k *= k/N) 

when N = 10. We start Table III (the numerical counterpart of Table II) 
by inserting in the first line values of (ii) corresponding with k ~ 0, 1, ..10. 
The calculations then proceed exactly as described in § J 2, and on comparing 
the numbers in bold type with those of the second column in Table 1 we 
find (as was to be expected) that they are exact. 

The last line but one in Table III records (with a view to subsequent 
calculations) values of I//?*, where, according to (13), 

Z*2 

/?(«) « $( 2 - 2 *) - 1 - when N = 10. 
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The last line records values of (//*//?)*■ (In practice slide-rule accuracy would 
be sufficient as regards these numbers; but here, since our aim is to test the 
power of our methods, we have taken the reciprocals of ft to seven significant 
figures, and we have calculated //„//? to the same accuracy.) 

Tabus III 


Section N 0 ....O 

1 

2 

3 

4 

5 

0 

0*906 

0-976 

0-916 

0-816 

0-876 

0 

0 

0-90(1 

1-973 

2*89 

3-706 

<7—0 

0*996 

1-97:1 

2-89 

3*7()6 

4-383 

0 

0 

0-99(1 

2-97 

5*89 

9-56 

£ = 0 

0*996 

2-97 

5-86 

9*56 

13-95 

0 

3*8316 

7-oail 

11-495 

15*326 

19-1583 

A = 100/1, = 0 

— 2-835 

-4-6 

- 5-635 

-5 76 

-5-2083 

VP = ,1 

1 005025 

1-020408 

1-047120 

1*086957 

1-142857 

100 pjfi = 0 

-2*849246 

— 4-789115 

- 5-900521 

- 6*260872 

- 5-952380 

Section N 0 ....O 

6 

7 

8 

9 

10 

0 

0*496 

0-276 . 

0-016 

— 0*286 

-0-023 

0 

4*386 

4-88 

5-156 

5*173 

4-89 

(7=0 

4*88 

.7-1 5(1 

5-173 

4*89 

4-26 

O 

13-95 

18-83 

23-986 

29*16 

34-05 

£ = 0 

18*83 

23-986 

29-16 

34*05 

38-316 

0 

22*99 

26-8216 

30-653 

34*485 

38-316 

1! 

g 

li 

T“! 

-4 16 

-2-835 

-1-493 

- 0*435 

0 

i/A = 1 

1*219512 

I -324503 

1-470588 

1*680672 

2 

100/*,/A = 0 

-5073170 

- 3-754966 

-2-190078 

-0*731092 

0 


(2) Calculation of ft K by the “ First Method 

19—Knowing ftj/f we can proceed to the calculation of ft,, and Y c . In the 
"First Method” the calculations fall into three parts, corresponding with 
the three terms on the right of (29). In each we may expect that more 
aocurate results will be obtained if the specified function is modified in 
accordance with §§ 13, 14. 

Table IV exhibits calculations made for this purpose in respect of 
(the first line being a repetition of the last line of Table III). It shows that 
the order of the highest difference which can be calculated is different for 
different sections. If we use the formula (28 A), the closest approximation 
is obtainable in relation to the end points, whereas if we use (28 B) it is 
obtainable in relation to the central sections. Here (28 B) is preferable, 
because the /tjft values appropriate to the central sections have a pre¬ 
dominant influence on the resulting deflexions. 
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The modified values of fijft are given in the next line (bold figures) of 
Table IV, and will be seen to differ significantly from the unmodified values 
in the first line. Below are given figures involved in the calculation using 
(28 B): most of the correction is contributed by the second differences. 

Table V records the calculation of (Y c ) y from the data as modified* It 
follows exactly the lines of Table 111, and so does not call for explanation. 

To obtain the functions denoted in § 16 by (l'.) 2 and (ig a , we repeat the 
foregoing calculations in respect of the quantities I jfi ,., kjN(i k , which take 
the place of . Tables VI and VII are self-explanatory; the data for 

both have been “modified 1 , but we have not thought it necessary to repro¬ 
duce the calculations (of finite differences) required for this purpose. 

20—The last stage in the calculation of Y c bv the “First Method” is a 
synthesis of (ig 2 and (ig 3 with (ip)j in proportions which bring the terminal 
slopes to zero. We use the formulae (30 L) and (30 R) of § 17 to obtain the 
terminal slopes of each function, after constructing lor each a table of finite 
differences generally similar to the upper part of 'fable IV. The slopes so 
calculated were 

(>;.); - + o-o2i2010, (*;)j - - 0*5533217, (ig.; - - 0-2002603 

at the left-hand end, and 

(ig; - — o*oi 65003 , (ig; - +0*0031902, (ig' - +0-4920007 

at the right-hand end. Hence, making zero the slopes of Y e as given by (10) 
of § 16 we have the following equations to determine a and y : 

212010 — 5533217a — 2002063y - 0,j 
105003 — 0031992a — 4929007y = oj 
From these we deduce the values 

a - +0-05322277, y * -0*04118071, (31) 

which compare with (21) of § 9. Substituted in (10) and (10) of §§ 9 and 10, 
they yield values of Y c and of /i c which may be compared with the exact 
values given in Table I. 

Table VIII records these values, together with summaries of Tables III- 
VII arranged so as to make it comparable, column for column, with Table I, 
From a practical standpoint we are chiefly interested in (of. § 2), and its 
terminal values have special significance (§3) in relation to relaxation 
methods. The error here (cf, the last columns of the two tables) is about 
<)• 15%. 
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Table VIII —Summary ok Results obtained by the “ First Method ” 


Section 

Column 1 

Column 2 

Column 3 

Column 4 

Column 5 

Column 6 

No. 

V* 

(F«)iXl0 3 

O'.), x 10» 

OUxlO* 

Y c x 10 8 

Pc 

0 

0 

0 

0 

0 

0 

+ 0-0532228 

1 

— 0-02835 

2-0089 

- 50-3264 

- 19*8580 

0-2082 

+ 0-0207541 

2 

— 0-04693 

3*8604 

- 90-5939 

-38*7084 

0-0330 

-0-0019478 

3 

- 0-05635 

5-1799 

- 120-6479 

-65-5120 

1-0451 

-0-0154832 

4 

- 0-0576 

6-9156 

- 140-2198 

-09-1607 

1-30)5 

-0-0208619 

5 

- 0*052083 

0-0308 

- 148-9088 

-78-4597 

1-3370 

-0-0194539 

6 

-0-0410 

5*5650 

-146-1520 

-82*0189 

1-1551 

-0-0130892 

7 

- 0-02835 

4-5707 

- 131-1708 

- 78*2320 

0-8172 

-0-0039579 

S 

-0-01493 

3*2244 

- 102-9220 

-05-1292 

0-4290 

+ 0-0053401 

9 | 

-0 00435 

1-6518 

- 59-9102 

-40-1900 

0-1185 

+ 0-0118048 

10 

; o 

0 

0 

0 

0 

+ 0-0J20361 


(3) Accuracy attainable by the " First Method ”. 

21—It is of interest to examine whether comparable accuracy could have 
been attained by the “First Method” without employing all of the elabora¬ 
tions suggested in preceding pages of this paper. Table IX provides an answer 
to this question. 

First, we might have calculated ji 8 without previously “modifying” W(z) 
as we did in §18. Column 1 of Table IX gives the results of using W(z) 
without modification, and comparison with the corresponding column of 
Tables I or VIII shows that the consequent error (near one end, where fi t 
is small) amounts to 3*5 %. Secondly, we might have omitted the “modi¬ 
fication” process in calculating (r^, (Y c ) 2 , (F c ) 3 , and a similar comparison 
of Columns 2-4 shows that the consequent errors range between 0*3 and 
M5%; they are greatest in (Y c ) x . Finally, we might have estimated the 
terminal slopes of (Y c ) h 2 3 from plotted curves of these functions, instead 
of using the finite-difference formulae (30). All three of these simplifications 
are obligatory (excepting .possibly, the first) when graphical instead of numerical 
methods are employed . 

Suspecting that the most important of our elaborations is that relating 
to terminal slopes, we have plotted our most accurate values of (Y c ) x 2 8 
(i.e. values obtained from “ modified” data) and we have estimated (by eye) 
the terminal slopes of curves drawn through them. The estimated slopes were 

(Y c y x - + 0*0204, (F 0 )i - —0*540, (Y c )' z » -0-197, 
at the left-hand end, and 

-0-0100, +0*648, ft);-+0-430, 

at the right-hand end. These figures may be compared with the more exact 
values given in §20. The differences are appreciable, and have a serious 
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influence on the aocuracy of Y c as found by synthesis (§20): corresponding 
with (31) they yield the values 

a * +0*0537, y = —0*0437, (32) 

and a synthesis effected with these values gave for Y c and ju c the values shown 
in columns 5 and 0 of Table IX. 


Section 

Column 1 

Column 2 

Table 

Column 3 

IX 

Column 4 

Column 5 

Column 6 

No. 

M. 

(FchxlO® 

(r c ) a x io 3 

(F,),xl0« 

Y 0 x 10 s 

Pc 

0 

0 

0 

0 

0 

0 

+ 0-053719 

1 

— 0*0285 

2-0927 

- 50-2478 

- 19-7758 

0-2340 

+ 0-020995 

2 

I - 0-0472 

3-9004 

- 90-4453 

-38-5466 

0-6869 

-0-001962 

3 

1 — 0*0567 

5-2293 

-120*4387 

-55-2765 

1-1269 

-0*015753 

4 

i —0*0580 

5-9681 

-139-9609 

-68-8651 

1*4085 

-0*021377 

5 

-0-0525 

6*0808 

- 148-6136 

-78-1059 

1-4634 

-0*020234 

6 

- 0-0420 

5-5982 

- 145-8377 

-81-6324 

1-2920 

-0-014125 

7 

-0*0287 

4-6084 

-130-8667 

-77-8418 

0-9519 

-0*005249 

8 

-0-0152 

3-2430 

- 102*6506 

-64-7797 

0-5442 

+ 0*003794 

9 

- 0-0046 

1-6581 

- 59-7287 

- 39*9529 

0-1914 

+ 0*010003 

10 

0 

0 

0 

0 

0 

+ 0*009979 


Comparing these with the accurate values given in Table 1, we see that 
the errors in Y c range from about 10 % at the left-hand end to about 30 % 
at the right-hand end; in /i c (which, as stated above, is the more important 
quantity in practice) the errors range from about 1 % at the left to about 
20 % at the right-hand end. The discrepancies, which are serious even 
from a practical point of view, come mainly from errors in the estimated 
slopes of {Y c ) Xt 2 3 at the right-hand end, where the slopes are greatest. 


Part II. Second Method 

The Solution for Clamped Ends 

22—We conclude from this examination that highly satisfactory accuracy 
can be attained by our “First Method”, but only when special devices 
are introduced into the normal procedure which in fact entail considerable 
labour.* For this reason we have thought it worth while to make trial of 

* Equally satisfactory results have been obtained by Mr. R. J. Atkinson, taking as 
his numerical example a girder for which equations (13) are replaced by 

w = &w 0 (-3 + l0z + 20z*) f B = R 0 (l+*). 

The “First Method ”, regarded as an accurate (though not exact) process Vor 
effecting a double integration, will have advantages when two conditions are imposed 
at one end of the range; for example, in dynamical problems, where the inde¬ 
pendent variable is time. 
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an alternative method of attack, briefly described in § 6. In this /i g is deter¬ 
mined from W(z ) by the same method (§§12*~14) as before, but the sub¬ 
sequent procedure is entirely different, being based on the “relaxation” 
idea. It avoids altogether the necessity of calculating terminal slopes. 

We have seen in § 7 that 

Ac = A*+ * + ?*» ( 10 bis ) 

a and y being constants whose values are (initially) unknown. Now let 
Y n define the displacement in one of the standard “operations” which we 
propose to apply in a “relaxation” process: in the nature of the case it must 
satisfy the terminal conditions (fi). In virtue of the second of (8), Y n will 
entail a “non-dimensional bending moment ” given by /?I™, and so calculable 
when Y n is known; and by suitably choosing a. n > y n we can arrange that 

<*»> 

shall vanish when z = 0 and when z » 1. 

Suppose further that we can represent /i 8 (determined previously) by 
a synthesis of terms of the type ji n , using relaxation methods to determine 
their cofaotors: i.e. let 

/', - 2T4.*J < 34 ) 

at all of the sections numbered 1, 2, ..., (N — 1), as well as at the two ends 
(where both sides of the equation are zero). The actml distribution of bending 
moment which is entailed by our synthesis will then be given by 

A - ZlAJK] - Z[A n {fi n + 0 L n + y n z}l by (33), 

= !*» + + 7„*)]. ( 35 > 

and comparing this equation with (10) we see that our synthesis gives the 
required solution fi r . The values of a and y in (10) can be calculated 
immediately, being given by 

a = Z[A n oc n ), y=Z[A n y J. (36) 


Type Solutions in the Second Method 
23—A suitable form for the type solution F n is given by 

Y„ ~ sin nuz + nn{ — z + (2 + cos nn) z 2 — (1 + cos nir) z 8 }, (37) 

n being integral. For then Y n = Y„ = 0 when z =» 0 and when z = 1; also 
we have 

Y' - -w% 8 sinn7rz + 2n^(2 + cos»ff-3(l + cos«jr)z} > (38) 
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so that if ft were uniform we should have from (8) 

/72 

W(z) ~ JL (ftY» n ) ~ ftY\- oc sin nnz. 

This result (not otherwise required) shows that solutions corresponding with 
different (integral ) values of n are independent. 

24—For each of the (N + 1) numbered points we can tabulate, once for all, 
values ofr„ and Y N n as given by (37) and (38) with values of n ranging from 1 
to (N-l): this has been done (for N « 10) in the appended Table X. Then, 
in any particular problem, we can deduce values of ftY" n by multiplication, 
and hence derive a table of appropriate “operations’', giving for all 
numbered sections values of /i n as calculated from (33). These may be used, 
in accordance with the standard procedure of the relaxation method, to 
“ liquidate ” a given fi H . 

In the derived table (not shown here) we also record the terminal values 
of ftY" n (i.e. of a n -hy n z), for use in the final synthesis represented by (35). 
That synthesis, as we have shown, gives the required solution // ct and it 
can be seen from (35) that if only terminal values of / i c are required they may 
be obtained from the equation 


* £[A n (a n + y n z)]j when z * 0 or 1, (39) 


since /i 9 vanishes at either end. 

The deflexions, if required, can be calculated from the formula 

Y c = £(A t J n ). 


(40) 


A Numerical Illustration 

(4) Calculation of by the “Second Method } \ 

25—The procedure will be more readily followed in a numerical example. 
We take the problem treated already (§§ 8-10), in which has values given 
in column 1 of Table I and in the last line but two of Table III (§ 18). 

The “ derived table ” of standard operations is first prepared. Multiplying 
every term in Table X by the appropriate value of ft , and then reducing 
the terminal values to zero in accordance with equation (33) of §22, we 
obtain values of fi n at the other numbered sections, as shown in Table XI. 
In the last line but two of the table are given (witha view to the “liquidation” 
process: of. §20) summations of the different columns; and below these are 
recorded the terminal values of oc n +y n z. 
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26— The relaxation process (which occupied 51 /lines in the original 
working) is summarized in Table XII. Starting with values of/z g as calcu¬ 
lated in § 18, we liquidate these by suitably choser/ *operations** based on 
Table XI, exactly as in frameworks we liquidate forces by suitable “block 
relaxations” (Southwell 1935 a, §§ 18 - 31 ). Evidently the process can be 
continued to obtain any accuracy which may be deemed necessary: we took 
as criterion the quantity calculated without regard to sign, and in 
25 operations this quantity was reduced from 3305*4 (the initial value of 
£(&)) to 3*8. 

27— The next step is to calculate a and y according to (36) of § 22 , in 
order that the terminal values of fi c may be known. In (36), A„ stands for 
the total multiplier of fi n in the relaxation process, and in Table XII the 
total multipliers are: 

+ 81*70 x/e x , + 3*45x/i 2 , - 0 *O 2 x/ 4 3 , + 0*153 x/t 4 , 

“0*01 x// 6 , + 0*02 x/j 6 , — 0*002 x/i 79 + 0*004 x/t 8 . 

Terminal values of (a+yz) n have been given in Table XI. So the terminal 
values of fx c are calculated as follows; 

(a + yz ) 0 - [(61*70x6*28319) + (3*45x37*69911) 

- (0*02 x 18*84956) + (0*153 x 75*39822) 

- (0*01 x 33 *41593) 4- (0*02 x 313*09734) 

- ( 0*002 x 43*98230) + (0*004 x 150*79645)] x 10~«, 

^ 531*34x10-4; 

(a + yz ) 10 - [(61*70 x 3* 14159) - (3*45 x 18*84956) 

“( 0*02 x 9*42478)“ (0*153 x 37*69911) 

- (0*01 x 15*70797) - (0*02 x 56*54867) 

- (0*002 x 21*99115) - (0*004 x 75*39823)] x 10“*, 

» 121*23x10-4. 

Compared with the exact values in Table I, these are accurate to well 
within 1 %. 

28— Finally, taking these terminal values, we compute the intermediate 
values of (cc + yz) and then add values of // 8 to obtain the required solution fi c . 
Table XIII exhibits this process: the error in no instance exceeds 1 %, 
except in respect of small values close to a change of sign. 
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The deflexions Y e , obtained from equation (40), ace shown in the last 
column of Table XIII. We take the multipliers from Table XII, as in § 27: 
then 

r c = + e i • 70 !i+3- 45 r s - o- 02 r 3 +o -153 r 4 - o-o i r 5 

+ 002 7 fl - 0-002 Y 7 + 0004 X 8 . (41) 


Table XIII 


Section No, 

(a + 72 ) x 10 * 

/*,x 10* 

fic X 10* 

Y c x 10* 

0 

5-3134 

0 

5-3134 

0 

l 

4-9033 

— 2*8350 

2-0683 

2-084 

2 

4*4932 

-4*6933 

-0-2001 

6*325 

3 

4-0831 

— 5-6350 

-1*5519 

10-447 

4 

3-6730 

- 5-7600 

-2-0870 

13*018 

5 

3-2629 

-5-2083 

-1-9454 

13-368 

6 

2-8527 

-4-1600 

- 1-3073 

11*536 

7 

2-4426 

-2-8350 

-0-3924 

8*179 

8 

! 2-0325 

- 1*4933 

0-5392 

4*289 

9 

1 1*6224 

-0-4350 

1*1874 

1 * 180 

10 

1-2123 

0 

1-2123 

0 


29—Comparing the results for 1’.. /i r with the accurate values given in 
columns 5 and 6 of Table I, we see that very satisfactory accuracy has been 
attained, in this example, by the “Second Method”. Only three values are 
in error by as much as 0-1 %, and none by 0-5 %. 


Part III. Conclusion 

Further Solutions needed for an application of Relaxation Methods 

30—It remains to describe the application of our approximate methods 
to the somewhat different problems which were noticed in § 3. A very brief 
aocount will suffice. 

In these problems W(z) is zero, and henoe fi,: therefore using the “First 
Method” (§§ 16-21), we have only to calculate two functions, of the types 
of (Y e ) t and (F c } 8 . The required solution will be given by 

r-ar 2 + y7 3 , (42) 

3g, Y 3 denoting the two partial solutions: by suitably choosing a and y 
we can satisfy two conditions at either end. 

In fig. 2 the conditions are 

7 - 1, F*0 when z = 0,1 

F-r-0 when z = 1,/ 


(43) 
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and in fig. 3 they are 


Y = 0 , Y' 

Y « Y' » 0 


1 when 0 , 
when 2 = 1 . 


( 44 ) 


Accordingly, when we are concerned with fig. 2 , F 2 and F 3 must be given finite 
values and zero slopes when 2 = 0 , and must vanish when z « 1 . Then we 
have two equations for determining a and y, namely 

# 2 ) 0 +r(U=id 

a(> r i)*+y(n)A—o.j 

When we are concerned with fig. 3, Y % and T 3 must both vanish at either end, 
as in § 19. Then to determine a and y we have the two eqtiations 

*(^)o+y(n)o = M 

a(7^+ 7 (7^ = 0./ 

To proceed by the “Second Method” (§§22-29) we begin by applying 
some standard curve of deflexion (F, say) which satisfies (43) or (44), and 
for which F* has been calculated and recorded. To maintain this deflexion 
we should require terminal forces and couples which can be calculated, also 
(in general) some particular transverse loading W{z). Because the transverse 
loading is not in fact applied, the assumed curve of deflexion must be modi- 
fled by adding that deflexion which would result from the application of 
ft loading — W(z), changes of deflexion or of slope at the ends being prevented . 
The calculations required for this purpose will follow exactly the lines of 
those considered in this paper. 


Summary 

The power of relaxation methods has been demonstrated in relation to 
frameworks and continuous beams, but their scope is at present restricted 
to members having uniform flexural rigidity, for the reason that orthodox 
methods are not able to provide general solutions of the problems 
considered in this paper. Here, with the object of removing the restriction, 
two numerical methods are developed: they are quite general, and their 
accuracy as applied to a particular example gives promise of their being 
capable (possibly after slight modification) of solving more complex 
problems—e.g. beams subjected to transverse and end loading in com¬ 
bination, the critical loads of struts, the natural frequencies of airscrew 
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vibrations, etc. These problems it is intended to treat in subsequent 
papers. 
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The Return of Radio Waves from the Middle 
Atmosphere—I 

By R. A. Watson Watt, A. F. Wilkins and E. G. Bowen 
From the National Physical Laboratory 

(Communicated by Sir Frank Smith, Sec.R.S.—Received 16 July 1936) 

[Plates 2-6] 

One of us introduced the name “Ionosphere” to designate that region of 
the upper atmosphere of which the most prominent physical characteristic 
was the occurrence of sustained high ionization densities, and which was, 
in consequence, of fundamental significance in the propagation of radio 
waves. The name, after finding its way into many languages, has been 
formally adopted by the Union Radio Scientifique Internationale for inter¬ 
national use, and is now commonly applied to the region of the atmosphere 
above the first 90 km. It is an object of this present paper to show that this 
sharp distinction, although very broadly justified, is less happy than might 
have been hoped. 

It has been oustomary to regard the return of radio waves of measurable 
intensity from regions sensibly below 90-100 km. as very improbable in 
any save exceptional conditions, the collisional damping at lower levels 
being believed to ensure severe attenuation of such waves as might otherwise 
be returned from any temporarily densely ionized regions at moderate 
levels, while at still lower levels the rate of recombination Beemed likely 
to prevent the maintenance,of substantial ionization densities. 
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Very detailed experimental evidence as to the structure of the ionosphere 
around the 200 km. level, and moderately detailed evidence from 100 km. 
upward, has been provided by Appleton and his co-workers within the 
programme of the Radio Research Board and by others. In 1927 Appleton 
( 1928 ) remarked: “another region of ionization (D layer) is formed below 
the Kennelly-Heaviside layer, which, while causing attenuation of the 
waves, does not materially affect the height at which they are deviated. 
Occasionally * reflected * waves are detected from this layer.... It is suggested 
that layer D is the same as the ozone discovered by Lindemann and Dobson.” 
In 1930 Appleton also reported that: 

“The equivalent height corresponding to the smaller number of fringes 
was about 60 km., so that we have to explain the simultaneous reception 
of rays corresponding to equivalent heights of 97 and 60 km. It is difficult 
to fit in these results by assuming that they indicate rays reflected from the 
same region of ionization, and the simplest explanation appears to be that 
the region of ionization produced below E region during the daytime by 
the sun, and which normally only acts as an absorbing zone on these 
occasions, also reflected to some extent.” 

More recently Mitra and Syam ( 1935 ) an< ^ the latter worker alone (Syam 
1936 ) have summarized the evidence of reflexions from levels of 60-65 km. 
obtained by other workers, and have reported reflexions 4 * on afew occasions ’ * 
from 65 km. in afternoon observations at Calcutta in April and May 1936. 
Syam proceeds to discuss the indirect evidence for the D region, in its capacity 
as a daytime absorbing region for medium frequencies, distinct from the 
sharply bounded E region, and concludes “since its effect is noticed only in 
the daytime, it can safely be asserted that it is due to solar radiation”. 
Suggestions of the return of very low frequency waves from a level of about 
75 km. were obtained by Hollingworth ( 1926 ) in his elegant study of a 
standing wave pattern over Great Britain. It may fairly be said, however, 
that the absence of direct observational evidence has formed a strong body 
of opinion rejecting the probability of the systematic return, at substantial 
intensities, from any level notably below 90 km.* 

The incompleteness of the experimental evidence on the structure of the 
lower main (E) region of the ionosphere Jed us to attempt further exploration 
by the pulse technique. For more detailed study, reliance was placed on 

* Since this communication was drafted, Colwell and Friend ( 1936 ) have announced 
that they have been studying the return of waves of frequency 1*6 and 3*6 Me./sec. 
from levels of 6-60 km. Their preliminary announcement of work on the same general 
lines as our own, and the concordance of their results with ours, are naturally of 
very great interest to us. We have not, however, thought it necessary to modify 
the main text of our communication at such a late stage in its preparation. 
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a substantial increase in the power radiated upward, and, still more 
important, on the substantial reduction of the duration of the emitted and 
recorded pulses. Since the wide range of work in progress at the Radio 
Research Station, Slough, made it very undesirable to introduce a new 
high-power emitter there, the Air Ministry very kindly offered facilities at 
their Orfordness Research Laboratory, where the least possible disturbance 
to other radio work was ensured by the isolation of the site. 

A pulse emitter capable of giving large instantaneous outputs, and giving 
well-shaped, substantially flat-topped, pulses of 20//sec. duration, was 
installed, and was equipped with a directive aerial system favouring the 
vertical direction in emission. Some 300 m. away a corresponding directive 
receiving system was erected, and connected to a receiver of sufficient band 
width to accept, with only moderate distortion, these very short pulses. 
An appropriate compromise between desirable selectivity and desirable 
pulse-shaping fidelity was found to result in output pulse durations lying 
between 60 and 80 //sec. for the very strong “ground-ray ” signal comprising 
input pulses of 20 //sec. duration. The resulting installation had a consider¬ 
ably better resolving power in relation to fine structure than any previously 
known to us, and it was anticipated that this would permit improved resolu¬ 
tion of E region structure. 

Echoes from Heights under 30 km. 

Two groups of phenomena, one partially expected and one completely 
unexpected, immediately diverted attention from this primary object. The 
work was begun in early summer (May 1935), and the unexpected pheno¬ 
menon is fairly represented in the “snap” photograph, reproduced as 
fig. 1, Plate 3, taken on a midsummer afternoon on a radio-frequency of 
6 Mc./sec. The photograph shows strong reflexions at the usual level, about 
100 km., of the E region, presumably (in view of the high radio-frequency 
involved), from “Intense E ”. But from 100 km. downwards there is a very 
clearly defined multiple-echo system in which the amplitude increases 
progressively with decreasing height, until the largest member of the system 
merges into the ground-ray response, which has carried the indicating spot 
of the cathode-ray oscillograph completely outside the field of the camera. 

The region, below 50 km, in height, giving these new echoes was, quasi- 
humorously, designated Z region, since the series F, E and D led not 
unnaturally through A to Z* In the absence of more detailed knowledge the 
authors propose temporarily to retain the term Z region for reference pur¬ 
poses. 
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The question which poses itself immediately is whether these numerous 
echoes, n in number, are the product of reflexion from n discrete and well- 
separated layers, or whether any or all belong to series of multiple reflexions 
from a single very low-lying layer or from a relatively small number of such 
layers. The resolving power of the sounding apparatus, good as it may be 
relative to the average of ionospheric sounding installations, is not good 
enough to permit an unambiguous answer to this question. 

Some discrimination between these alternative mechanisms, multiple 
reflexions from levels of the order of 10 km. or separate reflexions from 
heights of, for example, 10, 30, 50 and 60 km., was to be expected from the 
close analysis of typical echo groupings in respect of delay time and of 
effective reflexion coefficient. This analysis has been carried out in a number 
of cases, and will be discussed below. 

In an intermittent watch sustained over a whole year, the methods of 
visual observation and the taking of “snap” photographs was, as in the 
customary technique of ionospheric investigation, supplemented by “con¬ 
tinuous” photographic recording of equivalent height against time (P\t 
recording) at appropriate intervals. Specimens from such records are 
reproduced as figs. 2 and 3, Plate 2, each of which, like all the records 
reproduced with the exception of fig. 1, refer to a period of 2 min. duration 
and a radio-frequency of 6 Mc./sec. 

The utility and intelligibility of the records are naturally, in view of the 
small heights and delay times involved, severely limited by the compara¬ 
bility of the duration of the output pulse from the receiver with the time 
separations to be measured. It will be seen that, in part because of the 
temporal overlap of the received echoes reaching the aerial, in greater 
measure because of the artificial lengthening of each pulse duration by the 
limited acceptance band width of the receiver, adjacent echoes overlap 
and merge. Moreover, quite small changes in delay times produce large 
changes in the amplitude of the superposed echoes, so that the pattern on 
the oscillograph screen is subject to violent and rapid phase fading, doubtless 
accompanied by some measure of true amplitude fading in the individual 
components. Cinematographic records of these fading phenomena have 
been made, but the main consequences are already sufficiently clear in 
figs. 1-3. 

A minor consequence of these interactions is the difficulty of measuring 
accurately the arrival time of any one echo, since each will, in general, 
have its initial slope superposed upon a slope belonging to its neighbour. 
The most accurate measurements can be made on the snap photographs, 
by measuring the time delay to the peak deflexion, but the finite build-up 
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time will prevent these delay times from being ^ 
strictly comparable for echoes of different am- w 
plitudes and different phase relation, and also < 
from being at all stringently comparable to ^ 
such initial delay times as can be measured ^ 
from the sustained P\ t records. It is found in u 
practice, however, that these departures from 
stringent accuracy are insufficiently large to < 
leave any important doubt in the analysis for ^ 
the great majority of the echoes examined. 

■o 

O 

Echoes from Low Levels < 



Fig. 4 shows the distribution of equivalent « 
half-paths, i.e. the equivalent heights for first- 
order reflexions, or n times the equivalent 
height for the nth order reflexion, of all the 
echoes which can be measured with some 
certainty in the best individual snap exposures « 
of the series which includes fig. 1. It appears ^ 
immediately that the great majority of the 
echoes thus measured, on this occasion, can 
be identified as the products of multiple re¬ 
flexion from each of four heights, and vertical ® 
lines are drawn to show the equivalent half¬ 
path corresponding to the most probable value 
of each level of reflexion. 

The figure shows that the whole echo pat- „ 
tern in this case involves reflexions, up to the ^ 
ninth and tenth orders in some cases, from 
levels of 8*39, 9*33, 10*26, and 10*76 km. re¬ 
spectively, the first-order reflexions being in 
all cases overlaid by the response to the very u 
strong ground-ray. It will be appreciated that £ 
absolute heights are not claimed to have been < 
measured to the accuracy shown above, since ~ 
no care was taken to ensure accuracy within 
± 5 % for the time standard, but the relative 5 
heights are probably accurate to ± 1 % or 
better* 


vn 

Q 


< 


3- 


a 


m 

< 


c* 

O 






oj 




, | , | | 
I,-* ass 
S 




Equivalent height^—km. 
Fig. 4 













ana m m 



The proble)^ aiisu 


t>m these measurements in a series '■< 
two closely spaced snap exposures is whether the levels thus 
sustained over a few minutes are equally accurately sustained ovefc^' ; : 
hours or a few days. It is already suggested by this test that the sharp 
boundary of an intensely ionized region, at which alone reflexions to a high 
multiple order could take place, has a horizontal extension at least as great 
as that represented by the “run of the wind”, at 10 km. height, in 5 min. 
Whether the horizontal extent is much greater than this lower limit will 
appear from the answer to the problem of effective life posed above. 

Before further comparisons are made in this respect, however, it is desir¬ 
able to make, on the same data, some examination of effective reflexion 
coefficient, since the practical and scientific significance of the phenomena 
now under examination depend very greatly on the order of magnitude 
of this coefficient. 


# Reflexion Coefficient 

The incomplete resolution already discussed opposes to the measurement 
of reflexion coefficients obstacles much greater than those in the way of 
time-delay measurement. The echo system, as represented by the typical 
photograph reproduced as fig. 1, Plate 3, has a general amplitude trend 
strongly suggesting that the four groups already identified have decay 
coefficients of comparable and relatively small magnitude, since the groups 
persist up to comparable and relatively high orders of reflexion and since 
the envelope of the whole system immediately suggests logarithmic decay. 
Any evaluation based on attempted measurements of the ratio of indi¬ 
vidual amplitudes must, however, be very arbitrary, since the close spacing 
of echoes of different groups and the inadequate resolving power of the 
sounding apparatus result in a superposition of response patterns which 
has a major effect in making it practically impossible to measure individual 
amplitudes and a minor effect in producing displacement in the time of 
attainment of a resultant maximum. The order of magnitude of the effective 
reflexion coefficient from the second-order reflexion to higher orders has 
therefore been determined by drawing a mean decay curve of logarithmic 
form through the whole echo pattern, and counting the number of echoes 
of each group falling within the range at which this mean logorithmio 
curve has fallen to one-fifth of its initial amplitude. The highest order echo 
falling within this range is usually the fifth or the sixth, hence the effective 
reflexion coefficient lies between (0-2)* and (02)*, i.e. between 0*67 and 0*72, 
In some of the individual “ snap ” photographs of a series one echo group 
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or another predominates. In these cases the form of the decay curve is 
sensibly unchanged from the more complicated cases, and sensibly the 
same whether group a or group b predominates. This confirms the conclusion 
that the order of magnitude of the coefficient for the different groups is 
the same. 


All the evidence, therefore, from that baaed on the mere survival of sensible 
amplitude in the ninth- and tenth-order reflexions to the relatively accurate 
measurement which is possible when one group predominates, points to 
0*7 as a fair approximation to the effective reflexion coefficient for all four 
levels. It is, further, tentatively concluded that in the series of photographs 
most closely studied (that containing fig. 1) the coefficient is somewhat 
smaller for group a t han for groups b~~d. 

The physical significance of these “effective reflexion coefficients” must 
not, in the present fragmentary state of our knowledge, be unduly strained. 
They represent accurately enough, on the sufficiently accurate assumption 
that the reflexion coefficient at the ground is sensibly unity, the reflexion 
ratio from the second-order reflexion to the tenth. It should not, without 
more refined measurement or more exhaustive argument, be assumed that 
they represent the corresponding ratio for the primarily incident pulse to 
the first- and second-order echoes. Superficially there would appear to be 
some danger of showing a greater return of energy from the whole atmo¬ 
sphere, middle and ionospheric, than was originally incident. Further work 
on the primary ratios is most desirable, and it is hoped that it may be under¬ 
taken. 


The Persistence of the Reflecting Layers 

Having established, by examination of the time-delay series and of the 
reflexion coefficients, that the thin highly ionized strata responsible for “ Z ” 
echoes are of a major importance in the propagation of short waves, and are 
not merely ephemeral and fugitive concentrations with reflexion coefficients 
of less than 1 %, such as might perhaps have been accepted without any 
radical revision of our views on the physics of the troposphere, we may 
return to consider whether the heights already found, 8*39, 9*33, 10*26, and 
10*76 km., retain a significance beyond that of one moment of observation. 

Measurements made at half-hourly intervals from 0930 to 1200 on 11 June 
1935 showed echoes clearly belonging to three groups comprising ninth* 
order reflexions from a, fifth from 6, and eighth from c. The equivalent 
heights for a were 8*86, 8*81, 8*59, 9*00, 8*85, 8*63, 8*85, mean 8*80 km.; 
for 6, 9*3, 9*45, 9*4, mean 9*38 km.; fore, 10-31, 10*47, 10*50, 10*35, 10*40, 
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10*8, mean 10*47 km. Measurements on 28, 29 and 30 June gave almost 
identical patterns, but with the addition of the fourth group, from a d level 
at 11*25 km. 

On 4 July a appeared to lie at 8-27 km., b to be at two levels 9*21 and 
9*75 km. (sixth- to tenth-order reflexions from 9*74, 9*56, 9*95, 9*82, and 
9*66 km.; second- to fifth-order reflexions 9*1, 9*22, 9*22, and 9*28 km.), 
c lay at 10*3 km., d at 10*75 km. There was also clear evidence of reflexions 
up to the seventh order from an e level of 13*51 km. 

On 11 July a lay at 8*51, b at 9*05, c at 10*15, d was not traced, and e 
lay at 14*0 km. 

On 22 November a was at 8*56, /> at 9*46, c at 10*50, d was not traced, 
and e lay at 13*6 km. 

Reference to fig. 4 will show that a few echoes not fitting into the four 
groups a~<l fit with the e level first suggested by the 4 July evidence, in this 
case at 13*4 km. Of these echoes e,, e 2 , and e Q can be identified, the others 
cannot be certainly distinguished from echoes belonging to other groups. 


Reflexions from Stratospheric Regions 

The reflexions discussed up to this point have been shown to be interpret¬ 
able as coming from tropospheric levels, or from the hitherto insufficiently 
defined region of the tropopause. 

We are led, by a number of mutually supporting indications, to the hypo¬ 
thesis that reflexion also occurs from a region well up in the stratosphere 
but well below the ionosphere, and, indeed, well below the D region, to 
which we shall refer later. The consistency of the results outlined in the 
paragraph on reflexion coefficients breaks down, in the example discussed, 
at two points only. The amplitudes of the echoes identified as and 6 10 , 
which are well separated from their neighbours in the whole complex, are 
grossly in excess of that given by the mean coefficient or indeed by any 
admissible coefficient applied to fifth- and tenth-order echoes. We conclude 
from this fact, and from the ratio of the amplitudes of the two echoes in 
question, that in this instance there was a reflecting stratum at a height of 
47 km., with an effective reflexion coefficient of approximately 0*3, giving 
a second-order reflexion at an equivalent semi-path of 95 km. As will be 
seen from fig. 1, Plate 3, the first-order echo from this region has an ampli¬ 
tude comparable with that of the second-order echoes from the tropospheric 
regions. 

In fig. 2, Plate 2, a P\ t record for 4 July 1935, will be seen echoes, ap¬ 
parently unrelated to the tropospheric group, from levels of 40 and 47 km., 
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while fig. 5, Plate 2, shows similar echoes from about 35 km., the higher 
order reflexions from the 10 km. zones being much less intense than these 
stratospheric echoes. 

We are indebted to Dr. G. Goubau, of Munich, for permission to reproduce 
fig. 6, Plate 3, which is a P', t record on several frequencies for the morning 
of 25 September 1935. This record, to which we refer in detail later, shows 
an isolated and sustained reflexion from a height of 30 km. on the frequency 
of 2 Me./sec. 


The D Region 

If we may, for convenience, accept the designation originally applied by 
Appleton as appropriate to the 50-90 km. zone in height, we may treat 
fig. 7, Plate 4, as the first photographic record published of the processes 
of the D region. It shows a diffuse scattering from a region of which the 
base is moderately sharply defined at 60 km., and which extends to the base 
of E region. Fig. 8, Plate 4, shows a similar diffuse scattering from a sharp 
base at 100 km. to well-marked intermediate layers at 134'and 160 km. 
equivalent height. 

Sporadic Bursts of Intense Ionization below 100 km. 

Fig. 9, Plate 4 illustrates, in addition to “ Z-region’* phenomena, the 
other phenomenon which was, in our introduction, described as “partially 
expected”. It shows a short-lived burst of intense ionization at 83 kin., 
remaining for only 5 sec. at the density required to return 6 Me,/sec. waves 
at vertical incidence. Such short-lived bursts are frequent phenomena of 
the D region, both by day and by night. Fig. 10, Plate 5, w hich is a P', t 
record for the 1 hour period 0300 to 0400 G.M.T. on 8 July 1935, for the 
frequency of 6 Me./sec., is representative of the height and time distribution 
of such bursts. 

The Relation of Z-region Reflexion to Frequency 

It has not yet been possible to undertake the somewhat formidable task 
of recording the variation of Z-region equivalent heights with frequency 
(P', / recording). While the data discussed above have been obtained on 
a working frequency of 6 Mc./sec., some observations have been made, with 
an appropriately modified aerial system, on 12 Mc./sec. The result of these 
trials may be summarized by saying that the Z-region phenomena observed 
on 12 Mo./sec. are not sensibly different in general character from those on 
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6 Me./sec. Sporadic trials have been made on still higher frequencies, near 
to and higher than those proposed for television services. On these higher 
frequencies Z-region echoes are not so numerous nor so persistent as on 
lower frequencies, but they are still very frequent and of disturbing ampli¬ 
tude. Further studies on these frequencies, in view of their importance in 
television problems, are proposed. 

It may be added that bursts of ionization at 105 km., giving densities 
sufficient to return “television waves” at vertical incidence, are not very 
infrequent, but that they usually persist for a fraction of a second only. 


The Diurnal Variation of Z-region Reflexions 

The ionization giving Z-region echoes persists by day and by night. In the 
absence of P\f records, mentioned above, we can only accept the intensity 
and relative order of multiple reflexions as a first guide to the variations in 
ionization density, or more accurately in local ionization gradient, in the 
Z region. This rough index points to a gradual increase of ionization at the 
tropospheric levels from sunrise to a maximum some hours after noon, with 
a decrease towards sunset, after which a steady night-time minimum, 
notably below afternoon value but frequently still of substantial amount, 
is suggested. The variation is, however, very far from regular, as will be 
demonstrated by fig. 11, Plate 6, which shows P\ t records for 1900 G.M.T. 
on two successive evenings. 


The Seasonal Variation 

No large amplitude variation in the state of Z region with time of year has 
yet been established. There are very few days at midwinter on which marked 
Z-region reflexion cannot be observed. This wholly inadequate treatment 
of seasonal variation is subject to the qualifications which will suggest 
themselves from the immediately following paragraph. 

The Ionization and its Possible Causes 

The results here outlined point to equivalent ionic densities of the order of 
10 12 ions/c.c. in bursts of some seconds duration at levels between 80 and 
100 km., and to continuous ionization in sharply bounded thin strata, over 
long periods, of 5x 10 12 ions/c.c. or more in regions around 6-10km., 
around 30-45 km., and again around 60 km., at all times of the day, in 
summer and in winter. Our knowledge of these new phenomena is too 
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fragmentary to justify any exhaustive discussion of the corresponding 
sources of the stratification, such as: 

{a) corpuscular radiation from below, 

(6) corpuscular radiation from above, 

(c) cloud sheets, 

(d) phenomena of thunderstorm origin. 

One of us outlines, in Appendix A, a basis for the stratification of charges, 
originating in the thunderstorm mechanism, under the influence of the 
earth’s magnetic field. The only other discussion of the possible replenish¬ 
ment of Z-rogion ionization which we offer here also concerns the effect of 
thunderstorms. 

Two separate thunderstorm complexes passed over the Orfordness Station 
on the afternoon of 18 July 1935. The first approached, in a previously clear 
sky, to give heavy rain at 1230 G.M.T. and to pass overhead at about 1340 
G.M.T. On 12 Me. /sec. echoes of equivalent semi-pa th 15 and 17 km. were ob¬ 
served in addition to unresolved echoes of shorter delay. At 1302 a strong 
echo of semi-path 20 km. appeared, and persisted. At 1325 the whole Z-eclio 
system was observed to be increasing in intensity. During this period no 
notable change was observed in the E echoes which were coming from 
heights of 90, 93, and 100 km. 

By 1403 the Z system had become very much weaker, and no echoes could 
now be detected in the region of 16-20 km. semi-path. A change to 0 Mc./sec. 
was then made, and the whole range of semi-path from 9 to 100 km. was 
found to be occupied by echoes. On reverting to 12 Me./sec. the Z echoes 
could no longer be traced (on aerial systems, used throughout the whole 
afternoon which favoured vertical radiation on 6 Me,/sec. and were un¬ 
favourable for 12 Me./sec.). At 1620 the Z system reappeared, and at 1625 
a second thunderstorm broke over the station. The phenomena of the earlier 
afternoon were repeated, until Z echoes practically disappeared by 1640 
G.M.T., when the storm was already some way beyond the station. 

These observations, themselves almost conclusive in establishing a con¬ 
nexion between local thunderstorms and the replenishment of stratified 
electrification at the 15-20 km. level, or, less probably, at half these heights, 
are supported by independent evidence from Munich, related to fig. 6, 
Plate 3. In the course of a general discussion on ionospheric research which 
one of us was privileged to have with Dr, Goubau at the Technische Hoch- 
sehule at Munich on 25 September 1935, this record for the previous morning 
was taken as a specimen for examination. The sharp and sustained apparent 
reflexion from an equivalent height of the order of 30 km. for periods ex¬ 
ceeding 5-10 min. was at first regarded as possibly resulting from instru- 
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mental maladjustment. We are glad to be allowed by Dr. Goubau to record 
that he is in agreement with our interpretation of this record as showing 
a real stratospheric reflexion, probably resulting from thunderstorm con¬ 
ditions culminating in a thunderstorm which the visitor had observed, from 
the Berlin-Munich express, to pass over Munich on the afternoon of the«day 
in question. The comparison of these two widely separated observations 
gives strong support to the hypothesis of thunderstorm replenishment in 
the 15-30 km. zone. 

The ground for dismissing the hypothesis of instrumental maladjustment 
in this instance was that the emission of a double pulse would have produced 
a corresponding doubling of the ionospheric responses, and that no such 
phenomenon could be traced. It is interesting to note that the evidence 
from such doubling, had it been found, would not have been conclusive. 
If the emitted energy is first returned to ground, and is either a Z layer or 
the E region, and part of this energy is then reflected from ground to either 
E region or a Z layer, then there will appear on the ionospheric P\ t record 
a line parallel to the E-region response line but lying above it at a height 
interval corresponding to the Z level involved. If, further, the process 
extends to a second-order reflexion from E and a single reflexion from Z, 
a second pair of parallel lines would be seen of the same separation (differen¬ 
tiating the process from reflexion at two discrete E levels, which would give 
a doubled spacing in the second-order system). We are indebted to our 
colleague, Miss L. J. Ingram, M.A., who from her intimate knowledge of the 
records taken at Slough was able to find us a record, fig. 12, Plate 0, showing 
this mode of Z-cum-E reflexion for a Z level of approximately 30 km. 


The Bearing of Z-region Phenomena on the Propagation 
of Radio Waves 

The hitherto unsuspected existence of sustained stratified electrification 
of high density and high ionization gradient at levels so low as 0-10 km. 
introduces a new factor of considerable importance into discussions on the 
propagation of radio waves. It must profoundly modify the incompletely 
satisfactory attempts which have been made to account for the propagation 
of ultra-short waves far beyond “optical” ranges. It provides a very much 
better basis than those already tried in explanation of the fading, sometimes 
severe, experienced on ultra-short-wave communication channels. It must 
modify the detailed discussion of ionospheric soundings effected with 
sounding waves which have had to traverse these highly reflecting strata. 
It raises problems as to the validity of a purely “ ground-ray ” treatment 
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of communication on medium frequencies over short distances. On the 
wholly practical side the existence of strong echo systems at vertical 
incidence and a fortiori at oblique incidence on the wave-lengths proposed 
for television may prejudice the quality of the images obtained, even within 
the service area forecast from previously existing data, and will enforce 
special attention to the reduction of upward radiation from the sending 
arrays. 


Meteorological and Geophysical Relations 

It is too early to attempt a discussion of the effects on atmospheric physics 
of a technique which offers the prospect of sounding, easily, frequently, 
accurately, and with certainty, the positions of discontinuities which can 
scarcely fail to have other characteristics of physical discontinuity than 
the electrical ones here discussed. The temptation to relate the tropospheric 
Z echoes to “cloud layers”, their immediately higher neighbours to the 
tropopause itself, the stratospheric systems to the ozone maximum in the 
15-30 km. zone and to the possible “sound ceiling” at 40-50 km. is very 
great, but is at present to be resisted. Indeed, this first suggestion must be 
dismissed in so far as it refers to visible cloud layers, since Z reflexions from 
tropospheric heights are customary, persistent and copious even when the 
whole visible sky is, for long periods before and after the time of observation, 
entirely free from visible cloud. But at the lowest estimate those new 
observations offer a higher hope of rationalizing the scattered data on the 
relations of weather and wireless than has previously presented itself. 

This work has been carried out as part of the programme of the Radio 
Research Board, and this communication is published by permission of the 
Department of Scientific and Industrial Research. We take this opportunity 
of thanking the Air Ministry for the exceptional facilities which they have 
placed at our disposal at Orfordness for the conduct of this work. We have 
also to express our gratitude to our colleagues in the Radio Department, 
National Physical Laboratory, for their interest and assistance in the work; 
in particular we would mention especially Mr. L, H. Bainbridge-Bell, M.A., 
who was closely associated with us in the design of the apparatus and in 
the first observations on Z-region phenomena. 

Summary 

Observations spread over a year from May 1935 have established the 
existence of sustained stratified electrification, of such ionization density 
and gradient as to return radio waves of frequency 6-12 Mc./sec. at vertical 
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incidence, at a variety of levels in the troposphere and the stratosphere. 
Strata persisting without substantial change of level for at least several 
days have been identified at such heights as 8*5, 9*3,10*3,10*75, and 13*5 km. 
with reflexion coefficients, of the order of 0*7, giving measurable echoes up 
to the tenth order, beyond which they are not readily distinguished from 
ionospheric echoes. Apparently independent stratification at 45-50 km., 
with a reflexion coefficient of 0*3 for 6 Me./sec. waves, and the D region at 
and above 60 km., are also recorded. Reflexions from all these regions are 
obtained, with significant reflexion coefficients, at and above the frequencies 
proposed for television services. 

The ionization does not fall to very low values at night, and has no 
seasonal variation of large amplitude. Evidence is given of replenishment 
around the 20-30 km. levels by local thunderstorms. 


APPENDIX A 

Theory of Production of“Z ” Ionization by Thunderstorms 

Wilson in 1924 ( 1925 ) suggested that a penetrating corpuscular radiation 
might be produced in the intense fields of thunderclouds, and outlined 
a mechanism in which electrons are accelerated vertically upward through 
the length of a thundercloud, gaining energy corresponding to the free 
potential between the poles. Shooting vertically through the top of the 
cloud they would be bent back towards the ground by the action of the 
earth’s magnetic field. 

It is interesting in view of the “Z” observations to consider the levels 
to which such radiation is returned and the area in the neighbourhood 
of a thunderstorm over which it would be effective. Calculations of the 
trajectories of charged particles in the earth’s magnetic field have been made 
by Stormer and his co-workers. The cases he considers are particles incident 
on the earth from outside, or particles leaving the earth and never returning. 
Trajectories of particles of terrestrial origin and which return to earth again 
do not appear to have received such attention. 

In a few very simple cases such trajectories can be computed by graphical 
construction, and the treatment which follows, although it only touches 
on the problem, gives some indication of the results to be expected. This 
appendix is incidentally almost a verbatim copy of a treatment of a similar 
problem published (Bowen 1934 ) some 12 months before the discovery 
of u Z” region, which indicated the possible existence of low-level ionization 
in the atmosphere and its relation with thunderstorms* 
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The kinetic energy in ergs of a particle of mass m 0 moving with velocity v, 



( 1 ) 


where /? = VjC , and when the energy is measured in electron volts, 


ti Fe. 
ikln ~ 300’ 


( 2 ) 


where V *= energy in electron volts, 

* electronic charge in e.s.u. The curvature of such a particle in a 
magnetic field H is given by 
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From (1), (2) and (3) 
or 
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giving immediately the radius of curvature p of a particle of energy V 
electron volts moving in a magnetic field II gauss. 

It remains to know the loss of energy experienced by runaway electrons 
along a trajectory in air. At atmospheric pressure some 40 ion pairs are 
produced per centimetre of track of an energetic electron, each pair requiring 
the expenditure of 30 V. A particle of high initial energy therefore loses 
some 1200 V of its energy for every centimetre of path at atmospheric 
pressure. 

In fig. 13 are shown trajectories of electrons of different energies projected 
vertically upwards from a storm in an equatorial plane. It is assumed that 
the earth’s field is everywhere uniform, parallel to the ground and has a value 
0*5 gauss. The electrons are assumed to begin at a height of 10 km. and to 
have initially the energy assigned to the paths in the figure. The rate at which 
energy is lost is taken as the same for each particle, namely 1200 V/om. 
of path at atmospheric pressure, and allowance is made for change of 
pressure with altitude. 

It is found that particles of initial energy less than 2 x 10 9 V fail to reach 
the ground and are absorbed in a region between ground-level and a height 
of 20 km., at distances up to 150 km. from the storm centre. This region 
in which trajectories end is one of intense ionization and is the suggested 
cause of Z-region ionization. 

In planes other than an equatorial plane the trajectories would be more 
and more complex, but particles would nevertheless come down to about 
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the same levels. On the other hand, as the earth’s field has progressively 
smaller horizontal component, considerably greater distances would be 
traversed before a particle actually reached the ground. 



Distance from thunderstorm (km.) 
Flo. 13 


In this way it is possible for widespread regions of low-level ionization 
to exist in higher latitudes of: 

(«) substantial amount in summer, rather leas but still perceptible 
amount in winter, 

(b) showing a maximum intensity during the afternoon, a minimum at 
night, and 

(c) showing considerable increase of intensity with the near approach of 
a thunderstorm. 

These expectations are in reasonable agreement with observation, with 
the exception of the first item about which least is known. 
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The Elastic Stability of a Thin Twisted Strip—II 
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Introduction 

1 —In a previous paper* the present writer discussed both theoretically 
and experimentally the equilibrium and elastic stability of a thin twisted 
strip, and the results obtained by the theory were found to be in good agree¬ 
ment with observation. It has, however, been pointed out by Professor 
Southwell, F.R.S., that the solution of the stability equations which was 
given in that paper may only be regarded as an approximate solution for, 
although it satisfies exactly the differential equations and two boundary 
conditions along the edge of the strip, it only satisfies the two remaining 
boundary conditions approximately. The author has also noticed that the 
coefficients n a m in the Fourier expansion of 0 2 cos mO which were used in A 
are incorrect when m = 0, and this has led to errors in the numerical work so 
that the values of rb 2 jn 2 h which are given in Table I of A are wrong. In the 
present paper a solution of the stability equations is obtained which satisfies 
all the boundary conditions. This solution is very much more complicated 
than the approximate solution and much greater labour is required for the 
numerical work. The numerical work for the approximate solution of A 
has also been revised and the corrected results are given in §§9, 10. It is 
found that the results for the approximate solution are in good agreement 
with those obtained from the exact solution and that both agree moderately 
well with the experimental results which are given in A. 

The main part of this paper is an extension of the previous work and is 
concerned with the stability of a thin twisted strip when it is subjected to a 
tension along its length. The theory has been compared with experiment and 
satisfactorily good agreement between them was found. 

The theoretical discussion of §§2-4 which leads up to the stability 
equations follows closely on the lines of that given in A and results obtained 
in that paper will be quoted as far as possible. The numerical work that has 
been done has been limited to the case of the steel strip “B” which is 
described in paper A, and for the two cases in which the tension imposed on 
the strip was 110 and 610 g. 

♦ Green (193*6). This paper is referred to as "A”, 
t 197 ] 



198 


A. E. Green 


The theory indicates that the strip will become unstable at a definite 
value of the twist and that the instability will be in the form of a number of 
loops superposed on the twisted strip. The chief difficulties in the experi¬ 
mental work which was undertaken to test these predictions were the 
obtaining of correct boundary conditions and the nieasux*ing of the number 
of loops which were to be found when the twisted position of the strip became 
unstable. It was only necessary to have a method of measuring the value of 
the twist at which instability occurred and not the value of the couple acting 
on the strip, as the formula for this couple, which to our order of approxima¬ 
tion is unaltered by the tension, was tested in the previous work. The 
apparatus and the experimental details are described in § 14. The length of 
the strip used when the tension was 1 10 g. was 25*3 cm,, and when the tension 
was 510 g. the length was 10*4 cm. Comparison between theory and observa¬ 
tion is shown in § 15. 

It is possible to obtain an approximate solution in the general case when a 
tension acts on the strip by a similar method to that used in A. As the 
numerical work involved in this solution is very much simpler than that 
required for the complete solution, it is thought that a comparison of the 
results which are obtained from the two methods will be of use. This is 
shown in §§ 10, 15, and it is found that agreement between the two is very 
good. 


Equilibrium 

2—An origin is taken in the centre of a cross-section of the strip, axes y 
and z parallel to the edges of the section, and an axis of x along the length of 
the strip. The plane z = 0 is called the “middle surface”, and the axes of 
x , ?/, z are chosen to be a right-handed system. The outside faces of the strip 
are given by y = ± b, z = ± h, and b is large compared to h. The strip is of 
length 1. 

Now suppose that a couple is applied to the strip about the a>axis, and a 
tension along the a?-axis which can be imagined to be applied at the end 
sections. The middle surface of the strip becomes a right helicoidal surface, 
such that the central axis of the strip remains straight but may suffer exten¬ 
sion or contraction. The straight lines x — constant become straight lines 
on the helicoid, perpendicular to the a>axis, and the straight lines y = con¬ 
stant become helices on the helicoid cutting the first set of lines orthogonally. 
As in paj>er A (p. 432 ) we can regard x and y as parameters which determine a 
point of the strained middle surface and we can construct a right-handed 
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system of moving axes X , Y , Z so that the origin is at the point (as, y). The 
axis of X is the tangent to the curve y - constant which passes through the 
origin, drawn in the sense of increase of x, and the axis of Y is along the 
straight line x « constant which passes through the origin, drawn in the 
sense of increase of y , and the axis of Z is normal to the surface at the 
origin. 

Let the tension per unit area over any cross-section be denoted by T and 
let T* = T/E. We assume that the twist r is of the order h/b 2 and that T 9 
is at most of the order h/b. This allows for tensions up to an order of magnitude 
of about 10 fl g. for the strip used in the experiments. The stress resultants 
and stress couples referred to the moving frame X, T, Z can be expressed, 
correct to the order A 3 for resultants and h 4 for couples, as * 



2\ = 2 Eh{ JrV - + T'), T 2 = S 1 = S 2 = 0, 
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These expressions are the sum of the first order or “St-Venant” terms and 
second order terms which arise when we include values of the twist above 
the first power of r, and they satisfy the equations of equilibrium (A, pp. 
431 - 4 ). There are no body forces acting on the strip, no surface tractions 
over the edges y ~ ±b and over any section x — constant we have only 
stress resultants (Tj, 0 , N x - dHJdy). These produce a couple round the 
axis of x of magnitude 

c . j b M - dHJdy)(\ - lTY)ydy+J b T l { 1 - \rY)ry*dy ( 4 ) 
and a force in the direction of the z-axis of magnitude 

F - J 6 T x dy (5) 

to our order of approximation. On evaluating (4) and neglecting terms of 
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higher order than required, we find that the coupJe is the same as in paper A 
(p. 435 ), namely, 

C = /iTbh^- h b (3-361 )J + & Et*hb\ ( 6 ) 

In addition, (5) gives a force in the direction of the a^axis of magnitude 

F « mT. (7) 


Stability 


- 3 —If the equilibrium configuration investigated above is critical, then 
there will be a neighbouring position of equilibrium. The equations, 
governing this neighbouring position of equilibrium, or in other words the 
stability equations for the first equilibrium position, are obtained in exactly 
the same manner as in paper A (pp. 436 - 44 ). Let u 9 v, w; denote the dis¬ 
placements of any point of the strained middle surface referred to the 
moving axes X , Y f Z and assume that w is of the order h 2 jb and u and v are 
of the order A 3 / 6 2 . Then the expressions for the stress resultants, neglecting 
terms of an order higher than A 4 , and for the stress couples, neglecting terms 
which are of higher order than A ft , are* 
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A, pp. 443“4- The last expression 
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The stability equations are now 

ST, dS 2 n 
dx + dy ’ 

"i dx + dy ~ °’ 
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( 10 ) 


and 


d» dy +jy *~ 0 ’ 

»+»-*- o. 

da: 3y 


( 11 ) 


Eliminating JVj and iV 2 and substituting for T*,..., (? 1 ,... from ( 8 ) and (9), 
these equations can be replaced by the following three equations 
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4—The next step in the solution of these equations is exactly the same as 
in paper A (pp. 445 - 6 ). Setting 
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equations (12) and (13) are satisfied, while (14) becomes 
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(15) 
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(17) 
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u and v can be eliminated from (15), (16) and (17), the result being 

(19) 

5—It can be immediately verified that the stability equations (18) and 
(19) reduce to those given in paper A when T' =* 0 (p. 445 ). Further, if 
r sb 0 , the equations reduce to the single equation 

^ - (1 - <7*) T U = 0, (20) 


which is seen to be the well-known stability equation for a flat rectangular 
plate which is subjected to an edge thrust of — T f per unit length over two of 
its edges. 


6 —We now put the equations in non-dimensional form; (18) and (19) may 
be satisfied by 

w = W sin fix \ 

A , t (**) 

and yr = yr x cos/&tj 

where ft is constant and W and xjf x are functions of y only. Let the variable 
y be changed to 0 (~ ny/b), and let 

fix = Wh, t* = rb/n , ft ' = fib/n , & = 1 -~o- 2 , 

fc = bjnhy p * fiYk . 

Equations (18) and (19) then become 
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7—The stress resultants and couples along the edges of the strip are 
given by expressions (13) and (14) of paper A, but to the required order of 
approximation these reduce to stress resultants 

T v S v iVj - dHJdy, (24) 

and a stress couple Q x over the boundaries x = constant; and stress resultants 

T t , S 2 , N 2 - dHJdx, (26) 

and a stress couple 0 2 over the boundaries y = ±b. There must be no surface 
tractions along the edges of the strip, so from (25) 

T t ** S 2 = iVj— dH 2 )dx = (?j = 0 


(26) 
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when y - ±b. If these conditions are combined with equations ( 8 ), ( 9 ), ( 11 ), 
(16), (17) and (21), they reduce to 


¥ 


d¥ 

Iff '' 


d*W 

m' 


= 0 , 


d*W 

d(P 


— (Tfl 


= 0 
dO 


(27) 


at 0 = ± n. 


8 —In paper A we expressed W and W as Fourier series and obtained the 
condition that these series satisfied the stability equations. This involved 
the assumption that the series could be differentiated four times and 
although this appeared to be justified by the results it seems desirable to 
put the solution on a sounder theoretical basis. The method to be adopted 
is similar to that used by Leggett ( 1935 ) and it will be seen that the original 
method does in fact give the correct solution. 

The solutions of equations ( 22 ) and (23) fall into two classes, the first when 
W is even in 6 and V'is odd in 0, and the second when W is odd in 0 and V is 
even in 0 , and these can be considered separately- The latter solution in 
which W is odd in 0 would mean that the central line of the strip remains 
undisplaced and this does not appear to be a solution which is of physical 
interest.* We therefore confine attention to the case when W is even and W 
odd in 0. 

d \V 

From the above considerations will be capable of expansion in a 

aO 


Fourier sine series and 


dW 

dO 


in a Fourier cosine series in the interval (— 7 r, rr). 


We put 


dW $ a - n 
16 = - r 2 rO, 


(28) 


and 


JW as 

~ - 2 rB r cos rff + jB 0 . 
av f =i 


(29) 


Then as a result of general theory r | A r ) < Kjr and r ) B r j < K'jr, K and K' 
being positive constants independent of r, also both series may be inte¬ 
grated term by term, giving in the open range (~n,n) 


00 

W = Y A r cos rO f 

r-0 

W s Y/Lsinr0 + 7i o 0 +J8\ 

* A rough calculation also shows that this solution gives much larger critical values 
for the twist than are likely to’occur* 



Vol CLX1—A 


r 
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where B ' is a constant. Since each side of the equations in (30) is a continuous 
function of 6, it follows that the equations are true in the closed interval 
( — n, tt), and so the boundary conditions for W give B 0 = B f = 0. Equations 
(22) and (23) may now be written as 


<mv 

d¥ 


i 7 r 2 \ 00 

+/ 4 ^ + ipV'(^-3) I^oossO 


-f L/l' 2 ^ A r OO&r6 — Qp 2 r B r OOBrd “ 0, (31) 

0 r-1 

^40/ ,721// 00 

and ^,-2/^+/t'<y+2/*r' ^r^sinrtf - 0, (32) 

where L = 3 a'k 2 T\ 


We now expand every term in (31) of the type 0 2 cos sO in a Fourier cosine 
series, thus 


00 



0‘ 2 COS sO — A- 008 r &> 

r~0 

(33) 

where* 

0 a 0 ” 

(34) 

and 


(35) 

if r * a, r + 0, 

»«0- ( , 2 -. 

(36) 

if 8 4 = 0 and 

/z r = ^7T 2 -f — 2 , 

(37) 

if r = 5 + 0, and we put 



00 00 

2 -4 S # 2 cos 80 =« ^ c r cos r#, 

r-0 

(38) 

where 

aO 

» 2 

(*«*0 

(39) 

Equations (31) and (32) now take the form 



dW „ ,.d*W . 

W 2/i dfl* + ' 4 F “ £w r F(r)co&r0 

(40) 

and 

,?2U/ 00 

^-V , ^ + /^=I^r(r ) 8 in^ 

(41) 


* Cf. A, p. 446 for correction. 
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where 

and F(r) 


w r F(r) + fpv(c r ~ n *A r y Lji’*A r -0prB r = 0,1 

4> r F(r) + 2pa'rA r = 0 J 

(r*Particular integrals of (40) and (41) are 


(42) 


W = £ w r cos r0, 


r-0 




2 & sin rO, 

r«“ X 


(43) 


where w r and </> r are 0(r~ 5 ). 

In the particular cage when T' = 0 it will be seen that the values of W and 
W which are given by (43) are the same as those obtained in paper A and that 
if we eliminate the unknown constants we have the same infinite deter¬ 
minant from which we can find the critical values of t. Hence the method 
of solution given in A is justified. The integrals given by (43) satisfy the 


boundary conditions 


d«W 


dm 


3 (Tfl 


'2 


dW 

do 


0 , « 0 at 6 = ± 7 r, that is, the 


conditions N 2 -~dHJdx — 0 and T z — 0 along the edges of the strip, but the 
remaining edge conditions S 2 = 0 2 « 0 are only satisfied at the zeros of 
sin/tar. So it is necessary to write down the general solution of (40) and (41), 
determine the constants so as to satisfy all the boundary conditions (27), 
and then express the resulting expressions for W and W as a cosine and sine 
series respectively. The required general solutions are 


W - a cosh p’0 + bO sinh /i f 6 4- j? w r 008 | 

"I" (44) 

¥* « c sinh fi’0 4* dd cosh ji'0 + ]? <f> r sin rd, 

r-1 ) 

From the way in which the particular integrals (43) were obtained we see 
that they can be differentiated term by term at least four times. Hence the 
boundary conditions give the following four equations for a, b 9 c,d : 

a( 1 — <r) fi* sinh p'n 4- 6[(3 — cr) sinh f ?r 4- (1 — <r) Tip! cosh p'yr] ** 0, (45) 

a(l — cr) p ,% cosh p'n 4- bp' [2 cosh p f it 4* (1 — <r) np* sinhp'n] 

* 2(~) r (r 8 4-a/ 2 )w r , ( 46 ) 

r-*0 

c sinh p'ir + dn cosh p'n =* 0, ( 4 ?) 

CO 

and c/t'co8h/t'7r + d(co8h/t'w + 7r/t'8inh//'n-) = 2 ( —) ,-1 r^ J .. (48) 
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Solving the above equations for a, b, c, d, we get 

00 00 

a* j« r w r , b = %v r w r , 

r= 0 r=“0 

00 00 

^ = 5>r0r. 
r=®l r«*l 

where 

_ ( — ) r (r 2 + <r//' 3 ) [(3—crjsinh/y'rr + (1 — cr) 7r//'cosh/// tt] 
r (1 — crp -f sinh ///tt cosh /y'7r] 

__ (~) rl (r 2 + (T/^ 2 )sinh/i'7r 

r (1 ~<7)/i'[7r/< , + sinh// , ji r cosh/eVi’ 

_ (— ) r 7rr cosh/t'Tr 

r si nh /* V cosh // '77 — 7r//' * 

__ (- ) r i r 8 inh fi’n 

^ r sinh fi’n cosh fi'n — n/t/’ 

We now express W as a cosine series and W as a sine series. Put 


00 


a cosh ju.'0 + bO sinh fi’6 = %G r cos rO, 

r-0 


(49) 

(50) 

(51) 

(52) 

(53) 

(54) 


00 

c sinh ft '6 + dd cosh ft'6 « ]£ // r sin r0, 

r»l 

1 r» 

then 6r r — (aeosh///04~ 60sinh/y'$) coBrOdO, (r + 0) 

nj ~n 

(? 0 « ~~ J (a cosh ft'6 4- bd sinh fi'6) dO , 

// r = - f (c sinh ///0 4 * <20 cosh ft'6) sin rddd. 

7TJ 


and 

Introduce / r> ,/ r> L ri M r defined by 

0 r 3= €tl r + 6l/ r , 
H r as ci f 4-dJ/ r> 

then from (50), (57) and (58) we have 


} 


(55) 

(56) 


(57) 


(58) 


. 2u‘ sinh tt’n cos rn 

*— ip+?>r~< <r+U) 

, sinh/yV 

» 

7 T// 


(59) 




The Elastic Stability of a Thin Twisted Strip 207 


2 pAa yir 

J T = ^( r 2 ' + ^'a ) 2 \. n F'(ri + /*' 2 ) eOBh //'/r + (r s - /t' 2 ) sinh/t'w], (r + 0) 


4 

and 


o = —,g (fl/t' cosh /^'tt — sinh /i'n), 


L r ~ 


2 r sinh /tV cos m 
7r(r 2 +/<' 2 ) ’ 


M t = - [>r(r 2 +//'*) cosIi/z'tt - 2//' sinh/t'TrJ. 

The expressions (44) for W and W may now be written as 

GO cc 

W = 2 ( W V + O r ) cos rO = j ■ («? r + a/ r 4- 6 J r ) cos r0, 

r==(> r—0 


(60) 

(61) 

(62) 


(63) 


J (<P T + H r )BinrO = 2 ( 0 r +c7> r + a(3/ r )sin r(). I 

r«1 r-J ) 

These are identical with the values given in (30). Therefore we have the 
following system of equations 

■A r — w T + nl r + bJ r , 1 

[ (64) 

Ji r = <t> T + c,L r +dM r .\ 

Combining these with (39) and (42) gives a double infinity of linear equations 
for the double infinity of constants u> 0 , w v ..., <j> v <j> 2 .... These equations 
are 

w T F(r) + fpvjjr (w„ + al 8 + bJ„) ,a r - (w r + al r + 6J r )j 

+ Lfi' a (w r + al r + bJ r ) - Qpr(<j> r + c,L r + dM r ) = 0 (65) 


for r = 0 , 1 , 2 ,.... and 


<j) r F(r) + 2pcr'r(w r + al r + bJ T ) = 0 


( 66 ) 


for r * 1,2 . 

Using the expressions (49) for a, b, c, d, the equations (65) and ( 66 ) become 


w r F(r) + fpV'j IfirW. - J «V ’+ 2 «p«V 

00 CO 7T 2 \~ 00 00 1 

+ 2 * a A 2 V P W P~ o- l r 2 U * W » + J rl W 

“ s=0 J 


p—Q 

i 


L s ~0 


/CO CO 

+ L/l' a lw r + / r 2« S w » + J r1 


•-0 


£•**0 


- « pr{<f>r+L r 2 *Js + M r 2 y *<}>*] - 0 (67) 
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for all integral values of r including zero, and 

<j> T F(r) + 2pa-'r\w r + I r £ u„ w„ + J T £ v t w}, = 0 (68) 

\ »-o s-o ) 

for all integral values of r. 

The equations (67) and (68) consist of a double infinity oflinear relations 
between our doubly infinite number of unknown constants w 0t w v ... 9 <j) v 
<f > 2) ,... These relations are satisfied by non-zero values of the constants if an 
infinite determinant vanishes. This condition is 


F(Q) + X 00 


0 

*,0 

0 

*01 

F(l) + X n 

— 6 pE n 

x sl 

-*pE% i — 

2pa'H 01 

2pcr'H u 

F(l) 

2pcr'H n 

0 

*02 

x i2 

— 6 / 3 . 2/? 12 

m+x n 

— 6 /:>. 2^22 

2 pa '. 2// 02 

i 

2po-'.2H xt 

0 

2p<r'.2H n 

^( 2 ) 


(69) 

where X» - f pWQ„ + L/i’*H rs , (70) 

- a- £$+«>{ ( ?1 ) 

= u r I 3 + v r J„ + 6 ;, (72) 

and E„ » x r L,+y r M a + 8 r „. (73) 

The symbol 8 r t has the usual meaning, namely 

8, = 1 if T as 8, 

*■ 0 if f 4 s £■ 


We must now show that the determinant (69) converges. It can be written: 

/(»)+X^. — fbp.nE„ lH ^n+l.ri — ... 

2 pir'.nH n , n F(n ) 2 p<r'.nff B+ ,, B 0 

-JV>.(» + l)-E„ n+ j r(n+l) + Z B+l . B+ , -6p.(n+l)J! n+li „ +1 ... 
2pcr'♦ (n +1 )H n#n+1 0 2p<T / .(n+l)H n+1|fl+1 i'Xn-l-l) ... 


Divide the first two columns written down by n 4 , the next two columns by 
(?t+ l) 4 , and so on. Next add the second row to the fourth and after this 
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subtract the fourth column from the second. Then add the row before the 
first to the second and afterwards subtract the second column from the 
column before the first and so on. Typical diagonal terms are then 

(1 +/e^/n*) l + JT llfn /n 4 and (l-f/y/ 2 /w 2 ) 2 
and typical non-diagonal terms 

XJn\ 2f ~[(r+ 1 )H n>r+1 +rH nr ] and [(1 +// a /n a ) 2 -( 1 +/*' 2 /(n+ l) 2 ) 2 ], 

the last type appearing n times. There are also non-diagonal terms which 
are the sum of elements of the type 

ti-Y&pnErJr* 

such that each element of this type occurs in r terms. It can be shown that 
the series contained in X nr converge, and then that the product of the diagonal 
terms converges absolutely like 77(1 + 1 /ft 2 ). It can also be verified that the 
contributions to the sum of the moduli of the non-diagonal elements from 
each of the typical terms given above converge respectively like* 

(ri/ft 2 ) 2 + (i:i/ft a )(ri/ft d ), (£l/ft 2 ) 2 , Zl/n a and (271/ft 2 ) 2 . 

Thus the product of the diagonal terms converges absolutely, and the sum 
of the non-diagonal terms converges absolutely and so the determinant 
converges. 

We now consider the determinantal equation (69). For any given value 
of T' and /// it is an equation in p having an infinite number of roots, but it is 
of course only with the smallest of these roots that we are actually con¬ 
cerned. Since, however, p cannot be obtained directly as a function of /i\ we 
approximate to it by considering the value of p obtained from the deter¬ 
minantal equation in which we take successively 4, 9, 16,... elements at the 
top left-hand corner of (69). The accuracy of the results obtained iri this way 
is considered after they have actually been found. 

It can easily be verified that with the expressions (44) for W and W the 
stress resultants and couple (24) over the end sections of the strip give, to 
our order of approximation, the same values for the tension and couple 
acting on the strip as in the equilibrium case. 

9 —Before discussing the above results numerically we will obtain an 
approximate solution for the general case when a tension acts on the strip. 

* The last two types given above have to bo multiplied by « and r respectively, 
since they occur in w and r terms. 
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This may be done in a similar manner to that given in paper A and, in fact, 
the solution is the particular integrals (43) which only satisfy two of the four 
boundary conditions along the edges of the strip exactly and the other two 
approximately. As the numerical work for this solution is very much easier 
than for the exact solution it seems to be of value to compare the results 
which are obtained from them. The infinite determinant from which we 
obtain the critical values of the twist reduces in this case to 


F(0) + L/i’* 

3 p 2 <r' 

~ 1 *" 

0 

•lp*ar' 

2 2 

6 /oV' 

l 2 


-6 P 


0 

2 per' 

F{\) 

0 

6 p % <r' 

_ 6 , v n 2+22 1 

0 


2 2 

^ L(1 3 -2 2 ) 2 J 

* V-J + 4 2 2 + " 

0 

0 

0 

2p<r' . 2 


i ... ... ... ... 1 - 0 . 

(74) 

By comparing this for the case when L = 0 with the determinant (57) of 
paper A we have the necessary correction to the second and fourth elements 
of the first row.* 


Numerical Results: Approximate Solution 

10 —Sincep contains p' as a factor put 

P « z/4 (75) 

where z ~ rb^/nVi, (76) 

so that z is required in terms of p\ Using the first four elements of (74), we 
have as a first apptoximationf 

4r>z*~L+p'* + y[(L + ^ + (128)(l + - Jr i){(l + ^ + V»}]. (77) 

* The error in the fourth element of the second row in (57) of A is a printer’s error, 
t The value of <r is taken to be 0*25. 
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The first nine elements of (74) give as a second approximation 
45(1 +/t'*) a z* = (L+// a ){16 + (l +/t'*) 2 } + 

y[(i+/*)*{ 16 + (1 +/*)*}* + 128( 1 + /t'*)« 11 + ^ {(1 +/*)* + J. 

(78) 

Putting L s* 0 in (77) and (78), we obtain the corrected form for the expres¬ 
sions (60) and (61) of paper A. 

The third approximation is the smallest real root of the determinant (74) 
when we use only the first 16 elements and this root is obtained by the 
method described in paper A. 

The corrected values of z evaluated for various values of /// for the case 
when no tension acts on the strip are given in Table I, and hold for any value 
of the ratio h/b. 

♦Table I— Values of rb^/nVi when F « o. (Approximate Solution) 



First 

Hecond 

Third 

ft 

approximation 

approximation 

approximation 

0 

0*5014 

0*5014 

0-5009 

0*05 

0-5020 

0*5030 

0-5022 

0*1 

0-5042 

0*5076 

0-6070 

0*12213 

0*5055 

0*5105 

0-5099 

0*14656 

0*5072 

0*5146 

0-5139 

0*17827 

0*5100 

0*5207 

0-5199 

0*2 

0*5122 

0*5254 

0-5247 

0*3 

0*5254 

0*5520 

0-5512 


Numerical work has been carried out for strip “B” of the previous paper 
for the cases where F , the total tension acting on the strip, has the values 
110 and 510 g. For convenience the dimensions and elastic constants of the 
strip are reproduced in Table II. The values of Tb z lnVt evaluated for various 
values of ft for the above values of the tension are given in Tables III 
and IV. 

Table II 


E ju tx h b 

Strip B 2*106 x 10 1S 8-424x 10** 0*25 0*015 0*018 

Lengths are measured in cm. and E and fi in dynes per sq. cm. 

From Tables I, III and IV it is seen that the second and third approxima¬ 
tions for the values of rb 2 jn 2 h agree correct to the first three decimal places 
except when f! = 0*2 and 0 * 3 , but the difference in these cases is only one in 

* The fourth figure in all the tables is doubtful. 
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the third decimal place. Since, however, the third approximation is an 
appreciably closer approximation than the second, it can be deduced that 
the values of TlfijvVi for the third approximation are accurate to at least three 
figures, either exactly or to within less than 0-2%. Approximate curves 
showing the relation between Tb 2 jn% and ft' are given in fig. 1. 


Table III— Values of tW/ttVi when F = 110 g. 
(Approximate Solution) 



First 

Second 

Third 


approximation 

approximation 

approximation 

0*05 

0*5326 

0*5337 

0*5330 

01 

0*5123 

0*5160 

0*5155 

0*12213 

0*5113 

0*6165 

0*5158 

0*14656 

0*6113 

0*5187 

0*5178 

0*17827 

0*6125 

0*5236 

0*5227 

0-2 

0*5144 

0*5277 

0*5268 

0*3 

0*5264 

0*5530 

0*5519 

Table IV — Values of rb^j-nVt when F = 
(Approximate Solution) 

510O. 


First 

Second 

Third 

/*' 

approximation 

approximation 

approximation 

0*05 

0*6141 

0*6160 

0*6150 

0*1 

0*6394 

0*5437 

0*5430 

0*12213 

0*6301 

0*5359 

0*5351 

0*14656 

0*6247 

0*5327 

0*6319 

0*17827 

0*6220 

0*5335 

0*5327 

0*2 

0-5218 

0*6359 

0*5351 

0*3 

0*5301 

0*5571 

0*5562 


Numerical Results: Exact Solution 

11—Owing to the complicated nature of the numerical work which is 
required for the exact solution, only the first and second approximations to 
the values of z, corresponding to oertain selected values of ft', have been 
obtained; that is, we have only obtained the values of z from the determinantal 
equations in which we take successively four and nine elements from the top 
left-hand corner of (69). It will be seen that the approximations converge 
quite rapidly so that we may take the second approximation as the required 
value of z. 

Numerical work for the case when no tension acts on the strip is given in 
Table V and holds for any value of the ratio h/b. 
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Fig. 1 


Table V—Values of rt^jn'h when F =* 0 



First 

Second 

/*' 

approximation 

approximation 

0 

0*5185 

0*5185 

005 

0*5189 

0*6196 

0*1 

0*5206 

0*5225 

012213 

0*5220 

0*6249 

0* 14656 

0*5234 

0*5273 

0*17827 

0*5254 

0*5312 

0*2 

0*5271 

0*5339 


Numerical results for strip “B” and for the cases when the tension on the 
strip is 110 and 510 g. are given in Tables VI and VII. 

From Tables V, VI and VII it is seen that the first and second approxima¬ 
tions for the values of rb 2 jn i h either agree correct to the first two decimal 
places or only differ by one in the second place. Since, however, the seoond 
approximation is an appreciably closer approximation than the first, it can 
be deduced that the values of for the second approximation are 
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accurate to at least two figures, either exactly or to within less than 1 %. 
Approximate curves showing the relation between Tb^jn^h and//' are given in 
fig- 2. 

Table VI —Values ok when F = 110 o. 



First 

Second 

/*' 

approximation 

approximation 

0-05 

0-5346 

0-5353 

0*1 

0-5251 

0-5268 

0*12213 

0-5251 

0-5277 

0*14650 

0-5253 

Q|5294 

0*17827 

0-6268 

0-6326 

0*2 

0-5282 

0-6363 

Table VII- 

-Values of rb^/nVt when F = 510 g. 


FirBt 

Second 


approximation 

approximation 

0*05 

0*5793 

0*5803 

0*1 

0*5391 

0*5413 

0*12213 

0*5346 

0*5379 

0*14656 

0*5322 

0*5366 

0*17827 

0*5315 

0*5379 

0*2 

0*5320 

0*5397 



Fig. 2 
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12— If the results of Tables I and V are compared, it will be seen that the 
critical values of r obtained from the approximate solution are in fairly good 
agreement with those obtained from the exact solution. On referring back 
to paper A, it will be seen that although agreement with observation is not 
quite so good as was first expected it is nevertheless still satisfactory. There 
will also be a difference in the numerical factor contained in the work of 
§ 15 of paper A, which now reads* 

/t6 2 \ 2 

3^(1 +cr)I j- I — 2-029, C = (3*029) ^fiTbh? approximately. 

13— We now consider the new results which have been obtained when a 
tension is acting on the strip. The values of Tb 2 jn 2 h given in Tables III and 
IV and in Tables VI and VII are the critical values at which the strip becomes 
unstable for various values of fi* and for the two cases where the tension on 
the strip is 110 and 51 Og. The distance between successive zeros of w is, 
from (21), equal to njjti and there must be an integral number of these zeros 
along the length of the strip. Hence we can write 


jti' = mA, 


where A — bjl and m is an integer. In our problem A is given and then /// can 
take any of the values A, 2A, 3A,and corresponding to each of these values 
of y! there exists a unique value of rb 2 jv 2 h deducible from the curves in 
figs. 1 or 2. It is with the least of these values that we are actually concerned 
since for the given A it is the maximum value of Tb 2 /n 2 h consistent with 
stability. The particular cases considered are shown in Table VIII. 

Table VIII 



F 

l 

A 


g* 

cm. 


Case I 

110 

25-3 

002443 

Case II 

510 

10*4 

005942 


From Tables VI and VII and from the corresponding curves it is seen 
that in the exact solution the values of m which give rise to the smallest 
value of rb 2 jn 2 h are 5 and 3 for cases I and II respectively, and that the 
corresponding values of rb 2 /n 2 h are 0*5277 and 0-5379.f As rb^/n^h passes 

♦ In A the values of the numerical factors were misprinted and should have been 
1*43 and 2*43 respectively, 

t Owing to the fact that the fourth figure in the calculations is doubtful, it is just 
possible that the value of m for case I may be 4 instead of 5, since the corresponding 
values of rb*fn*h are almost thfc same. 
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these critioal values in each case, the strip will tend to buckle into five and 
three loops* respectively, these loops being superposed on the twist. From 
Tables III and IV it is seen that the approximate solution also gives the 
values of m as 5 and 3 respectively, but that the corresponding values of 
rb 2 jnVi are 0*5158 and 0*5327. 

Comparison with Experiment 

14—The following conditions had to be satisfied in the experiments. The 
strip was to be twisted about its axis by a couple and a tension was to be 
applied to the strip along its axis. Also, the end sections were to be con¬ 
strained so that they would have no displacement in the direction of the 
Z -axis defined in §2. The following apparatus was designed in order to 
satisfy these conditions. The upper end of the strip was soldered on to a 
small cylindrical bar so that the axis of the bar coincided with the middle 
line of a cross-section of the strip. The strip was suspended from a horizontal 
graduated turntable by two pivots which fitted into small conical holes at 
the ends of the bar such that the direction of the pivots coincided with the 
axis of the bar. The pivots were adjusted to allow rotation about this axis. 
The other end of the strip was held between two smooth cylindrical rollers. 
These rollers were constrained so that they could move between two fiat 
plates in vertical grooves and the plates were connected by springs so that 
the cylinders just held the strip in position, A weight equal to the tension 
required in the strip was then suspended from the lower end of the strip. The 
method used for holding the strip at its lower end ensured that the friction 
at this point was reduced to a minimum and so the actual tension transmitted 
to the strip when it was twisted was as nearly as possible equal to the weight 
suspended. A sketch of the apparatus is given in fig. 3, 

When the required weight was hung on the strip the twist was produced 
by rotating the turntable, the lower end of the strip remaining fixed. 
Instability set in when the suspended weight began to rise, and the value 
of the twist at which this occurred was read off on the turntable. Although 
it was possible to observe a mode of instability in which the central line of 
the strip was displaced it was found to be very difficult to measure the 
number of loops wdiieh were formed. The following procedure which was 
adopted for this purpose seemed to be the only one possible but even this 
was very difficult to carry out, and as will be explained we should expect 
such difficulty from theoretical considerations. The strip was fixed in the 
position at which instability set in, knd then the angles between various 

* A “loop” means tho length from “node” to “node”. 
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sections of the strip and a fixed direction were measured. If 0 0 denotes this 
angle and x the corresponding distance of the section from the end of the 
strip, then if the strip is in the equilibrium form of a helicoid there is a linear 
relation between 6 and x, namely nO ~ 180 #. When instability has occurred 
there will be deviations from this linear law, and if points be plotted on the 



(6, #) plane we can at once see these deviations and can count the number of 
loops which are superposed on the twisted strip. This was done for the cases 
I and II described in Table VIII and the corresponding (8, x) diagrams are 
given in figs. 4 and 5 respectively. Prom these figures w© see that the 
number of loops is six and three. 

On referring back to the theoretical solution of § 8 it will be seen that the 
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displacement w is even in the coordinate y and so this part of w provides no 
periodic variation of the tilt of the sections of the strip which were found by 
observation. The displacement, however, is everywhere normal to the 
twisted strip and so varies in direction across any section, and as the dis¬ 
placement depends on sin//„r we see that a periodic variation of the tilt of 
the sections is possible but it is to be expected that the effect is quite small. 
This was found to bo so in the experiments. 



x cm. 

Fio. 4—Observed points marked O. 


15—The comparison between theory and experiment is shown in Table IX. 

From Table IX it is seen that the critical values of r which are obtained 
from the approximate solution are in good agreement with those obtained 
from the exact solution and that both may be considered to compare satis¬ 
factorily with experiment. In case II the number of loops obtained in 
theory and experiment agree but there is a difference of one loop in case I. 

In conclusion the writer wishes to thank Professor G. I. Taylor, F.R.S,> 
for his valuable advice during the experimental work, and Lord Rutherford 
for permission to carry out the experiments in the Cavendish Laboratory . 
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Fig. 5—Observed points marked O. 


Table IX 


A 

Case I 0*02443 

Case II 0 05942 


Case I 
Case II 



Critical r 

Loops cal - 


calculated 

ciliated 

Critical r 

(approximate 

(both 

calculated 

solution 

solutions) 

0-2045 

0*1999 

5 

0*2085 

0*2065 

3 

Critical r 

Loops 


observed 

observed 


0*1722 
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0*1796 
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Summary 

The work of a previous paper on the elastic stability of a thin twisted strip 
has been corrected and extended to the consideration of the stability of the 
twisted strip when it is also subjected to a tension along its length. It is 
found that the strip becomes unstable at a definite value of the twist and 
that the instability is in the form of a number of loops superposed on the 
twisted strip in contrast to one loop in the case when no tension acts on the 
strip. The theory has been compared with experiment and satisfactorily 
good agreement between them is found. 
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Stability of Polyatomic Molecules in Degenerate 
Electronic States 

I—Orbital Degeneracy 

By II. A. Jahn, Davy-Faraday Laboratory The Royal In&titution 
and E. Teller, George Washington University , Washington, D.C* 

0 Communicated by F. G. Donnan, F.R.8.—Received 17 February 1937) 

Introduction 

In the following we investigate the conditions under which a polyatomic 
molecule can have a stable equilibrium configuration when its electronic 
state has orbital degeneracy, i.e. degeneracy not arising from the spin. We 
shall show that stability and degeneracy are not possible simultaneously 
unless the molecule is a linear one, i.e. unless all the nuclei in the equilibrium 
configuration lie on a straight line. We shall see also that the instability is 
only slight if the degeneracy is due solely to electrons having no great 
influence on the binding of the moleoule. 

* This research was carried out when the authors were working in the Sir William 
Ramsay Laboratories of Inorganic and Physical Chemistry, University College, 
Loudon. 
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We first note that if accidental degeneracy (i.e. degeneracy not caused by 
symmetry) is disregarded then a degenerate electronic state necessarily 
entails a symmetrical nuclear configuration. Thus in order to cover all cases 
we may first consider each possible type of symmetry separately and discuss 
what nuclear configurations are consistent with each symmetry. A given 
molecule will possess a continuous set of configurations consistent with one 
definite type of symmetry, and among these configurations there may be one 
with a minimum electronic energy. This configuration is then stable with 
respect to all totally symmetrical nuclear displacements (i.e. displacements 
which do not disturb the symmetry). Weshall have to investigate its stability 
with respect to all other nuclear displacements. 

Now a nuclear configuration cannot be stable if the electronic energy for 
neighbouring configurations depends linearly upon any one of the nuclear 
displacements. There may be reasons of symmetry, however, which preclude 
such a linear dependence, and we illustrate the occurrence and non-occur¬ 
rence of this respectively by the two following examples. In these examples 
there is the added complication that the nuclear displacements in question 
cause a splitting of the degenerate electronic state into states with different 
energies. This complication will be the rule rather than the exception, since 
the displacements reduce the symmetry of the original configuration. A 
linear dependence upon a nuclear displacement of the energy of any one of 
these states formed by the splitting is then sufficient to cause instability. 


1—Two Examples 

In our first example we consider the motion of a single electron in the field 
of three nuclei lying on a straight line. The states'of the electron can then be 
classified ascr, 7r, 8, etc., states according as the component of the electron's 
orbital angular momentum along the nuclear axis is 0, ±1, ± 2, etc. (in units 
of h/2n). The <r states are non-degenerate, whilst the n , 8 and further states 
are each twofold degenerate, corresponding to the fact that the electron may 
move either clockwise or anticlockwise about the nuclear axis. If, now, one 
of the nuclei (say the middle one) is displaced through a distance d per¬ 
pendicular to the axis, then the axial symmetry will be destroyed and the 
degeneracy removed. Each twofold degenerate state will split into two 
states, one symmetrical with respect to reflexions in the plane of the nuclei 
and the other antisymmetrical with respect to the same plane. These states 
will have different energies E H and E a . When the nuclear displacement is 
varied these states and their energies will change continuously, but their 
symmetry will remain and it is clear that when the displacement is — d the 
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states and energies will be the same as before. Thus the two energies E B and 
E a must be even functions of d , and all that is required for stability with 
respect to this nuclear displacement is that the function be positive in both 
cases (see fig, 1). 



In our second example we consider the motion of a single electron in the 
field of a plane square configuration of four identical nuclei. There is a 
similarity between the two examples in that, in the first example once the 
wave function on any half-plane through the axis is given, then it is deter¬ 
mined by symmetry for all other such half-planes: a rotation through the 
angle 0 multiplies the wave function by e iKe , where A is the axial component 
of the orbital angular momentum. In the second example, on the other hand, 
the symmetry about the axis through the centre of the square, although 
considerably reduced, still determines the wave function completely on any 
four half-planes at right angles to each other, once the wave function has 
been given on any one of them. The function is again multiplied by e w \ 
where here 0 is restricted to the values ± nj2 , n and A can have the values 0, 
± 1. The state with | A | = 1 is again tw ofold degenerate. We will discuss the 
stability of the square configuration for this degenerate electronic state. 
Consider the two displaced configurations I and II depicted in fig. 2. These 



Fio. 2 



Stability of Polyatomic Molecules 223 

may be regarded clearly as belonging to a positive and negative value of one 
and the same nuclear displacement. This nuclear displacement destroys the 
fourfold axial symmetry, replacing it by a twofold one. The degenerate state 
will split into two states ^ and 4 > a >, the first having a node in the horizontal 
plane of symmetry a and the second a node in the vertical plane cr\ Now it is 
clear that since the configurations I and II are geometrically congruent and 
the planes cr\ o* in II correspond respectively to the planes cr , cr r in I, the 
energy of for the configuration I must be the same as the energy of fa for 
the configuration II. Thus if E ff , E„> are the corresponding energies, we must 
have the relation 

Similarly 7^(11) =* E a \ I). 

Thus the two energy levels E 0 , E^ have crossed over at the energy E 0 of the 
undisplaced configuration (see fig. 2). There is here thus no apparent reason 
of symmetry which precludes a linear dependence of the energy levels upon 
the nuclear displacement in the neighbourhood of 2£ 0 , and the square con¬ 
figuration therefore will not in general be a stable equilibrium configuration 
for the degenerate electronic state. 


2 —General Theorem 

In the above two examples we have seen how the type of molecular 
symmetry can determine whether the energy of a degenerate electronic 
state should depend linearly or not upon nuclear displacements. It is our 
purpose to study this influence for all possible types of symmetry. We do 
this by an application of group theory to perturbation calculation. We 
restrict ourselves in this paper to orbital degeneracy and reserve the con¬ 
sideration of the special effects due to spin degeneracy for a second paper. 
The electronic energy levels of the displaced configuration are the charac¬ 
teristic values of a perturbation matrix, the elements of which may be 
expressed as a power series in the nuclear displacements. Unless those 
perturbation matrix elements which are linear in the nuclear displacements 
all vanish, then at least one perturbed energy level will depend linearly upon 
a nuclear displacement. Now the elements of these matrices are integrals 
which are necessarily invariant with regard to the group of symmetry of the 
equilibrium configuration. The integrands, on the other hand, are products 
whose transformation properties are determined by those of the degenerate 
electronic wave functions and the nuclear displacements. From an in- 
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vestigation of these transformation properties it may be deduced whether 
the invariance of the integrals and the transformation properties of the 
integrands are compatible. Unless this is the case the integrals vanish. If, 
however, they are compatible the matrix elements depending linearly upon 
the nuclear displacements will be in general different from zero. It will be 
found that all linear matrix elements will necessarily vanish only when the 
nuclear configuration shows complete axial symmetry, i.e. only when all the 
nuclei in the molecule lie on a straight line. All non-linmr nuclear configura¬ 
tions arc therefore unstable for an orbitally degenerate electronic state . Thus if we 
know of a polyatomic molecule that the nuclei in the equilibrium configura¬ 
tion do not all lie on a straight line, then we know at the same time that its 
ground electronic state does not possess orbital degeneracy. We should 
exclude from our consideration, however, orbitally degenerate electronic 
states in which the degenerate electrons do not contribute appreciably to the 
molecular binding and are not perturbed therefore by nuclear displacements. 
Such is the case for the inner degenerate electronic shells of the paramagnetic 
rare earth ionic salts. If, apart from such instances, a non-linear molecule is 
paramagnetic, then we may conclude that this paramagnetism must be due 
to the action of the spin alone, for it is well known that a non-degenerate 
orbital state can possess neither a mean orbital angular momentum nor a 
mean orbital magnetic moment (cf. van Vleck 1932 ). 

3—Mathematical Formulation and Group- 
theoretical Considerations 

We shall have to consider nuclear configurations Q which can be obtained 
from the given symmetrical configuration Q 0 by adding a linear combination 
of a complete set of displaced configurations Q r which may be chosen ortho¬ 
gonal to each other, to the translations and rotations and also to all the 
totally symmetrical displacements: 

Q — Qo 2 QrVr • 

r 

Here the rj r are infinitesimally small quantities which we will call the (non- 
totally symmetrical) normal displacements of the configuration Q 0 . It is to 
be noted that the t\ r can be so chosen that they transform according to 
irreducible representations of the symmetry group of Q 0 (cf. Wigner 1930 ). 

The energy operator H(Q) for the electronic motion in the field of the 
nuclei fixed in the configuration Q can be expanded as a power series in the if/. 

H - H 0 + 2 V r (q)if r + J V n (q) V f V,+ ..., 
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where the V r , V r8 are functions of the electronic coordinates q alone, since the 
kinetic energy of the electrons is included in the energy operator H 0 . 

Let E 0 be the energy level of the degenerate electronic state and <j> p a 
complete set of orthogonal wave functions such that 

H 0 $ P « E 0 $ p . 

In the configuration Q this energy level either may be split up into a number 
of different energy levels E a or it may be merely displaced (i.e. the degeneracy 
may not be removed). The configuration Q 0 can be stable with respect to all 
nuclear displacements only if each of these energy levels E a has a minimum 
for Q = Q 0 . We denote the contribution to the perturbed energy E a arising 
from the linear terms J V r r) r by E * a , putting 

r 

E x — E^^E^-h — 

Perturbation theory shows that the perturbation energies E J are the 
characteristic values of a perturbation matrix having the following elements: 

M p „ = Ert^V^dr. 

Now it is clear that if E is a chara cteristic value of this matrix for a given set 
of values of the ?/ r , then — E is a characteristic value for the configuration 
obtained by changing the sign of all the ?j r . Thus unless the characteristic 
values of this matrix all vanish (in which case the matrix itself must vanish) 
the configuration Q 0 cannot possibly be a stable one. 

If the representation of the symmetry group of the configuration Q 0 
which is subtended by the products $ 6 * 1 ^ does not contain the identical 

representation, then the integrals j^pV^dr will vanish, for these integrals 

are necessarily invariant with respect to the symmetry operations. If this 
condition does not hold, then the integrals in general will not vanish. Now 
the normal displacements y\ r may be chosen so that the V r transform accord¬ 
ing to irreducible representations V of the group of symmetry. The de¬ 
generate wave functions <f> p will also subtend a representation 0 of the group 
of symmetry, which representation will be in general irreducible. An 
exception occurs here, as Wigner ( 1932 ) has shown, when the degeneracy 
arising from the invariance of the wave equation with respect to time 
reversal is considered; this may cause an “accidental” degeneracy so that 
the wave functions of the energy level subtend a representation which is the 
sum of two irreducible representations. For our purpose, however, this 
double representation 0 -may be treated as though it were a single one. It 
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may then be shown that if we restrict ourselves to orbital degeneracy (i.e. if 
we do not consider the spin wave functions) the representation 0 and con¬ 
sequently the wave functions <j> p can be chosen always real, The products 
<j> p VrCj)# are linearly independent except that of course 

They will therefore transform according to the product representation 
F[ 0 2 ], where [<& 2 ] denotes the representation of the symmetrical product of 
0 with itself (of. Weyl 1928 ). Thus if there exists a normal displacement 
(other than a totally symmetrical one) for which V[0 2 ] contains the identical 
representation, the symmetrical configuration Q 0 will not be stable. 

We may illustrate these general considerations by applying them to the 
two examples discussed in the introduction. In the first example the group 
of symmetry for a general position of the nuclei on the axis is . The 
degenerate irreducible representations are ail two-dimensional, and there is 

an infinite series of them, denoted by E t , U 2 .., E k ,_ It can be shown (of. 

Tisza 1933 ) that the representation of the symmetrical product of E k is given 

by [El]=A 1 + E tk , 

where A x is the unit representation. Placzek ( 1934 ) has shown that for 
linear nuclear configurations all non-totally symmetrical vibrations are of 
the type E x . One finds 

$i[El] » E X (A X + E 2Jc ) =* E x 4* E 2k +x 4 E^x , 

so that the product F[0 a ] never contains the identical representation A x for 
any non-totally symmetrical vibration and any degenerate electronic state 
0. Thus, as has already been seen above, there is no reason of symmetry why 
the linear nuclear configuration should not be stable in any of the degenerate 
states. In the second example the reverse is the case. Here the group of 
symmetry is and there are only two degenerate representations, viz. 
E g and E u , g and u referring to even and odd representations with respect to 
inversion in the centre of symmetry. These representations are both two- 
dimensional. The considerations of Wigner ( 1930 ) show that the square 
configuration possesses non-totally symmetrical displacements of types 
B Xg , B Xu , 3^ and E u . Since it can be shown that 

[ED - [El] * A lg 4 B Xg 4 B %g , 

and since B\ g « B\ g » A lgi we see that JBJIBJ], B lg [E?J, B %g [ED and B^[E%\ 
all contain the identical representation A lg . Hence normal displacements of 
the type B lg or B tg render the square configuration unstable for a degenerate 
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electronic state of either type. One verifies easily that the nuclear displace¬ 
ment considered in the example is of the type B 2q . 

4—Proof of General Theorem 

Excluding the groups of complete axial symmetry, we have to show, for 
all configurations and any degenerate one-valued representation of the group 
of symmetry, that a symmetrical nuclear configuration necessarily possesses 
non-totally symmetrical normal displacements transforming according to 
irreducible representations V such that V[& z ] contains the identical repre¬ 
sentation. This is equivalent to showing that |® a J in its reduced form con¬ 
tains at least one of the representations V. 

Now Wigner ( 1930 ) has shown how to calculate for any given nuclear 
configuration how many normal displacements of each irreducible type 
occur. In order to apply this calculation of Wigner to ail possible symmetrical 
molecules we note that any symmetrical configuration must contain sets of 
equivalent nuclei whose positions are transformed into one another by the 
various symmetry operations. For any given group of symmetry there are 
various possible kinds of such equivalent sets according as the points lio on 
no symmetry element or on one, two or more of them. We have applied the 
method of Wigner to all possible sets of equivalent points for the various 
groups of symmetry, and the results of our calculations are tabulated in 
Table I. 

In this table the notation of Placzek ( 1934 ), Mulliken ( 1933 ), Leonard- 
Jones ( 1934 ) and Tisza ( 1933 ) is used for the groups and their irreducible 
representations. Column I gives the designation of the group, columns II 
and III give the reduction into irreducible constituents of the translations 
and rotations respectively, column IV gives a designation to the various 
kinds of equivalent points for each group, column V gives the number of 
equivalent points in each individual set, column VI gives the symmetry 
elements, if any, on which these points lie, whilst the last column VII gives 
the reduction into irreducible constituents for the whole set of nuclear 
displacements inclusive of translations, rotations and normal displacements 
for a ‘ ‘ molecule ’ ’ consisting of the equivalent points given in column IV. By 
subtracting the translations and rotations from this last column we find what 
types of normal displacements occur. This subtraction has not been carried 
out in the table, since for any molecule more than one set of equivalent 
points may occur (i.e, more than one row of the table is required, or the same 
row required more than onoe), whilst the subtraction of the translation and 
rotation has of course only to be carried out once. The table will be useful not 
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merely in establishing our theorem but also in showing what normal dis¬ 
placements any given molecule possesses. Tables for this purpose restricted 
to the crystallographic point groups have already been published by 
Placzek ( 1934 ) and further tables for special molecules have been given by 
Bright Wilson ( 1934 ). 

Now in order to establish our theorem for each group of symmetry we 
must investigate what is the minimum number of points from which a 
molecule of the corresponding symmetry can be composed. For instance, if 
we want to construct a molecule of the symmetry T it will not be sufficient to 
take six atoms and place them on the twofold axes (the pointB ( 6 ) in Table I), 
for this configuration would have the higher symmetry O h . To this end we 
list in Table II the minimum num her of the different kinds of points which are 
necessary and sufficient to produce each of the various groups of symmetry. 
In this table an entry such as 2 (a) means that two complete sets of points of 
the type (a) have to be taken to produce the necessary symmetry. Types 
which are not listed can never produce the symmetry no matter how many 
complete sets of such a type are taken, e.g. the type ( b ) for the group T. 

Table II 

Group Minimum points required to produce symmetry of group 

2(a) 

03 , <«) 

0«»+i 2(a) 

C tv 2(a) 

■®*»+1 (°) 

(«> 

G),, i (a) 

C‘„ 2(a), 2(6) or (a) + (6) 

, («) or (6) 

K (a), (6), (c), <d), (e) or (/) 

GJ P+1 2(a), 2(6) or (a) + (6) 

US,*, (a), (6), (c) or (d) 

G;„ + , 2(a), 2(6), (a) + (6), (a) + (c) or (6) + (c) 

GJ, 2(a), 2(6), 2(c), (a) + (6), (a) + (c), (a) + (d), (6) + (c), (6) + (d) or (c) + (d) 

S lt 2(a) 

SI (a) or (6) 

T (a) 

T„ (a), (6) or (d) 

T h (a) or (6) 

O (a) 

O h (a). (*>). (c), (d), (e) or (/) 

/ (a) 

h (a), (b), (c), (d) or (e) 
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Group 

Symmetrical produot of degenerate representations 

O\o 

[ED = A k +E tk (k = 1,2,...) 

Ct 

[A!] = [El) = A u + E lkt , (k = 1, 2, ...) 

c tt+l 

[Ei] = A + E tk tor k^p/2 

= A + E iP+k _ tk for k>pj2 (k = 1, 2,.... p) 

0 tv 

[El] = A + E u for k<pl2 
= A 4- 2 B for k = pj2 

- A + E tv _ tk for k>pj2 (k = 1, 2,.... p- 1) 

/■>«»+1 and 

[EH -A k + E tk for k g pi 2 

= 4 +f?, p+1 _,t for k>p/2 (fc= l,...,p) 

£>,„ and €%, 

[Efi = *4j + E lk for k<pj2 

= A k + B k + B t for k = p/2 
= *4, + £?,«_,* for k>p/2 (k = 1, ...,p-l) 

C‘ip+\ 

C*U = [Eli - for *^P/2 

'4 2 4' E^p+i—tk, a for ^ ^ p/2 (4 — 1 »• ■ •» p) 

<4 

mi = tm = 4 + £,*,„ for k<pj2 
= A, + 2Bp for fc = p/2 

= ^4„ + for k>p/2 (A- = 1 . p- 1) 

Ko 

1*4.1 = [El) = A u + E tK „ for k < P! 2 

= -4 t «+ #ai>+i-»*.» for k>pj 2 (* = 1 . p) 

K 

C*U = [®*J = A u + E tk , „ for k<pl2 

= -4 M + B lt + fi,„ for k = p/2 
= + for fc>p/2 (A = l. p- 1) 

<4+1 and Z> a V, 

[*?] = [A?J = A'+E', k for *3 p/2 

a A + E%p . i -2 k for k>p/2 (fc — It...» p) 

s t . 

I.BJ] = ;! + £„* for A:<p 
= .4 + 2.# for k = p 

= A + E <v _ tk for k>p (k = 1, ..., 2p— 1) 

S\„ 

[J5J] = Ai + E tk for k<p 

= i4j + iij + B, for fc = p 
= j4j+ E t p~ tk for&>p (& = 1.2p— 1) 

T 

[#*] = A + E 
[F*) = A + E+F 

T d and 0 

[E’i^Ak + E 

lFli = [FH = A l + E+F t 

T> 

[E}i = [EH = A,+ E, 
l F*,]=[FH = A, + E, + F, 

0 K 

IK) = [Eli = A lp +E, 

mi - in,i = mi = tnj = A lt +E P +F t , 

I 

m = cn=^+« 

[G*] = 24 + G + H 
[H*] = A + G+2H 

h 

tni = inj = in,] = tm = 4+#, 

m = m = A,+G,+H, 

[H*i = [H*i = A, + G, + 2H, 
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We require, further, the symmetrical products of the various degenerate 
representations. These may be taken from the work of Tisza (1933), for they 
are identical with the representations subtended by the first overtones of the 
corresponding normal vibrations. For convenience we tabulate in Table III 
these symmetrical product representations for all degenerate representa¬ 
tions. 

Using Tables I, II and III, our general theorem will be verified easily. 
For instance, according to Table II the group of symmetry 0 h can be pro¬ 
duced by one complete set of equivalent points of any of the types (a), (6), 
(c), (d), (e) or (/). But from Table I we see that each of these sets of points 
has normal displacements of the type E gy and according to Table III, E g [0 2 ] 
always contains the identical representation for any degenerate representa¬ 
tion 0 of the group O h . We must, of course, always remember that displace¬ 
ments of the type A lg (or^ 4 x or A or A g ) must not be made use of, since the 
molecular configurations considered are always taken to be stable with 
respect to all totally symmetrical displacements. 

5—Conclusion 

In concluding we would like to point out again that the forces which tend 
to destroy the symmetrical configuration, and which we have shown exist in 
oases of orbital degeneracy, will be important only if the degenerate electrons 
participate strongly in the binding of the molecule. The effect may be small 
both if the degenerate electrons are in inner atomic shells or if they are in 
highly excited states. Spin degeneracy may also produce similar effects, but 
these, too, will be small, since the coupling of spin and nuclear motion will 
depend upon the interaction of the spin with the orbital motion of the 
electrons, which interaction, at least for light elements, is small. Further¬ 
more, a general theorem of Kramers (1930) and Wigner (1932) shows that for 
molecules containing an odd number of electrons there is a twofold spin 
degeneracy which cannot be split by any electrical forces. Such twofold 
spin degeneracy cannot therefore produce any instability of the molecular 
configuration. It can be shown, however , that with the exception of this one 
ty pe of degeneracy all degenerate electronic states of non-linear molecules 
are unstable whether the degeneracy is due to electronic orbits or to spin. 
The proof of this statement, together with a more detailed discussion of the 
order of magnitude of splitting, will be given in a second paper. 

The authors are indebted to Professor L. Landau for a discussion which 
led to the formulation of the theorem here established. The research was 
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carried out in the Sir William Ramsay Laboratories of Inorganic and 
Physical Chemistry, University College, London. We are greatly indebted to 
the Imperial Chemical Industries, Ltd., for grants which enabled us to 
carry out the work, and above all to Professor F. G. Donnan, Director of the 
Laboratory, for his great hospitality and kind interest. 


Summary 

It is shown that orbital electronic degeneracy and stability of the nuclear 
configuration are incompatible unless all the atoms of a molecule lie on a 
straight line. The proof is based on group theory and is therefore valid only if 
accidental degeneracy is disregarded. If the electrons causing the degeneracy 
are not essential for molecular binding, only a slight instability will result. 
Table I, which is needed to prove the theorem, can also be used to obtain the 
number of proper vibrations of a given symmetry type for any polyatomic 
molecule. 


References 


Bright Wilson, E. 1934 J. Chem . Phys . 2, 432 . 

Kramers, H. A. 1930 Proc. Acad. ScL Amst. 33 , 059 . 

Lennard-Jones, J. E. 1934 Trans. Faraday Soc. 30 , 70 . 

Mulliken, R. S. 1933 Phys. Rev. 43 , 279 . 

Placzek, G. 1934 Handbuch der Radiobgie, 6 , 11, 205 . 

Tisza, L. 1933 Z. Phys. 82 , 48 . 

van Vleck 1932 “Electric and Magnetic Susceptibilities,” p. 273 . Oxford. 
Weyl 1928 “Gruppentheorie und Quantemnechanik,” p. 115 . Leipzig. 
Wigner, E. 1930 Nachr. Gen. Wiss. Gottingen, p. 133 . 

— 1932 Nachr . Gcs. Wise. Gottingen , p. 546 . 


it 


VoL CLX1 —A. 



The Exchange of Energy between a Platinum Surface 
and Helium Atoms and its Dependence upon the 
Structure of the Surface 

By W. B. Mann, Physics Department , Imperial College of Science , 

London 

(Communicated by G. P, Thomson , F.R.S.—Received 25 February 1937 ) 

[Plates 7 , 8] 

In a previous communication (Mann 1934) it was recorded that the accom¬ 
modation coefficient for helium atoms relative to a platinum surface at 
100° C., which had been cleaned by heating for some hours at 1000° C., was 
considerably lower than the values relative to a normal contaminated surface. 
The accommodation coefficient rose with time, however, on lowering the 



Time in mins, after lowering mean temperature of 
platinum wire from 1000° to 100° C, 

Fio. 1—Curve I, ® before oxygen; curve II, * after oxygen. 

temperature of the platinum to 100° C., this rise indicating some process of 
contamination. If, however, the platinum surface were heated for several 
hours at 1000° C. in oxygen, the rate of increase of the accommodation 
coefficient of helium, after flashing, was now greatly decreased; the platinum 
surface had become much less susceptible to contamination. This difference 
is shown in fig. 1, where the increase in the accommodation coefficient at 

[ 236 ] 
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100° C. is plotted against time after flashing the platinum filament both 
before and after the oxygen treatment. The increase in accommodation 
coefficient after the oxygen treatment is inappreciable. It was not possible 
to determine whether this effect was due to the formation of a protective 
film of oxide or to a levelling of the platinum surface by an etohing away 
of the prominences by combination with oxygen and evaporation of the 
platinum oxide formed. That a certain amount of such evaporation actually 
occurred was supported by the observed loss in the mass of the platinum 
filament during the oxygen treatment. It seemed, however, that an investi¬ 
gation of the surface conditions might well be carried out by the method of 
electron diffraction, and in this communication experiments will be de¬ 
scribed in which both the accommodation coefficient of helium relative to a 
platinum surface and also the nature of the surface have been determined. 


Apparatus 

The choice of apparatus suitable for these experiments has been governed 
by the necessity of carrying out electron-diffraction investigations and 
energy-loss determinations upon one and the same specimen with as short 
a time interval as possible between the two. An electron camera of the 
Thomson-Fraser pattern (Thomson and Fraser 1930) was available and was 
used, in a horizontal position, after slight alterations had been made to the 
specimen holder and to the plate chamber. In order to exclude the possi¬ 
bility of contamination of the platinum surface in the process of raising the 
pressure in the apparatus to atmospheric for the purpose of changing the 
photographic plates, the precaution was taken of using a plate-changing 
device which eliminated the necessity of admitting air into the main 
apparatus. 

The specimen of platinum was in the form of a tube, supplied by Messrs 
Johnson Matthey, about 10 cm. long and 0*01 cm. thick, of D-shaped cross- 
section, the circular part of the cross-section having a diameter of 0*18 cm. 
and the width of the flat being about 0* 14 cm. The platinum tube was care¬ 
fully polished, using 0000 Hubert French emery paper and benzene, and 
was then mounted in the manner shown in fig. 2. The supports, which are to 
carry the heating current, consist of two lengths of copper tubing of about 
0*6 cm. external and 0*2 cm. internal diameter and are rigidly held, about 
1*5 cm. apart, in a brass plug of about 3 cm. diameter, being insulated from 
the plug by means of glass tubing and mica washers. 

The platinum tube was soldered to the copper tubing using silver solder. 
At the lower end a short length of copper tubing is used which passes 
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through a fairly easy hole in a copper block which is rigidly attached to the 
long supporting tube. This allows of the unrestricted expansion of the 
platinum on heating; good electrical contact was ensured by a copper flex 
connexion between the copper at the lower end of the platinum tube and the 
copper block, as shown in fig. 2, the strands of the two short lengths of copper 
flex used being separated so as to allow of freedom of movement. The brass 
plug carrying the two copper tubes was threaded (T) and could be screwed 
into a brass flange connected, by means of copper bellows, to the ground 
joint of the specimen chamber. The complete specimen unit could thus be 
very easily inserted. The position of the specimen was controlled by means 
of three adjusting screws, the copper bellows allowing of very liberal move¬ 
ment of the specimen with respect to the electron beam. 

In order to determine the accommodation coefficient it is necessary to 
measure the energy dissipated along a certain length of the platinum tube at 
any given temperature. Knowing the current flowing into the tube, it is also 
necessary to determine the potential drop along a given length of the tube. 
Two potential leads, consisting of platinum wire of 0*013 cm. diameter, were 
accordingly attached, by careful heating with an oxygen flame, to the 
platinum tube at two points about 1*8 cm. on either side of the midpoint. 
These potential leads were taken out through a third hole, not shown in 
fig. 2, in the brass plug. 

The temperature of the midpoint of the platinum tube was determined by 
means of a platinum/platinum-rhodiuin (10% rhodium) thermocouple, 
situated inside the tube at its midpoint. The filaments of the couple, also 
0*013 cm. diameter, were threaded through the copper supporting tubes and 
were insulated, except for about 0*1 cm. at the junction itself, by means of 
quartz tubing of 0*075 cm. external diameter. The thermo-electromotive 
force was measured on a compensated thermo-electric potentiometer of the 
Dieselhorst pattern. The potentials across the leads to the platinum tube 
and across a standard 0*01 ohm resistance in series with the tube were 
determined by means of a Crompton potentiometer. 

The modification to the plate chamber, to which reference has already 
been made, consisted in cutting the plate chamber into two parts and 
inserting an elongated stopcock, as shown in the sketch in fig. 3 . This stop¬ 
cock, which was made from brass rod, was 15 * 5 cm. long and had a slot 9*5 cm. 
long and 1 era. wide. With the stopcock open the plate-holder could be 
racked down into the camera and, after the exposure had been made, could 
again be withdrawn into the plate chamber. With the stopcock closed, the 
plate chamber could then be opened, a fresh plate inserted and the chamber 
could again be exhausted, first by means of a Hyvac pump and then by 
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opening to the main apparatus, the small amount of residual gas being in¬ 
sufficient to cause any appreciable rise in the pressure in the larger volume of 
the camera itself. This process can be repeated as often as may be required 
without raising the pressure in the camera, the only limit being that imposed 
by the necessity of regreasing the bearing surfaces of the stopcock. In one 
run as many as twenty-six electron diffraction pictures were photographed 
without any regreasing, nor, indeed, with any apparent immediate need for 
it at the end of the run. Instead of using springs to hold the inner cone of the 



Thermocouple leads 


T 



Potential leads 


Platinum leads 



Plex 


Fig. 2 


Pack 


Cover for changing 
plates 


Plate holder 


Plate chamber 
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joint of stopcock 


Fluorescent screen - ! 


Fig. 3 


To pump 



stopcock in position, the smaller end of the outer cone was ground flat 
and a small glass bell-jar placed on the flat. By evacuating the bell-jar the 
inner cone was pulled sufficiently against the bearing surface of the outer. 
This method had the additional advantage of eliminating the possibility of 
leakage along the bearing surface at the smaller end of the stopcock. 

The camera was rendered vacuum-tight using Apiezon Q compound and 
was evacuated using a mercury diffusion pump system. For the accom¬ 
modation coefficient measurements it was necessary to isolate the oamera 
from the pumps and to carry out measurements at constant pressure. A 
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mercury stopcock of about £in. bore (Riches and Mann 1935) was therefore 
inserted between the camera and the pumping system. A charcoal tube 
immersed in liquid air was used to maintain a low pressure when the camera 
was disconnected from the pumps. The high-tension equipment consisted of 
an induction coil and mercury break, a rectifying valve and a smoothing 
condenser of 0*01 //F capacity. The current was supplied to the discharge 
tube through a carbon resistance of 0 * 25 megohm. In order to avoid the 
possibility of contamination of the platinum specimen the discharge was run 
in argon instead of in air or hydrogen. 

To prevent condensation of mercury, the platinum tube was maintained 
continuously at a temperature of 100° C. For this purpose, as also for 
raising the temperature of the middle section of the tube to 1000° 0., a 
stepdown transformer was used in conjunction with the 220 V A.C. mains, 
a current of about 100 amp. in the platinum tube being required to raise 
its midpoint temperature to 1000° C. In measuring the accommodation 
coefficient the 110 V D.C. mains were used to supply the heating current; 
the pressure of helium in these measurements was determined by means of a 
McLeod gauge. 


Experimental Procedure 

The platinum tube having been polished and mounted and the camera 
evacuated, the platinum/platinum-rhodium thermocouple was calibrated by 
maintaining the cold junctions (to copper flex) at 100° C. in an hypsometer 
and adjusting the temperature of the platinum tube until the thermo-electiic 
potentiometer showed zero e.m.f. The cold junctions of the couple were 
then transferred to melting ice and the reading of the thermo-electric 
potentiometer taken. This gave the e.m.f. corresponding to a temperature 
of the hot junction equal to 100° C. The zero reading was again checked by 
transferring the cold junctions back into the steam. 

Using D.C. (about 3 * 5 amp.) the temperature of the midpoint of the 
platinum tube was now raised to 100° C., and the loss of energy due to 
radiation from the portion of the tube between the two potential leads was 
determined. The camera was now shut off* from the pumps and a charge of 
helium, sufficient to give a pressure of about 100 dynes/cm. 2 , was admitted. 
The new energy loss from the tube was determined, and from the difference 
of the two energy losses the accommodation coefficient of helium was 
obtained. The camera was again connected to the pumps, the argon leak 
was adjusted to give a suitable electron beam and the temperature of the 
tube was adjusted to about 100° C., using direct current. The position of the 
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platinum tube was now adjusted until a sharp shadow edge, formed by 
scattering of electrons from the flat surface of the tube, was visible on the 
fluorescent screen and an electron photograph was taken. 

The platinum tube was next maintained for several hours at 1000° C. in a 
vacuum. A number of accommodation coefficient determinations were made 
at different times, with the midpoint of the tube at 100° C., and corresponding 
electron photographs were taken. The tube was next heated, for varying 
intervals of time, at about 1000° C. in oxygen and the procedure of taking 
accommodation coefficient readings and electron photographs repeated. 

In calculating the accommodation coefficients it was necessary to make 
a 4 % correction to the temperature of the midpoint of the tube in order to 
obtain the mean temperature of the length of tube between the two potential 
leads. As the temperature distribution curve over that length is fairly flat 
no correction has been made for the energy flowing away from the middle 
portion along the tube itself, nor has it been considered necessary to make 
any correction for the energy loss along the 0-013 cm. potential leads. The 
temperature of the camera walls was observed, the dimensions of the 
platinum tube were known and hence the theoretical energy loss for the 
given gas pressure and temperature difference between the tube and the 
surroundings could be calculated. The ratio of the observed to the theoretical 
energies dissipated by conduction through the helium gives the accommoda¬ 
tion coefficient as defined by Knudsen. 

Results and Discussion 

Results have been obtained using three different platinum tubes. For 
only the last tube, however, was it possible to carry through the complete 
cycle of experiments without mishap. The results obtained for this specimen 
will therefore be given in detail and only brief references will be made to 
those pertaining to the first and second specimens as these results, while in 
good agreement, are not so complete nor, indeed, so well controlled owing to 
occasional leaks in the apparatus. 

Immediately after polishing and mounting the third platinum tube the 
accommodation coefficient with respect to helium was determined and 
found equal to 0 - 32 . No electron diffraction at all was detectable, a sharp 
shadow edge only being obtained. The platinum tube was now kept at 
1000 ° C. for 11 hr. At the end of this time a charge of helium was admitted, 
the midpoint temperature of the tube lowered to 100° C, and the accom¬ 
modation coefficient determined at different times after lowering to 100° C. 
The results are shown in Table I* 
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The first two values in Table I are considerably lower than the values at 
corresponding times shown by curve I, fig. I. This, however, is to be 
expected on account of the very large t hermal capacity of the platinum tube 
compared with that of the platinum filament (20 cm. long, 0*0025 cm. 
diameter) used to obtain the results shown in fig. 1. It will certainly require 
several minutes for thermal equilibrium to be established on lowering the 
temperature of the tube from 1000 to 100° C. The difference, however, 
between the saturated values to which the accommodation coefficient tends 
before and after the oxygen treatment is, as will be seen by reference to fig. 1, 
of such a magnitude as to render it unnecessary in the present case to deter¬ 
mine other than the saturated values of the accommodation coefficient. The 
saturated value of 0*27 is in good agreement with curve I. 

Table I 

Time in minutes after lowering temperature 6*5 10 0 18*3 37*1 

Accommodation coefficient of helium 0*09 0*16 0*26 0*27 

Maintaining the platinum tube at about 100° C., a number of electron 
patterns, which had developed during the heat treatment were photo¬ 
graphed. The diffraction patterns were, however, so weak that exposures of 
about three minutes were in most cases necessary. Of the electron photo¬ 
graphs obtained, figs. 4 and 5 (Plate 7) are typical. The surface of the 
platinum has become covered with a number of fairly large crystals. The 
elongation of the spots, indicating a lack of resolution normal to the surface, 
shows that the electrons cannot penetrate to any great depth. The presence 
of Kikuehi lines (fig. 5, Plate 7) also indicates perfection of crystal structure 
(Cochrane 1936). The distance between the two faint side lines in fig. 4 
corresponds to a spacing of 1*96 A which is the (200) spacing for platinum. 
This spacing can also be picked out in fig. 5; the camera length is equal to 
40 om. and the voltage in the case of fig. 5 was such as to give electrons of 
wave-length equal to 0 - 069 4 A. The distance between any pair of side lines 
should therefore be equal to 1*42cm. for the (200) spacing. Using the 
centimetre scale given with fig. 5 a number of such separations will be 
observed. 

The platinum tube was now maintained at 1000° C. for 8 hr. in an atmo¬ 
sphere of oxygen at a pressure of the order of200 dynes/cm. 2 The oxygen was 
prepared by the gentle heating of analytically pure potassium permanganate. 
The camera was evacuated and fresh oxygen admitted two or three times an 
hour. At the end of 8 hr. the camera was evacuated and a charge of helium 
admitted, the temperature of the tube being lowered to 100° C. After 
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6*3 min. the accommodation coefficient was 0-06 and became constant at 
0*17 about 25 min. after lowering to 100° C. This final value is not so low as 
would be expected from curve II in fig. 1. The nature of the electron 
diffraction patterns now obtained was, however, completely changed. A 
ring system was found to have developed together with, at certain points 
on the tube, a cross-grating pattern. Of the photographs taken, fig. 6, 
Plate 8 is typical. Beside the rings in fig. 6, two cross-grating patterns are 
also faintly visible, inclined to each other at an angle of about 20°, The 
separations between the side lines in fig. 6 were found to correspond to a 
spacing of 4*43 A. 

The platinum tube was now removed from the camera for a short time for 
inspection. The surface was very lustrous, looking almost liquid, and was 
covered with small frosty crystalline areas. The specimen was quickly 
replaced and the apparatus evacuated. After a further 4 hr. heating at 
1000 ° C. in oxygen, the accommodation coefficient with respect to helium 
was redetermined with the tube at 100° C. Twenty-seven minutes after 
lowering the temperature to 100° C. the accommodation coefficient had 
attained a constant value of 0*11. This was in sufficiently good agreement 
with curve II, fig. 1, for it to be assumed that the surface had now attained 
that state in which it was no longer readily susceptible to contamination. 
On examination by electron diffraction the cross-grating pattern was found 
to have become much more definite. Fig. 7 (Plate 8) is a typical example of 
the photographs taken after this further heat treatment in oxygen. In this 
photograph there are also four rings, the spacings for which were calculated. 
In none of the plates taken with this platinum tube, however, was the ring 
system very pronounced. In fig. 6 fifteen rings were measured; many of 
these rings were very faint. The second platinum tube showed a system of 
rings and spots after treatment in oxygen. With this tube a cross-grating 
pattern waB also observed in one of the photographs. This pattern corre¬ 
sponded to an array of lattice points lying at the corners of squares, in a 
plane normal to the beam, of side equal to about 5*3 A. With the data pro¬ 
vided by these plates and with the help of the nomograms of Hull and 
Davey (1921) it was found that the observed spacings could best be fitted 
to a simple tetragonal lattice of relatively heavy atoms with lighter atoms 
occupying either the face-centre or the body-centre positions in the lattice, 
the constants of the lattice being a « b * 5*38 A and c «* 4*43 A, axial ratio 
c/a » 0 * 824 . 

In fig. 7 it will be observed that there is an alternation in the intensity of 
the side lines which arise from diffraction by planes of atoms separated by a 
distance of 4*43 A, that is by the (001) planes. A similar alternation in 
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intensity was also observed in the cross-grating pattern, referred to above, 
which was obtained with the xy plane normal to the beam. Such an alterna¬ 
tion in intensity oould occur if the face-centre or body-centre positions of the 
lattice were occupied by atoms lighter than those situated at the corners of 
the lattice. 

Atoms situated at the points of a simple tetragonal lattice would give a 
side-line pattern similar to that of fig. 7 except that the side lines would be of 
equal intensity. With the introduction of face-centred or body-centred 
atoms, of scattering power equal to those at the corners of the lattice, the odd 
order diffraction maxima would disap|>ear owing to the fact that the new 
disturbances from the new intermediate planes would be out of phase by 
an odd multiple of n with the original disturbances for odd orders. If, 
however, the atoms occupying the face- or body-centre positions give rise to a 
smaller scattering, then there will be only a partial cutting out of the odd 
order maxima and a pattern similar to that of fig. 7 will result. 

The separations of spots along the side lines of fig. 7 are not susceptible of 
accurate measurement owing to their elongation. Measurements made on a 
number of plates gave a mean spacing of 2*75 A which corresponds nearly 
to the second-order diffraction by the ( 100 ) planes. The patterns, of which 
fig. 7 is typical, correspond, therefore, to diffraction by a piece of crystal, 
the z-axis of which lies in the plane of the specimen surface and is normal to 
the beam, the beam being incident in a direction parallel to the y-axis. The 
elongation of the spots due to lack of resolution in a direction normal to the 
plane of the specimen surface would also account for the disappearance of 
the already faint odd order diffractions due to the (100) planes. In one plate 
these odd orders were, however, faintly discernible. 

In one plate a faint side line pattern due to diffraction by the (101) planes 
was also observed. The adjacent lines seemed to be of equal intensity, in 
which case the lighter atoms should be assigned to the body-centre positions. 
In Table II the observed spacings are compared with the calculated spacings 
for a body-centred tetragonal lattice, the constants of the lattice being those 
given above. Spacings which have been observed but which would normally 
be forbidden for a body-centred lattice composed entirely of atoms of equal 
scattering power, have been marked with an asterisk. The value of 
a = b » 5*38 A was obtained from the measurements of the ( 200 ) rings, the 
mean value of which is shown in Table II. The value of c =* 4-43 A was 
obtained by taking the mean value of side line measurements made on 
seven plates of the type shown in fig. 7 . Some of the more intense rings and 
spots were to be observed in most of the plates measured. The last column in 
Table II gives the number of plates on which rings or spots due to any 
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particular spacing appeared; the measurements on these plates have been 
used to give the mean observed value of that spacing. 


Table II 





Number of plates 



Mean observed 

measured to give 

Indices 

Calculated lattice 

lattice 

mean observed 

assigned 

spacing (A) 

spacing (A) 

spacing 

101 

3-42 

3*43 

1 

200 

2*09 

2*69 

12 

*120 

2*41 

2*39 

1 

*201 

2-30 

2*30 

13 

002 

2*22 

2*21 

7 

121 

2*11 

2*14 

1 

*102 

2*05 

2*04 

1 

112 

1*01 

1*92 

12 

220 

1*89 

1*89 

1 

*300 

1*79 

1-81 

2 

202 

1*71 

1*72 

3 

*122 

1*63 

1*62 

1 

*131 

1*59 

1*67 

4 

222 

1*44 

1*48 

10 

231 

1*41 

1*41 

1 

132 

1*351 



400 

1*35/ 

1*30 

13 

*203 

1*29 

1*31 

4 

123 

1*261 



141 

1*25/ 

1*24 

6 

240 

1*20 

1*19 

4 

402 

1*16 

1*10 

2 

004 

Mil 



332 

1*10 } 

Ml 

9 

341 

1*061 



601 

106/ 

1*04 

1 

204 

1*02 

1*02 

2 

224 

0*96 

0*96 

3 

134 

0*93 

0*93 

2 

106 

0*87 

0*88 

3 

361 

0*79) 



305 

0*79/ 

0*78 

3 


In addition to the spacings shown in Table II, two plates showed a faint 
spot whose distance from the undeviated spot corresponded to a spacing of 
3 " 28 A. This could not be assigned to any plane separation. 

The experiments with oxygen having been concluded, the platinum tube 
was now heated at 1000 and 1200“ C. in a vacuum in order to determine 
whether the original condition could be restored. After some 16 hr. heating, 
during which time the alternate side lines of fig. 7 became fainter, the 
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accommodation coefficient of helium {determined 36 min. after lowering 
from 1000° C.) had risen to 0 * 17 . 

The specimen was once more removed for inspection and was found now 
to be very lustrous, the surface being covered evenly with rather large flat 
crystals. On putting the specimen back and evacuating, only faint diffrac¬ 
tion could be observed on the fluorescent screen. The temperature was 
raised to 1200° C. for about half a minute and the diffraction spots flashed up 
once more on the screen. It is possible, but by no means certain, that 
diffraction was being prevented by the presence of an adsorbed gas film 
which was removed from the surface by heating. 

After a further 8 hr. heating in a vacuum at 1000 and 1200° C. (about 2 hr. 
at 1200° C.) patterns of evenly spaced side-lines crossed by Kikuehi lines were 
obtained. The lines are rather broad, due probably to fluctuations in voltage 
during the 3 min. exposure, and their separations cannot be measured with 
great accuracy. They were found, ho wev er, to correspond to spacingfl of about 
2*20 A and are probably due to the (111) planes of platinum. The ring pattern 
which had appeared after heating in oxygen could no longer be detected. 
At less grazing incidence a large number of elongated spots were visible on 
the fluorescent screen. 

The beautiful Kikuehi lines on these plates indicate perfection of crystal 
structure. On inspection, the platinum tube was found to have a liquid¬ 
looking surface with a high lustre and a number of frosty lines running along 
the length of the tube. 

It appears therefore that, on heating the platinum tube in oxygen, a 
film is formed on the surface which is very effective in preventing contamina¬ 
tion of the platinum surface by adsorption. What the chemical composition 
of this film may be is not clear. The fact that it is composed of crystals having 
a tetragonal lattice structure, the body-centre positions of which appear to 
be occupied by atoms lighter than those at the corners of the lattice, indicates 
a compound having equal numbers of light and heavy atoms; and this, 
together with the fact that the film was prepared by heating in oxygen, 
might lead one to conclude that the compound is platinum monoxide. 
Platinum monoxide decomposes, however, at 550 ° C. and even though a 
thin film might be stable for a short time at higher temperatures it is im¬ 
probable that it would require, as was found to be the case, some 16 hr. 
heating at about 1100° C. to get rid of the last traces of the film. 

In conclusion, it is a pleasure to express my thanks to Professor G. P. 
Thomson for his kind advice and interest during the course of this research 
and for the facilities which have been provided. I would also like to thank 
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Professor A. 0 . Rankin© both for the facilities which I have had and for 
his continued interest. My thanks are due also to Messrs. Davis, Tonks and 
White, of the workshop staff, for their excellent work in connexion with the 
modifications to the electron camera. 


Summary 

In the course of experiments on the transfer of energy across a platinum* 
helium interface it had been observed that the surface of a platinum wire 
was far more resistant to contamination after it had been heated in oxygen. 
In the present research this effect has been investigated, using the method of 
electron diffraction. It has been found that a thin protective film is formed 
on the surface of the platinum, the film being composed of light and heavy 
atoms situated respectively at the body-centre and corner positions of a 
tetragonal lattice, the constants of which are a ® 6 = 5*38 A and c — 4*43 A. 
The chemical composition of this film is not known. The surface conditions 
have been correlated with those in previous experiments by determination of 
the accommodation coefficients with respect to helium. 
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Introduction 

It has been recognized for some time that the degree of interaction of 
neutrons with matter varies rather rapidly with the energy of the neutrons. 
In the higher energy ranges this effect has been difficult to investigate be- 
cause the more common radioactive sources yield neutrons with a wide 
distribution of velocity. It is very desirable, then, that experiments should 
be performed with neutrons of known energy. The reaction 

DJ + Df a* He| + n' Q 

provides a very convenient source of such iso-energetic neutrons, and the 
experiments to be described have mainly been carried out with the neutrons 
obtained by bombarding deuterium with heavy hydrogen ions in a high- 
voltage discharge tube. Neutrons obtained in this manner are thought to 
have an energy of about 2*5 x 10® e-volts (Bonner and Brubaker 1936). One 
of the most fundamental and interesting cases of interaction is that between 
neutrons and protons. The simplicity of the phenomenon is such as to allow 
fairly rigid mathematical analysis. Measurement of the neutron-proton 
cross-section gives a most valuable check on certain basic assumptions made 
in the theoretical treatment of this problem. We have effected such a 
measurement with the D + D neutrons, and the result, viz. a cross-section of 
1*8 x l(r 24 cm. 2 , is in agreement with the theoretical predictions. 

Experiments have also been carried out to investigate the production of 
induced radioactivity with 2*5 x 10 6 e-volt neutrons in those elements which 
emit either a proton or an a-particle at the moment of capture. Only in two 
cases were measurable effects observed—with the 2*0 hr. (proton) period of 
phosphorus, which was already known, and with the 14 -day (proton) period 
obtained from sulphur. This latter reaction has not hitherto been reported 
to take place with neutrons of such low energy. 

Early experiments with the high-voltage source had shown that neutron 
reactions of the capture type, though more favourably excited by slow 

t 248 ] 



249 


Experiments with Iso-Energetic Neutrons 

neutrons, nevertheless take place in certain elements in easily measurable 
amounts with the D -f D neutrons. Tests were devised to show that the results 
did not arise from the presence of a few slow neutrons in the source. From 
arguments due to Bohr (1936), one might expect that the capture cross- 
section for any particular high-energy neutron would be roughly inversely 
proportional to its velocity. It is of interest, then, to compare the capture 
cross-sections experienced by various elements for different iso-energetic 
neutrons. This we have done using the neutrons from the I) + D and from a 
radium-beryllium photo-source (energy of neutrons about 0*25 x 10 6 e-volts) 
by observing the relative activities induced in various substances by the two 
sources, of which the comparative strengths were determined by methods 
that will be described. The faster neutrons do in fact show somewhat 
smaller capture cross-sections, but the differences are not so large as the 
above considerations would lead one to expect. In the case of iodine, for 
example, the ratio is about 1:2. In order to obtain an absolute value for the 
capture cross-section from the above experiments it is essential to know the 
actual number of neutrons emitted from the source. The source-strength 
intercomparison experiments yield a value for this number as soon as the 
neutron emission of 1 m.c. of radon mixed with beryllium powder is known. 
The most plausible value at present seems to be about 15 , 000 /sec. (Fink 
1936). Assuming this number, the capture cross-section of the 2*3 min. 
period in silver for 2*5 x 10 ® e-volt neutrons is calculated to be 7 x 10 ~ 26 cm. 2 . 

The high voltage employed was generated by a Cockcroft circuit capable 
of producing a maximum output voltage of 400 kV. A single-staged dis¬ 
charge tube was used for accelerating the deuterium ions, which were ob¬ 
tained from a low voltage arc source similar to that described by Tuve, Dahl 
and Hafstad (1935). The target, either of heavy phosphoric acid or heavy ice 
cooled with liquid air, was situated at the upper, high potential end of the 
tube. With a total positive ion current of about 100/*A and a tube voltage of 
225 kV, neutrons could be obtained from the heavy ice target in quantities 
equivalent to a radon-beryllium source of approximately 1500 m.c. 

Scattering Cross-section of Protons for D + D Neutrons 

Proton cross-sections have already been measured for neutrons of low 
energies (a few electron volts) by Fermi and his co-workers (Amaldi and 
Fermi 1936); for the Th C" photo neutrons of heavy hydrogen (energy about 
250 k. e-volts) by Goldhaber (1936); and for the neutrons obtained by bom¬ 
barding carbon by deuterons ( 600-1200 k. e-volts) by Tuve and Hafstad 
(1936)* Dunning (1934) also gives a value for the fast portion of the multi- 
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energy spectrum of radon-beryllium neutrons of which the average effective 
scattering energy probably lies in the region of 3-4 x 10 6 e-volts. Owing to the 
possibility of theoreti cal interpretation of all such measurements, we thought 
it well worth while to determine the scattering cross-section of protons for 
the neutrons obtained from the D + I) reaction. A preliminary report of this 
work has already appeared (Booth and Hurst 19360). 

The meth od adopted was the usual one of placing a detector some distance 
away from the source of the neutrons and measuring the activities produced 
with and without interposed scatterere. Unless one is prepared to make 
large and possibly inaccurate corrections, it is essential (with usual sizes of 
sources and detectors) to have the neutron detector at a minimum distance 
of about 20 cm. from the source. In our casq. the activity induced in an 
indium foil at this distance was too low to be of value; in order to obtain 
reasonable counts we enclosed the indium foil, 8 x 5 cm., between two 
paraffin blocks 9-6 by 6*5 by 3*3 cm. The paraffin blocks enhanced the effect 
by slowing down a constant fraction of the incident fast neutrons. This fast 
neutron detector was wrapped in cadmium foil to prevent the entrance of 
any neutrons of thermal energy that might be reflected from the surround¬ 
ing walls. The scatterer consisted of a sheet of paraffin wax, 7*7 cm. long, 
4-8 cm. wide, and 1*85 cm. thick. The indium foil of the fast neutron 
detector was placed 23 cm. from the heavy phosphoric acid target then in 
use, and in alternate runs the scatterer was situated half-way between the 
foil and the source. 

Although the source was constant to about 10%, it was necessary to 
correct for small variations. To do this a thin packet of red phosphorus was 
always placed near the target, and the 2*0 hr. period activity was used as a 
control. The reaction PJJ 4 * Uq -> Si ?\ + H \ will only proceed if the neutron 
energy is of the order of 2 x 10® e-volts, so there was no fear that the presence 
of the paraffin scatterer would cause an unwanted increase in the activity 
of the control. 

In each determination an exposure of 45 min. was given. The indium 
activity was observed on a thin-walled Geiger-Miiller counter for 30 min., 
about 3500 particles net being counted. After this the phosphorus oontrol 
was counted for 30 min., with about the same total count as in the case of 
indium. Ten runs in all were made, five with and five without the scatterer. 
Having made due corrections for variations in source intensity, the final 
mean ratio of the intensity with the scatterer to the intensity without the 
scatterer was 0*76 ± 0 * 05 . Neglecting all correctionsandassumingJ/Zo^e"*^, 
where x is the thickness of the scatterer, A is the mean free path of the 
neutrons in wax, and /// 0 is the measured ratio of the intensities with and 
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without the scatterer, we find that A equals 0*6 ±1*0 cm, In order to correct 
for neutrons which were scattered by one collision and yet entered the 
detector, the assumption was made that neutrons of this energy are scattered 
with a spherically symmetrical distribution about the centre of mass of the 
proton-neutron system (Bethe and Bacher 1936, p. 119). After making this 
correction (the effect of multiple scattering was neglected) a free path of 
4*6 ± 0*9 cm. was obtained for the D*f D neutrons in wax. To obtain the 
cross-section of the neutrons scattered by protons it is necessary to correct 
for the presence of carbon in the wax. To do this we adopted Dunning’s (1934) 
value of 1*7 x 10 ~ 24 cm. 2 for the scattering cross-section of fast neutrons in 
carbon. By the formula 

a-—.. 

Vc+BhO’h 

where A is the mean free path of the neutrons in wax, n c the number of carbon 
nuclei per c.c. of wax, er c the carbon scattering cross-section (1-7 x 10~ 24 cm. s ), 
and n H is the number of hydrogen nuolei per c.c. in wax, the value of 
( 1-8 + 0 - 4 ) x 10 “ 84 cm. 2 is derived for the neutron-proton scattering cross- 
section (<r H ). 

Before comparing the above value with that predicted by theoretical 
considerations, it is necessary to know the energy of the neutrons used. 
Dee (1935) made a rough estimate of the energy of the neutrons from the 
D + D reaction by observing recoil tracks of helium in a cloud chamber. 
After allowing for the velocity of the deuterium ions in the discharge tube, 
he obtained a value of 1*8 x 10® e-volts for the energy of the neutrons extra¬ 
polated to zero tube voltage. Bonner and Brubaker (1936) in a more recent 
determination with a methane-filled cloud chamber got an analogous value 
of 2-4 x 10® e-volts. We adopted the latter value. The neutrons used in our 
experiments were those emitted in the forward direction with respect to 
the incident deuteron beam. Applying well-known formulae, the value of 
2*9 x 10 ® e-volts iB derived for the energy of the neutrons proceeding in this 
direction with the tube voltages used. 

The early attempts to explain the interaction of neutrons and protons by 
means of interaction foroes of a single kind were not successful in explaining 
the large differences observed in the scattering cross-section of slow and fast 
neutrons with respect to protons. Wigner (Bethe and Bacher 1936, p. 117) 
was able to reconcile this difference by the use of both Majorana and 
Heisenberg exchange foroes in his deuteron model. This allowed for a larger 
difference between the energies of the singlet and triplet levels of the ground 
(s) state than was possible.if only Majorana foroes were employed. It is 
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usual to fix the value of the binding energy of the singlet state (which may be 
virtual) by means of measured slow neutron cross-section values. The theory 
then determines the cross-section uniquely for all energy values of the 
neutron. Valuable checks on the fundamental assumptions which have led 
to the cross-section formula are therefore provided by measurements of 
neutron-proton cross-sections with iso-energetic neutrons. Wigner’s formula 
for the neutron-proton cross-section is 

_ i^T _ 1 _ 3 I 

" M [_ 4 (e' + iX) + 4 (eT|J?o)J ’ 

where M is the mass of the proton, E 0 is the energy of the incident neutron, 
e is the binding energy of the triplet state ( 2*15 x 10 6 e-volts), and e' is the 
binding energy of the singlet state. 



Fig. 1— (? = Goldhaber; T-H = Tuve-Hafatad : B-H = Booth-Hurst; /)= Dunning. 

In order to determine e' it is incorrect to use the scattering cross-section of 
the thermal energy (C) neutrons. When the energy of a neutron is com¬ 
parable with the chemical binding energy of the scattering hydrogen, the 
measured croBS-section may differ by a factor of as much as four from the real 
cross-seotion of an isolated neutron-proton system. If one adopts 
and Fermi’s (1936) value of about 1 cm. for the free path in wax of neutrons 
of the DA Bl groups (energies of about 2-50 e-volts) corresponding to a cross- 
section of about H x 10-M cm., one obtains for e' the value of 0130 x 10* 
e-volts. A graph of Wigner’s formula using this value is shown in fig. 1. The 
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experimental values of <r H of the various investigators including the present 
authors are also indicated. 

The agreement between the theory and experiment seems satisfactory 
except for the value obtained by Goldhaber (1936). Further experimental 
evidence is desirable in the region between 0-1 and 1-0 x 10® e-volts. 

[Note added in proof 21 June 1937 —A mean free path of 1*5 cm. has 
recently been found for radium-beryllium photo-neutrons in paraffin wax 
by Leipunsky, Rosenkewitsch and Timoshuk (1936). This value iB in good 
agreement with the theory.] 


Heavy Particle Reactions Excited byD + D Neutrons 

Neutron reactions may be divided into two general classes: those in which 
one or more photons are emitted and a heavier isotope is formed, and those 
in which a heavy particle leaves the nucleus. Reactions of the first or 
“capture” type are more favourably excited by means of slow neutrons, 
while, with the exception of lithium, boron and nitrogen, the heavy particle 
reactions require rather energetic neutrons and are not met with at all in 
the heavier elements. It is of interest to find out, if possible, the orders of 
the threshold energies involved. 

Bjerge and Westcott (1934) found that the 2-6 hr. period of phosphorus, 
in which a proton is ejected, is excited by the D + D neutrons; but found no 
measurable amount of the 2*5 min. (a-particle) period of phosphorus, the 
8 sec. period of fluorine, or the 2*5 min. (proton) period of silicon. With 
neutrons from a radon-fluorine source which have a maximum energy of 
about 4*5 x 10® e-volts, KurtBchatow, Mysovski, Eremekew and Shchepkin 
(1935) found the 2*6 hr. period in phosphorus and a slight activity in the 
aluminium 10 min. (proton) period. Preiswerk (1935) using radon-boron 
neutrons with a maximum energy of about 6 x 10® e-volts failed to excite 
any other activities except the 49 sec. (a-partiele) period of magnesium. 

Some preliminary experiments devised by us to test the possibility of 
exciting actions of the kind under discussion by means of D -f D neutrons 
have already been reported (Booth and Hurst 19366). These were carried 
out using the phosphoric acid target. The installation of the heavy ice 
target and the consequent enhancement of the neutron yield by a factor 
greater than 5 provided the possibility of a more thorough investigation. The 
substanee to be studied, either in the form of a foil or enclosed in a thin 
cellophane packet, was exposed for periods up to one hour to the D+D 
neutron source. Wax and other hydrogenous substances were removed from 
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the vicinity in order to minimise the unwanted capture reactions. The results 
are summarized in Table I. 


Table I 


Substance 

Time of 

Counts 


irradiated 

exposure 

per min. 

Period investigated 

A1 

15 min. 

< 5 

Mg 87 10 min. Proton 

A1 

1 hr. 

< 5 

Na* 4 15 hr. a-particle 

Cr(NO s ) a 

5 min. 

<10 

V 4 * 3-75 min. Proton 

MnO t 

5 min. 

<10 

V 6a 3-75 min. a-particle 

Si (glass) 

5 min. 

<10 

Al at * 2* 3 min. Proton 

Mg 

1 hr. 

< 5 

Na 84 15 hr. Proton 

m 

1 hr. 

< 5 

Co 40 20 min. Proton 

s 

1 hr. 

20 

P 38 14 day Proton 

CoO 

1 hr. 

< 5 

Mn M 2*5 hr. a-particle 

Cu 

1 hr. 

< 5 

Periods > 30 min. 

Zn 

1 hr. 

<10 

Cu 4 ® 6 hr. Proton 

Ca 

1 hr. 

< 5 

K 4a 16 hr. Proton 


The 49 sec. a-particle period of magnesium was also sought, but since 
90 sec. elapsed between the irradiation and the beginning of the count, 
nothing but a strong activity could have been detected. However, any 
activity present at the moment irradiation ceased was certainly less than 
5 % of the initial activity which would have been induced in phosphorus 
(2*6 hr. period) had it been exposed to saturation under similar circum¬ 
stances, viz. 7000 counts/min. 

It will be noticed that sulphur exhibits a rather strong activity which we 
observed to decay with a half period of about 14 days. The carrier of the 
activity is presumably P 3a . The phosphorus and sulphur reactions are inter¬ 
esting in that the end product in each case is the same as the substance 
irradiated. Taking 1*8 x 10 ® e-volts as the end point of the /?-ray spectrum in 
each case (Kurie, Richardson and Paxton 1936; Alichanian, Aliohanow and 
Dzelepow 1936) and Bethe’s (1935) value of 1-0085 for the mass of the 
neutron, it is found that the emitted protons in these two nuclear reactions 
have energies of not more than 10* e-volts. This is considerably less than 
the height of the potential barrier for protons of elements in this region of 
the periodic table. 


COMPARISON OF VARIOUS SOURCE STRENGTHS 

We have in the Clarendon Laboratory three varieties of neutron souroes: 
the high voltage D + D source, radon-beryllium souroes with strengths up to 
about 700 m.c., and a radium-beryllium photo source employing 0-6 g. of 
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radium* Owing to the fact that the energies of the neutrons derived from 
these three types of sources differ widely, it is not easy to carry out an inter- 
comparison, but we think we have obtained reasonably reliable results by 
the following procedures: (1) by slowing down the neutrons with paraffin wax 
and measuring the activities induced in foils and (2) by slowing down the 
emitted neutrons by a quantity of water and observing the activity induced 
in an iodine salt dissolved in the water. 

To effect comparison (1) a wax geometry suitable for both sources had to 
be decided on. Since the heavy ice target of the D + D source was situated 
within a 2 in. diameter brass tube and was about 2 in. above the level of the 
large iron plate sealing the top of the discharge tube, the wax geometry which 
suggested itself was as follows: the pipe enclosing the target was surrounded 
by a hollow cylinder of wax of 0*2 cm. internal diameter and 10*0 cm* 
external diameter. The foil to be irradiated was placed on the outside surface 
of this cylinder and the whole was surrounded by a closely fitting block of 
wax 22 cm. long by 22 cm. wide and 15 cm. high; thus the same wax arrange¬ 
ment could be used for the photo and the D + D sources. Iodine and indium 
were chosen for test substances because their resonanoe levels are rather 
widely separated, viz. iodine about 80 e-volts and indium 1*4 e-volts 
(Goldsmith and Rasetti 1936). Under identical conditions of exposure the 
ratios of the activities induced by the D + D and the photo sources were 
10:1 for the indium detector, and 7 :1 for the iodine detector. This method of 
comparison obviously favours the slower photo neutrons. 

The second method was suggested to us by Dr. Szilard. If a source were 
surrounded by a very large quantity of water in which is dissolved an iodine 
salt, all the neutrons, no matter what their initial velocity, would be slowed 
down and a constant percentage would be captured by the iodine. If then 
the activated iodine is separated and “counted,” the measured activity will 
be directly proportional to the neutrons emitted j>er second. This assumes 
that almost all of the iodine activity is produced by slow neutrons, a hypo¬ 
thesis justified by results reported elsewhere in this paper. Owing to limita¬ 
tions imposed by target geometry, it was not feasible to irradiate very large 
quantities of solution with the D + D source. It was finally decided to com¬ 
pare the sources by surrounding each in turn by a hollow cylindrical tank of 
solution 6*7 cm. internal diameter, 18*5 cm. external diameter, and 10*5 cm. 
deep. Since some of the fast neutrons would penetrate this relatively thin 
layer of solution and escape, measurements made with this geometry should 
favour the slower neutron sources. In order to obtain an estimate of the 
error involved, an 8 cm. diameter beaker containing 500 c.c. of solution was 
subsequently exposed to each source in turn at a distanoe of 13 cm. from axis 
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to axis. This latter arrangement should favour the faster neutrons, because 
the slow neutrons will penetrate only a short distance into the liquid and 
some loss will be suffered by diffusion to the outside. The actual ratio of 
intensities of any two neutron sources should therefore lie between the ratios 
observed in these two arrangements. 

The sodium iodate solution (20 g. per litre) was exposed to a source for a 
measured time. The iodine ions produced by neutron capture were separated 
from the solution in the form of silver iodide by well-known chemical 
methods. This silver iodide was collected and placed round the Geiger- 
Miiller counter. In the tank experiment the ratios of activities for the D + D, 
the radon-beryllium, and the photo neutrons were as 7*3 : 1*3 : 1 ; and in the 
beaker experiment the corresponding ratios were 6*9 : 1*2 :1. Therefore the 
D + D source is about 7 times as strong as the photo source (500 mg. 
radium); and about 5*6 times as strong as the 210 m.c. radon-beryllium 
source used in these comparison experiments. 

Activation of Capture Reactions by Means of Fast Neutrons 

In the course of other work we noticed that the capture periods of iodine 
and other substances were activated by D 4- D neutrons when no hydrogenous 
substance was present. Dr. Szilard in some unpublished experiments with 
radium-beryllium photo neutrons has noticed a similar effect. It was thought 
that the result might be due to the presence of a small proportion of slow 
neutrons inherent in the source or produced by some slowing-down process. 
Such a slowing down might, for instance, be caused by a non-capture 
radiative process as the neutrons passed through the brass target tube. To 
test this possibility the target tube was surrounded by a thickness of copper 
equal to about twice the amount originally present, and a silver foil and 
the usual phosphorus control were placed against the outside of this and 
irradiated. The ratio of the activities observed in the silver and in the fast 
neutron detector, phosphorus, was the same with, as without, the presence 
of the copper to well within the overall statistical error of about 7 %. Had 
there been any appreciable slowing-down effect, the addition of the copper 
would have increased the silver count at the expense of the phosphorus 
activity. There remained the doubtful possibility that slow neutrons were 
present by reflexion from the walls or present in the source itself. That this 
was not the cose was shown by interposing a quantity of boron powder 
( 0*5 g. per cm. 2 ) between the target and the silver foil and phosphorus con¬ 
trol, and by experiments in which the foils were completely surrounded by 
the boron. In neither case was any measurable change noticeable. 
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It appeared, therefore, that the effect wag a real one and it was resolved to 
investigate it further. A number of elements were tested and the results are 
summarized in Table II, 

Table II 



D + D activity 

D + D No./min. 

Photo aotivi 

Element 

No. /min. 

7 

No./min. 

In (54 min.) 

2300 

330 

460 

Ba (80 min.) 

100 

14 

37 

Br (4-2 hr.) 

400 

57 

350 

Br (18 min.) 

1200 

170 

510 

Mn (2-5 hr.) 

220 



I (25 min.) 

3700 

630 

960 

Ou (5 min.) 

600 



Ag (2*3 min.) 

2900 




The numbers in the table represent the counts per minute which would 
have been obt ained at the moment when irradiation ceased if the substance 
had been exposed until saturation had been reached. The actual exposures to 
the D +1) source varied bet ween 5 and 20 min. The values shown in the photo 
column were obtained by wrapping the foil under test round the beryllium 
block of the photo source and exposing for times varying from 10 min. to a 
day. These values were reduced to standard conditions as in the D + D case. 
Since it has been shown that the intensity of the D + D source is about seven 
times that of the photo source, the numbers in the I) -f D column have been 
divided by seven and the results tabulated. The ratios of the figures so 
obtained to the corresponding numbers in the photo column should be 
roughly in proportion to the capture cross-sections for neutrons of the two 
energies involved. 

Because of the unavoidable differences in geometry of the D + D and the 
photo sources, a too rigorous identification of the ratios derived above with 
the cross-section ratios would be unwise. In general it may be asserted, how¬ 
ever, that the D + D capture cross-sections are smaller than those of the 
photo neutrons. These results can be reconciled qualitatively with the views 
of Bohr (1936), according to which a neutron upon entering a nucleus divides 
up its energy among the constituent particles to produce an excited state. 
A capture reaotion can then take place only if the excited nucleus can radiate 
before a neutron can collect enough energy from its neighbours to escape. 
From these considerations one would expect, as indeed seems to be the case, 
that the slower neutrons should experience a somewhat larger capture 
cross-section. It is even a little surprising to find such a small difference as 
seems to exist in some cases between the D + D and the photo neutron cross- 
sections. 
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Capture Cross-section of Silver for Fast Neutrons 

In general, measurements of the type just described are not sufficient to 
determine the absolute value of the capture cross-section of the process. 
This is because the relative abundance of the activable isotope from which is 
derived the /?~ray activity being measured is not known. Among the sub¬ 
stances investigated, however, silver lends itself to further treatment 
because its two isotopes exist in a ratio of approximate equality. 

If a very thin silver foil containing n activable atoms per sq. cm. is exposed 
to a neutron beam of intensity N neutrons per sq. cm. per second, the 
equilibrium number of nuclei disintegrating per sq. cm. per second will be 
nN<r F , where cr F is the capture cross-section. It is this activity that would 
be registered at the moment irradiation ceased by a perfect counter that 
recorded every particle emitted. Thus, for a thin foil of area 35 sq. cm. (the 
area of the foil actually employed) and for a counter of efficiency e, we obtain 

A 

the relation nNcr F = --—— , where A is the initial saturated activity in 

35 x 60 x e 

counts per minute of a foil so thin that internal absorption of the /7-particles 
can be neglected. 

To determine how thin a silver foil must be in order to satisfy this con¬ 
dition, a subsidiary experiment was performed. Silver foils of thicknesses 
19*4, 38*8, and 58*2 mg./sq. cm., as well as the foil (130 mg./sq. cm.) used in 
the original D-f D experiment, were irradiated under identical conditions 
with slow neutrons from a radon-beryllium source surrounded by paraffin 
wax. The activities obtained in the four cases were found to be in the ratio of 
1 :1-30 : 1*53 : 1*96 respectively. These activity ratios were plotted against 
the thickness of the foils and a smooth curve was drawn through the origin 
and the points obtained. From the curve it could be seen that for a thickness 
of foil of 4*8 mg./sq. cm. internal absorption was negligible. Furthermore, 
the activity of a foil of this particular thickness was less by a factor of 4*5 than 
that of the thick experimental foil. The quantity, A , in the formula above, 
then, is obtained by dividing the initial saturation activity given in Table II 
by 4*5, i.e. is 645. The efficiency of the counter, e, was measured by means of a 
thin, known deposit of uranium nitrate. The /7-partides from VX x were 
removed by an aluminium foil, 0*2 mm. thick. After correcting for the 
absorption of the UX 2 /7-particles in the aluminium foil, it was found that the 
counter registered 20 % of the total UX 2 particles emitted. 

For a silver foil of 4*8 mg./sq. cm. thickness, the total number of silver 
atoms per sq. cm. is 2*7 x 10 w . Taking the isotopes as equally abundant, n, 
the number of activable atoms in the above formula is 1*4 x 10 19 . In the 
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actual irradiation experiment, the mean distance of the foil from the target 
was 3 cm. Assuming the number of neutrons from 1 m.c. of radon mixed 
with beryllium powder to be 15,000 f>er Becond (Fink 1936 ), the source 
strength comparisons described above show that the total number of 
neutrons emitted per second by the D + D source was 2 x 10 7 . Thus, for N, 
the value of 1*8 x 10 5 is obtained. The formula then leads to the value 
7-4 x 10~ 2B cm . 2 for cr F . 

Dunning ( 1934 ) has shown that the elastic cross-section of nuclei for fast 
neutrons increases slowly, and apparently continuously, with atomic 
number. By interpolation of his results, a value of about 4 x 10 ~ 24 cm . 2 is 
obtained for the scattering cross-section of silver. This is 5-5 times as great as 
the value calculated above for the capture cross-section of this element. As 
a result of some experiments involving measurements of the absorption of 
fast neutrons in spheres of various materials, Dunning, Pegram, Fink and 
Mitchell ( 1935 ) have reached the conclusion that, in a number of elements, 
from 10 to 30 % of the collisions resulted either in the capture of a neutron or 
in a loss of its energy by a radiational or other mechanism. Even though 
our calculated value of the capture cross-section in silver may be in error by 
as much as 50%, it would indicate that a substantial proportion of the 
“absorption” measured by Dunning and others ( 1935 ) is indeed due to 
capture. From the results of other experiments, like those of Collie and 
Griffiths ( 1936 ), in which an enhancement in the number of slow neutrons 
was observed when a radon-beryllium source was surrounded by spheres of 
various materials, it appears probable that another portion of the “absorp¬ 
tion ” measured by Dunning is due to a radiative non-capture process slowing 
down the neutrons. 

We are indebted to Professor F, A. Lindemann, F.R.S., for placing at our 
disposal the facilities of the Clarendon Laboratory and for the constant 
interest which he has displayed in the research. We wish to express our 
gratitude to Mr. M. Milford, who gave us invaluable assistance in the early 
phases of the installation of the apparatus. Our thanks are due to Mr, C. H. 
Collie, who participated in the early work and has been constantly helpful 
with advice and useful suggestions;and to Dr. Szilard for valuable criticisms 
and for the loan of a beryllium block. Dr. J. H. E. Griffiths has given us the 
benefit of his experience in the construction of counters. 

Summary 

The mean free path in paraffin wax of the iso-energetic neutrons obtained 
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by bombarding heavy hydrogen with deuterium ions has been measured and 
found to be 4*6 ± 0-9 cm. The elastic scattering cross-Bection, viz. 

(1*8 ± 0*4) x 10~ 24 cm. a , 

derived from this determination agrees well with Wigner’s theoretical pre¬ 
dictions. Attempts have been made with these 2*5 x 10 6 e-volt neutrons to 
produce nuclear reactions in which either a proton or an a-particle is emitted. 
The transmutation of sulphur to form P 82 and a proton was the only hitherto 
unreported reaction of this kind to be observed. 

The number of neutrons emitted by the high-voltage source has been 
compared with the numbers emitted by beryllium photo-neutron and radon- 
beryllium sources. Neutron capture reactions were observed to proceed in 
easily measurable amounts with the D + D neutrons and the activities so 
produced have been compared with those arising from the radium-beryllium 
photo-source under similar conditions of exposure. The intercomparison of 
source strengths enabled a determination of the capture cross-section of 
silver for 2*5 x 10 6 e-volt neutrons to be made. The value found was 

7 x 10” 26 cm. 2 . 
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On the Analysis of Cosmic Rays 

By W. Heitler 

H . H> Wills Physical laboratory , University of Bristol 
(Communicated by N. F . Mott , -F.-R.S. —Received 7 ^4pnZ 1937) 

1—Introduction and Statement of the Problem 

The main difficulty in the way of any attempt to analyse the cosmic rays 
is the fact that for this purpose a complete knowledge of the laws of absorp¬ 
tion and of the production of secondaries is required for all the particles 
occurring in cosmic radiation. Until now such knowledge was neither 
available theoretically nor experimentally. Several authors have therefore 
attacked the problem by assuming an exponential absorption law for each 
component of cosmic radiation or by assuming that the particles have a 
sharply defined range which is a function of their energy only. 

For fast electrons and light quanta which certainly constitute a large 
fraction of cosmic radiation neither of these two assumptions is valid. For 
this reason we can only attach a qualitative significance to the results 
obtained by any of the methods mentioned above. 

For electrons and light quanta the main mode of energy dissipation and 
production of secondaries is certainly the production of showers, which 
cannot be described by an exponential absorption law or an energy-range 
relation. On the basis of quantum mechanics the creation of a shower can be 
understood as a “cascade process”. The electron in the field of a nucleus 
emits hard light quanta which subsequently create secondary pairs, the 
electrons of which are again capable of producing secondaries and so on. 
The number of secondary positive and negative electrons produced in this 
way by one primary electron of given energy in traversing a thick layer of 
matter has been calculated by means of the quantum theory in two recent 
papers by Carlson and Oppenheimer ( 1937 ) and by Bhabha and Heitler 
(* 936 , 1937 ). It has been found that the results agree with many of the 
observed characteristic features of showers. It seems very probable that at 
least a large fraction of the showers observed in cosmic radiation is described 
correctly by this theory. 

At first sight, one would think that an attempt could now be made to 
analyse cosmic rays on a basis which has at least some theoretical foundation. 

[ 261 1 
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But this is not quite the case. There are a number of very serious difficulties 
which still impede any attempt at a complete and conclusive analysis* 

In the theory mentioned above the assumption has been made that the 
quantum theory is valid for electrons up to infinitely high energies. But this 
is by no means certain. The direct experiments by Anderson and Nedder- 
meyer ( 1936 ) have so far only proved the validity of the theory up to 
3 x 1 0* e-volts, and there are experimental facts which seem to show that this 
is no longer true for energies of the order of 10 ® e-volts. 

According to the theory, electrons with any reasonable energy could make 
their effects felt through a layer of not more than about 10-15 cm. lead, 
10-15m. water or 10-15km. normal air. The experiments, however, show 
that a radiation exists with a penetrating power of more than 1 m. lead and 
more than 300 m. water. Careful investigations by Rossi ( 1934 ) and his 
co-workers and by Street, Woodward and Stevenson ( 1935 ) have left no 
doubt that the hard radiation causing coincidences through 1 m. lead con¬ 
sists of single ionizing particles which have no direct connexion with the 
shower phenomenon. It is clear that the behaviour of these particles cannot 
be described by the theory if it is assumed that they are electrons. 

The absorption of single cosmic-ray particles, as measured for instance by 
the number of coincidences between two or more counters placed in a 
vertioal plane and separated by a sheet of lead, has been investigated by 
several authors, and they have all obtained the following result: At sea-level 
the number of particles decreases rapidly, by about 25%, within the first 
10-15 cm. of lead. For larger thicknesses it decreases very slowly and after 
1 m. of lead the number of particles still amounts to 30 % of the value without 
the absorber. This result has been explained by assuming that there 
are two more or less distinct groups of cosmic-ray particles, a soft group 
constituting 20-30 % of the whole radiation at sea-level which is absorbed 
within 10-15 cm. of lead, and a hard group with a penetrating power up to 
1 m, of lead and more. In the following we shall call the particles con¬ 
stituting these two groups simply soft and hard particles. This notation 
refers to the penetrating power of the particles and not to their energy. 

The two groups seem to behave quite differently. The experiments show 
that most showers are produced by the soft group, whereas the hard group 
produces only very few fast secondaries or showers, in accordance with its 
small rate of energy loss. There can hardly be any doubt—and we hope to 
confirm this in this paper—that the soft group consists of electrons and light 
quanta which behave in accordance with the theory and for which, therefore, 
the main mode of energy loss and production of secondaries is due to the 
cascade process described above. 
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On the other hand, we have very little information about the hard group. 
It seems that the energy loss is of the order of magnitude of the ordinary 
energy loss by ionization only (i.e. excluding Bremstrahlung) and that it is 
approximately proportional to the mass per cm , 2 traversed (cf. for instance, 
Alocco 1935 ). O wing to this small rate of energy loss the number of secondary 
soft particles (i.e. of fast electrons) produced directly by the hard group is 
small and can be neglected, at least if the intensity of the soft component is 
comparable with that of the hard component, which is the case in the atmo¬ 
sphere. Furthermore, there is so far no indication of a process by which soft 
particles could produce any secondary hard particles. We can, therefore, 
assume that the soft and hard components are in a certain sense independent of 
each other and can be treated separately. 

As to the nature of the hard particles two assumptions are possible: 

(а) The hard particles are not electrons —It has been suggested that they 
are particles of protonic mass. We shall not discuss in this paper the 
question of the nature of these particles. It meets in any case with 
great difficulties, and it seems to us that at present such a discussion would 
be premature. But, if this assumption (a) be right, it is clear that we are 
free to assume that the theory is valid for electrons, i.e. for the soft group, up 
to infinitely high energies . 

( б ) The hard particles are electrons of very high energy —In this case it is 
obvious that even for electrons the theory cannot be applied for all energies. 
There will be a critical energy E r up to which the theory is valid. For higher 
energies the theory breaks down, the rate of energy loss falling off to a value 
of the order of magnitude of the energy loss by ionization. For simplicity we 
shall assume that this breakdown takes place suddenly at the energy E c , 
This assumption will hardly vitiate our results appreciably. Particles with 
energies larger than E c belong then to the hard group; as soon as their energy 
has reached the critical value E ct they become “soft” and behave as 
described above. 

Assumption (a) has one great advantage: According to the theory (cf. 
Bhabha andHeitler 1937 , § 3 ) large showers can only be produced by electrons 
of very high energy. Thus, if ( b ) be right, we should have to fall back on a 
completely new theory for large showers, which is not the case if (a) be right. 
On the other hand, (a) necessitates the assumption of a new sort of particles 
for which so far no direct evidence exists. 

In the following we shall try to analyst the cosmic-ray phenomena on these 
two assumptions. We shall mainly consider the soft group and the phe¬ 
nomena connected with it. An analysis of the hard group is at present not 
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possible, owing to our poor knowledge of the processes which these particles 
can undergo.* 

It will appear from our discussions that most of the cosmic-ray phenomena 
observed in the atmosphere find a qualitative explanation, if we start from 
assumption (a). This is not the case on assumption ( 6 ), at least not if the 
critical energy E c is assumed to lie below an energy of 5 x 10 ® e-volts. 


2 —Analysis of the Absorption Curve in the Atmosphere on 

Assumption (a) 

The intensity of cosmic radiation in the atmosphere has been investigated 
by several authors. In the following we shall use the results obtained by 
Pfotzer ( 1936 ) and Regener. The quantity measured in these experiments is 
the number of single particles coming in the vertical direction. This is a 
quantity which can be compared more directly with the theory than the 
total ionization. 

Pfotzer’s curve is shown in fig. 1 (marked total). The curve has a maximum 
at a depth below the top of the atmosphere corresponding to a pressure of 
8 cm. Hg and decreases then rapidly with decreasing altitude. The maximum 
number of particles is 280 in Pfotzer’s units. At sea-level the intensity is 
about 7. The number of particles entering the top of the atmosphere can 
only be found by extrapolation. Pfotzer assumed a value 115. This figure 
may actually be too high. We shall assume a value of 85. Our further inves¬ 
tigations do not depend critically on this figure. 

Our first task is to separate the hard and soft components. Experimentally 
this has only been done for heights up to 4000 m., i.e. to a third of the thick¬ 
ness of the atmosphere. Using the results obtained by Auger, Ehrenfest and 
Leprinoe-Ringuet ( 1936 ), we obtain in the units used in fig. 1 the following 
intensities of the soft and hard components (Table I). 

Table I—Intensities of Soft and Hard Components 

Hard 80 ft Total 

Sea-level (76 om, Hg) 6*3 1*7 7 

Jungfraujoch (50*5 cm. Hg) 9 8 17 

♦ Besides the energy loss by ionization the following processes have to be taken 
into account: ( 1 ) nuclear reactions; ( 2 ) production of secondaries and showers due to 
the Fermi*Heisenberg interaction (cf. Nordheim and Nordheim 1937 ); ( 3 ) ordinary 
head-on collisions with subsequent production of a shower by the fast secondary 
electron. I am indebted very much to Dr. Bhabhft for having called my attention to 
this latter process. 
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The intensity of the hard component increases much more slowly with 
altitude than that of the soft component. It is therefore highly probable 
that in the stratosphere the intensity of the hard component is only a small 
fraction of that of the total radiation. We may therefore extrapolate the 
above figures assuming, for example, an exponential absorption law for the 
hard component. From Table I we obtain an absorption coefficient of 
//. * 0*21/10 cm, Hg, and hence the following distribution at the top of the 
atmosphere (Table I (a)). 

Table I (a) 

Hard Soft Total 

25 60 85 



Pfofczer, The intensity of the soft component (obtained by subtracting the intensity 
of the hard component) should coincide with th#J dotted curve obtained from the 
primary energy spectrum Table III, Theoretical intensity at the equator and some 
experimental points: O Bowen, Millikan, Korff and Neher (Peru) ( 1936 ); □ Clay 
(Java) ( 1934 ). The unit l is given in equation (3). 




266 


W. Heitler 


The assumption of an exponential absorption law for the hard component 
will hardly vitiate our results appreciably. Ionization measurements by 
Compton and Stephenson (1934) and by Botfen, Millikan and Neher ( 1934 ) 
in the high atmosphere with an ionization chamber shielded by a thick 
layer of lead (6 and 12 cm. respectively), have also shown that in the high 
atmosphere the ionization due to the hard radiation is certainly smaller than 
about 30 % of the total ionization. This is in quite good agreement with the 
figures we have assumed.* 

The intensity curve of the soft component is shown in fig. 1 (marked 
“soft”). 

We now proceed to analyse this curve, i.e. to find a primary electron 
distribution at the top of the atmosphere which, according to the theory, 
would lead to the observed intensity curve. For simplicity we shall not 
assume any primary light quanta entering the top of the atmosphere. For 
the present the experiments do not necessitate such an assumption. If 
further experiments should reveal the existence of primary light quanta, 
our considerations could easily be modified in this sense. 

The total number of secondary electrons, or positrons, N(l , y) produced by 
a primary electron with energy E 0 and found at a depth l below the top of a 
layer has been given in Bhabha and Heitler (1937, §3). It depends on l and 
a quantity y defined by 

y - logj®. (i) 

E represents the critical energy for whioh the energy loss by radiation is 
equal to the energy loss by ionization, e.g. 

£» 1-5 x 10 8 e-volts for air and water 

six 10 7 e-volts for lead. ( 2 ) 

l is the thickness of the layer measured in certain units corresponding to 
0-40cm. Pb; 0*34m. H 2 0; 275m. air. (3) 

The primary electron itself has a probability W(l, y) of penetrating through a 

* At aeroplane flights up to a height corresponding to 22 cm. Hg, Braddiok and 
Gilbert ( 1936 ) have found that the intensity of the vertical radiation filtered by 3 cm, 
of lead increases by a factor 9 between sea-level and this height. This figure will also 
agree with the values that we have assumed, if we take into account the fact that a 
lead screen of 3 cm. thickness absorbs only a part of the soft radiation. At a height 
corresponding to 22 cm. Hg we have in our units 120 soft and 20 hard particles, and 
if we assume that about 70 % of the soft radiation is absorbed by 3 cm. Pb (this is in 
accordance with the direct measurements), we should observe about 5*8 particles at 
sea-level and 56 at 22 cm. Hg. Thus, the*intensity should increase by a factor 8-10 as 
is in fact observed. 
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layer of thickness L W is essentially the “incomplete y function” and is 
plotted in Bethe and Heitleris paper ( 1934 , p. 161 ). 

Thus the total number of particles found at a depth l below the top 
(normalized for one incident electron of energy E Q ) is given by 

Z(hy)~2N(hy)+W(hy). (4) 

In Table II we give the values of Z(l y y) for various values of l and y , and 
for air also the corresponding values of E 0 (in 10 ® e-volts), and the pressure in 
cm* Hg. The thickness of the atmosphere corresponds to l = 29. 


Table II —Total Number of Primary and Secondary Electrons 

%( l > y) 



l 

0 

3 

10 

17 

29 

y 

crn. Hg 
i£ 0 (10* o-volte) 

0 

8 

26 

46 

76 

3 

3 

1 

2*4 

0*22 

8x 10- 3 

0 

4 

7*8 

1 

4-8 

1*6 

7*6 x 10" a 

0 

5 

22 

1 

8*9 

6*8 

0*66 

2*6 x 10~ 8 

7 

160 

1 

27 

74 

16 

0*21 

10 

3,300 

1 

81 

] 130 

900 

43 

12* 

24,000 

1 

100 

4000 

8000 

700 


* Extrapolated. 


We assume now that the primary electrons are distributed over the 
whole range of energies between 0 and infinity according to an energy 
distribution F(E 0 )dE 0 /E 0 . It is convenient to introduce the variable 
y = log (^ 0 /JS7) instead of E 0 ; thus let F(y)dy be the number of primary 
electrons in the energy range corresponding to y between y and y + dy. The 
total number of particles observed at a depth l is then given by the integral 

j o Z(l,y) F(y)dy. 

However,, the absorption measurements represented by fig. i have all 
been Ynade at a latitude of A = 50° and at this latitude no electrons of an 
energy E 0 less than 3 x 10 »e-volts are capable of traversing the magnetic 
field of the earth and thus entering the atmosphere in the vertical direction. 
This minimum energy corresponds to a minimum value of 
y = log 3 x 10®/1 * 5 x 10 s = 3. 

Thus, the observed number n(l) of particles at a depth l below the top of the 
atmosphere will be represented by the integral 

n (l) ^ j^ Z(l,y) F(y)dy. (5) 


Vol. CLXl—A 


T 
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n(l) being given by the experiments, (5) represents an integral equation 
for the primary energy spectrum F(y), It is not possible to solve this integral 
equation in any convenient form. We have therefore simply tried to find a 
function F numerically for which the integral (5) gives a close approximation 
to the observed value n(l) for a few different values of 1. We found that this 
is the case with sufficient accuracy for the following function (in the units 
used in fig. 3). 

Table III- 

y 3 4 

J£ 0 3 7*8 

F(y) 100 17*5 


-Primary Energy Distribution F(y) dy - F(E 0 ) -»■° 

5 6 7 8 10 12 

22 60 160 445 3300 24000 X 10® 

e-volts 

3 0 0*67 0-14 2-8 x 10~ 2 1*4 x 10~ a 0*8 x 10~< 


In fig. 1 (dotted curve) we have plotted the integral (5) as a function of l 
using this energy distribution F. As is seen from the graph the experimental 
curve is represented fairly well by this curve, the departure being certainly 
within the limits of accuracy of the experiments and also of our calculations. 
The close agreement must not, of course, be considered as a “check” of the 
theory, since any other similar experimental curve could just as well be 
explained by a suitable primary energy spectrum. A check of the theory can 
only be seen in the fact that it is possible to find a reasonable primary energy 
Hpectrum, which explains the observed intensity curve of the soft radiation.* 
In fig. 2 we have plotted the logarithm to the base ten of our function F(y ). 
We see that log F{y) is fairly well represented by a straight line, at least for 
not too large a region of y . Thus F can be written in the form 


— dE o dEo 

F(E 0 ) - const. ^ 


where y ranges from 1 * 7 for small y (« log EJE) (between 3 and 6) and 1 *4 for 
large y (between 9 and 13). 

It is interesting to see to which part of the primary energy spectrum the 
particles are due that are found at a certain depth L In fig. 3 we have, 
therefore, plotted the integrand of (5) as a function of y for various values of 
L We see that except for small l the integrand is large within a very large 
energy range and that therefore at a given depth the particles are due to 

* Tlie intensity curve in the atmosphere has a hump at a pressure of 30 cm. Hg. 
Though it is possible that this hump is due to some special effect we do not see any 
reason for such an assumption, because it can readily be explained by a corresponding 
hump in the primary energy spectrum. Our calculations are not accurate enough to 
allow for these details. 
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primaries with energies extending over a very large range. For l « 17, y 
extends at least from 4 to 10 corresponding to E 0 from 8 x 10* to 3 x 10 u 
e-volts. A primary electron of given energy makes its effect felt at all depths 
extending over a similarly large range. There is, therefore, no such thing as a 
sharply defined range or an exponential absorption law for electrons.* 

iogjiy) 



Fia. 2—-Log 10 of the primary energy spectrum F(y) dy=zF(E Q ) dE 0 /E 0 . log EJE. 


3—Latitude Effect, Variation of Shower Intensity with 
Altitude and Latitude 

We now try to apply the analysis carried out in the preceding section to 
some of the most characteristic cosmic-ray phenomena. We should like to 
emphasize, however, that these applications can only have a qualitative 
character. This is partly due to the fact that the assumptions we had to 
make about the hard component might prove to be incorrect and partly 
to the fact that at present neither the experiments nor our calculations are 
accurate enough to allow a quantitative treatment. 

(a) Latitude Effect of Vertical Radiation 

From the energy spectrum obtained in the preceding section we oan at 
once deduce the variation of the cosmic-ray intensity with the geomagnetic 

* For Isz 29 the integrand is only given for y up to 12, because 4 the theoretical 
calculations of N(l t y) have not been carried out for y > 10 (they would be very tedious). 
The primary energy spectrum could not therefore be determined either for values of 
JP«>8xl0 u e-volts and is somewhat uncertain in this high-energy region. 
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latitude. At a latitude of 50° the minimum energy required by an electron 
to reach the top of the atmosphere in the vertical direction is 3 x 10* e-volts* 
At the equator this minimum energy is considerably higher, viz. 2x 10 10 
e-volts corresponding to y = 4*9. In order to calculate the number of 
particles at the equator for each altitude we have to cut off from the integral 
(5) the contributions arising from primary electrons with y between 3 and 
4*9. Thus the intensity of the soft radiation at the equator will be 

WO- r z (l>y)F(y)dy. (7) 

Qualitatively the effect of this cutting off can be seen immediately from 
fig. 3, where the point y » 4*9 is marked by a vertical line. At sea-level, 
corresponding to l — 29, we should not expect any effect at all because there 
the particles are all due to primaries with y > 4*9, At an altitude of 4300 m. 



Fig. 3 —The curve s show the relative contributions to the number of soft particles 
found at a depth l below the top of the atmosphere arising from primary electrons 
with energy E 0 . y s log EJE, The points y as 3 and 4*9 correspond to the minimum 
energy with which electrons can arrive at a latitude of 50° and the equator re¬ 
spectively. I 29 corresponds to sea-level. 

(I “ 17) an appreciable fraction of the soft radiation is cut off at the equator. 
In the stratosphere (l = 3 or 8 cm. Hg) almost the whole radiation is due to 
primaries with energies less than 2 x 10 10 e-volts and should therefore not be 
found at the equator. 
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In fig. 1 we have plotted the theoretical intensity at the equator as 
calculated from equation (1).* 

Qualitatively, these results are in agreement with the observations. 
Preliminary measurements by Clay ( 1934 ) in Java have shown that in the 
stratosphere the intensity decreases to only a small fraction of the intensity 
found at a latitude A = 50° at the same altitude. More recently Bowen, 
Millikan, Korff and Neher ( 1936 ) have found a decrease by 50% near the 
equator at an altitude corresponding to a pressure of 25 cm. Hg. (I = 10). 
In fig. 1 we have plotted some of the experimental points (reduced to our 
units), although an exact comparison with our curve is not possible because 
in these experiments the total ionization is measured, whereas our curve 
refers to the number of particles.f 

At sea-level we should not expect any latitude effect for the soft com¬ 
ponent. The observed effect—amounting to 15-20 % of the total radiation— 
has almost certainly to be attributed to the hard component. This is shown, 
for instance, by the measurements of Auger and Leprince-Ringuet ( 1934 ). 
In these experiments the number of coincidences was measured between 
three counters with and without an absorbing lead block of 20 cm. thickness 
at different latitudes. It has been found that the hard radiation shows a 
latitude effect at least as big as that of the whole radiation. Moreover, the 
ratio of the number of hard particles to the total number of particles seems 
to be somewhat larger near the equator (according to the measurements 
about 1 - 6 ) than at A = 40° (about 1*4), which indicates that the soft radia¬ 
tion gives at least a relatively smaller contribution to the latitude effect than 
the hard radiation. From the dependence of the shower intensity on latitude 
we shall obtain further evidence that it is the hard radiation which is 
responsible for the latitude effect at sea-level. 

It is difficult to say which fraction of the hard radiation at higher altitudes 
depends on latitude. Since the increase of the intensity of the hard radiation 
with height is certainly due to primaries with low energy, we expect that at 
least a large fraction of this increase depends on latitude. Tentatively, we 
may for the present assume that all the hard particles which are not capable 
of traversing the whole atmosphere show a latitude effect and do not appear 
at the equator. This assumption is only preliminary and might later well 
prove to be wrong. 

♦ For the theoretical curve at the equator no allowance has been made for a 
contribution arising from the hard component, because it will be seen below that the 
latter is probably negligibly small at the equator. 

f The experimental points have been calculated from the ionization data reduced 
for vertical intensity according to the Gross transformation (Gross 1933 ). 
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We obtain in this way the theoretical figures given in Table IV for the 
vertical intensity at A = 50° and A = 0 °. For sea-level the latitude effect of 
the hard radiation has been determined from experiment. We may compare 
these figures with the observed latitude effect taken from ionization measure¬ 
ments. The very close agreement between some of the experimental and 
theoretical figures is merely accidental. 

At latitudes north of 50° no increase in cosmic-ray intensity has been 
observed. This seems to be the case not only at sea-level but also at high 
altitudes (Cosyns 1936 ). The latter result, if established, would mean that 
the primary energy spectrum for the soft radiation as well as for the hard one 
falls off very rapidly for energies smaller than 3 x 10 * e-volts. Janossy (1937) 
has tried to explain t his fact by the blocking effect of the magnetic field of the 
sun. 


Table IV—Number of Vertical Particles at a Latitude of 50° 
and the Equator at Different Altitudes 


Altitude ... 

Sea-level (7= 29) 

44 cm. Hg (/= 17) 

20cm.Hg(£= 10 ) 

8ein.Hg(i=3) 

Latitude ... 

> 

1 ! 

& 

0 

0 

A = 0 ° 

A = 50° 

A = 0 ° 

A = 50° 

A = 0 ° 

O 

O 

\\ 

A = 0 ‘ 

80 ft 

1*7 

1-7 

15 

12*5 

100 

50 

230 

30 

Hard 

5-3 

4 

10*5 

4 

15 

4 

25 

4 

Total 

Latitude effect 

7 

5*7 

26 

10*5 

115 

54 

255 

34 

Theoretical ) 
Observed / 

15-20 % 

36% 

33 %* 

63% 

60 %t »0 %t 

86 % 

» 6 %t 


* Compton ( 1935 ). t Rowen, Millikan, Korff and Nehar ( 1936 ). I Clay ( 1934 ). 


(b) Dependence of Shower Intensity on Altitude and Latitude 

According to what we have said in the introduction the hard radiation 
produces only a few secondaries. Most of the showers are due to the soft 
radiation. We may, therefore, as a rough approximation, equate the shower 
intensity measured with some standard triple coincidence apparatus to the 
intensity of the soft radiation.* 

A number of facts can then be understood. It has been found by many 
investigators that the shower intensity increases much more rapidly with 
altitude than the vertical radiation. On our analysis this is clear because we 
find from Table I that the intensity of the soft radiation increases more 

* This assumption was first made by Rossi ( 1935 , p. 43 ).—The soft radiation is 
always accompanied by a number of light quanta which also produoe showers. Since 
the light quanta are emitted by electrons (soft radiation) as Brerastrahlung their 
intensity is proportional to the intensity of the soft radiation. 
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rapidly with altitude than that of the total radiation. We compare, for 
example, the intensity of the soft radiation as given by our analysis with the 
experiments by Woodward ( 1936 )* on high mountains and by Braddick and 
Gilbert ( 1936 ) in an aeroplane at a height corresponding to 22 cm.Hg. 
Reducing the results found by these authors to our units, we obtain the 
figures given in Table V. The agreement is very good. Thus the assumption 
that the intensities of showers and of the soft radiation are roughly equal 
seems to be well founded. This result is of course independent of any 
theory. 


Table V—Intensities of Soft Radiation and Showers 

Altitude ... Sea-level 4300 m. 10 km. 

(1= 29) (44 cm. Hg, Z= 17) (22 cm. Hg, Z~ 8*4) 

Soft intensity 1*7 15 120 

Shower intensity 1*7 14-5 97 

The dependence of the shower intensity on latitude has been measured by 
Johnson ( 1935 ). His results (Table VI) show that the shower intensity at sea- 
level does not depend upon latitude at all,f in agreement with our theoretical 
result that at sea-level the soft radiation should be independent of the latitude. 
At 4300m., however, a comparatively large variation between A « 50° and 
A « 28° has been found. According to the theory, the soft radiation should 

Table VI—Shower Intensity at Different Latitudes and 
Altitudes (Johnson) (Arbitrary Units) 

Latitude Sea-level 4300 m. 

50° 2*2 15 

28° 2*3 11*4 

vary at a height of 4300m. by 17% between A * 50° and A « 0 °. The 
experimental figure (24 % between A = 50° and A * 28°) is somewhat 

* For other references, see Geiger ( 1935 ). 

f The small variation between 2*2 and 2*3 cannot be accounted for latitude effect 
since it lies in the wrong direction. (Higher intensity near the equator.) 

[Note added in proof 3 June 1937—In a recent paper, Johnson and Bead ( 1937 ) 
find that the shower intensity at sea-level shows a latitude effect of about half 
(i.e. fi-10%) of the latitude effect of the vertical radiation. The showers depending 
on latitude must be those produced by the hard radiation. Taking into account 
the fact that at sea-level the hard radiation is three times more intense than the 
soft one, we can conclude that on the average a hard particle produces 5-10 times 
less showers than a soft one. This figure agrees well with that obtained in section (c) 
(see below),] 
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higher, but the difference may perhaps be accounted for by the inaccuracy of 
the measurements and our calculations.* 

(c) Cosmic Ray and Shower Intensity below Sea-level 

The analysis carried out in § 1 also allows us to deduce some results about 
the variation of the cosmic ray and shower intensities below sea-level. 
Extrapolating the absorption laws for the soft and hard components to 
higher thicknesses (below sea-level), we find that the soft component should 
disappear after a few metres of water. It is not worth while carrying out any 
quantitative calculations, but it follows immediately from our theory (of. 
Table II) that the number of electrons found at a depth corresponding to 
J 30 below sea-level should amount to at most a few per cent of the 
number found at sea-level. I = 30 corresponds to 10 m. H 2 0. On the other 
hand, the experiments show that the total radiation at 10 m. H a O still 
amounts to 30 % of the value at sea-level. At a depth below 10 m. H a O the 
radiation should therefore consist practically of hard particles only. Thus, 
the shower intensity should decrease more rapidly than that of the vertical 
radiation. This is confirmed, for instance, by the experiments by Clay and 
Clay ( 1935 ), w ho have found that at a depth of 10 m. H 2 0 the relative number 
of showers as compared with the intensity of the vertical radiation amounts 
to only 50% of the value at sea-level. 

We should mention, however, that showers have still been found at 
depths down to more than 250 m. water. There can be little doubt that 
these showers must be attributed to the hard component. The behaviour 
of showers produced by the hard component seems to be distinctly 
different from that of ordinary showers. For example, the Rossi tran¬ 
sition curve has quite a different shape and it seems that the shower 
particles have a much smaller range (a few millimetres of lead) than the 
shower particles of an ordinary shower produced by the soft radiation 
(of. Schwegler 1935 ; Auger and Rosenberg 1936 ). 

At present it is not possible to say exactly how large is the contribution 
to the total shower intensity at sea-level from showers produced by the hard 
component. It is certainly not very large. From the measurements of Clay 
and Clay mentioned above, we should find that the soft radiation produces 
about 5-10 times more showers per single particle than the hard radiation. 

* Johnson has remarked that the shower intensity at 4300 varies in the same way 
with latitude as the total radiation. This would not he compatible with our analysis. 
If established, this result would mean that our hypothesis about the latitude effect 
of the hard radiation at high altitudes is incorrect (of. § (a)). 
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4—The Energy Spectrum at Sea-Level and some Qualitative 
Conclusions derived prom it 

The primary energy spectrum deduced in § 1 allows us to calculate not 
only the total intensity of the soft component but also its energy distribution 
at each height above sea-level. Hence we could, for instance, also compute 
the exact rate of shower production, etc. In applying the primary spectrum 
(Table IV) to problems of this sort, we should like to emphasize, however, 
that we do this merely in order to show the way in which the theory can be 
applied to cosmic-ray phenomena. We do not put much weight on any 
quantitative conclusions derived from this energy spectrum, since its 
numerical content might be vitiated appreciably by all the inaccuracies 
involved in our analysis (mainly due to our lack of knowledge concerning the 
hard component). 

The energy spectrum at a depth l below the top of the atmosphere can be 
obtained in the following way. We wish to know the number of particles 
with an energy greater than say e v times the minimum energy E (in air 
E w 1-5 x 10 8 e-volts). The number of particles with energy > E' produced 
by one primary particle with energy E 0 was given by the function Z(l>y '), 
where y f = logEJE'. Putting now E f » e v E , we have 

y' = (8) 

The number of primaries in the energy ranged^, was F(E 0 )dEJE 0 = F(y)dy. 
Thus, at a depth l the number of particles with energy larger than e v E is 
given by the integral 

»r(l) - J s F(y)Z(l,y-v)dy 

“ f F(y + v)Z(l,y)dy. (9) 

J 3-v 

Now we have seen in § 1 that log F as a function of y is approximately 
represented by a straight line for y > 3. For y < 3, F(y) falls off very rapidly 
owing to the blocking effect of the magnetic field of the earth. For latitudes 
A < 50° this critioal value lies still higher. Thus we can put 

F(y) ■» const. (for y > 3) 

“0 (fory<3). (10) 

y ranges between 1*4 for large y and 1*7 for small y. Since the main contribu¬ 
tion to the integral (9) arises from values of y extending over not too large a 
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range (4-8 units), we might insert (10) into (9) and assume y to be constant 
for each l and v. We obtain then 

f* 00 

n v (l) — const, er?* e Z(l,y)dy 

- const, e*?” f e-yv Z(l,y)dy + e~v v f F(y) Z(l,y)dy. (11) 

J 3-“V 

The second integral on the right-hand side of ( 11 ) is identical with the 
integral (5) representing the total number of particles n(l). The integrand of 
the first integral of ( 11 ) represents the analytic continuation of F(y) Z(l , y) 
for y < 3, and the integral gives the contribution to the total number of 
particles n(l) arising from y < 3 if no magnetic blocking effect would exist. 

An inspection of the function F(y) Z(l , y ) shows now that this first integral 
of ( 11 ) is very small for all l larger than 17, say. In fig. 3 we have plotted this 
function for l = 17 and its continuation for y < 3 by a dotted line. We see 
that the contribution to the total integral from values y < 3 is very small. 
Thus, for altitudes up to about 4300 m. (I = 17), we have simply 

n v (l) **6^71(1). (12) 

( 12 ) can also be written in the form of an energy distribution law 
n(l , E')dE'. We obtain at once for the number of particles found at a depth l 
with energies between E ' and E’ + dE’ 

Ml, E’)dE' = n(l) const. , (13) 

where n{l) is the total number of particles. The energy distribution (13) is, 
of course, only valid for E f larger than the minimum energy ( 2 ) in air, viz. 
jP'> 1*5 x 10 8 e-volts. For smaller values of E r we expect the energy 
spectrum to fall off very rapidly to zero, since for small E' the energy loss by 
ionization becomes important and the electrons are stopped within a very 
short range (cf. Bhabba and Heitler 1937 , § 1 ). 

For y we may assume a mean value corresponding to the value of y which 
gives the greatest contribution to the integral ( 11 ), e.g. y a 1-5. It is not, of 
course, to be expected that (13) should be valid for a very large energy range 
with exactly the same constant value of y. It may well be that y varies 
slightly if E varies by a factor 20 or so. 

The main conclusion we can deduce from (13) is the following: The energy 
distribution of the soft radiation does not vary appreciably with altitude 
between sm - level and 4300 m. Though the total intensity of the soft radiation 
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increases by a factor 10 between these two elevations, the energy spectrum 
remains more or less the same* 

Hence it follows also that the mean energy of the soft particles is inde¬ 
pendent of the altitude at least up to an elevation of 4B00 in. From ( 2 ) and 
( 12 ) we find 


E 


i f* d i jt 

JeR^IJkE^ 


- — E ~ 4*5 x 10 8 e-volts. 
y-1 


(14) 


For higher altitudes, however, the mean energy should increase. 

It is not possible to compare the energy spectrum (13) with the direct 
energy measurements of Anderson ( 1933 ), Blackett and Erode ( 1936 ) and 
Blackett ( 1937 ), because in these experiments most of the single particles 
measured belong certainly to the hard group. We can check our results only 
by considering the intensity distribution, etc. of showers. 

If we measure, for instance, by some standard triple coincidence apparatus, 
the number of showers produced in a lead plate as a function of the thickness 
of the plate, the curve we obtain depends entirely upon the primary energy 
distribution of the electrons falling on the plate. * If it be true that the energy 
spectrum is independent of the altitude, we should expect the Rossi curve 
to have the same shape at sea-level and at 4300 m. although, of course, the 
total intensity increases by a factor 8 or 10 . This is in perfect agreement with 
the observations. Many observers have found that the maximum of the 
Rossi curve lies at the same thickness for all altitudes up to 4300 m. (cf. for 
instance, Woodward ( 1936 )).! This would not be so if at high elevations the 
energy spectrum were essentially different from that at sea-level, and, in 
particular, not if the mean energy of the shower producing particles would 
change. For altitudes higher than 4300m. we should expect the maximum 
of the Rossi curve to shift slowly to higher thicknesses. 

Another quantity which, for a given experimental arrangement, depends 
only upon the energy spectrum is the frequency of occurrence of showers 
f(n) containing 1 , 2 , 3, ... particles. The distribution function/(w) 

should again be the same for all elevations up to 4300 m. For large showers 
containing more than 30 particles this has been confirmed by Montgomery 
and Montgomery ( 1935 ), though the factor of increase in the total number 
between sea-level and 4300 m. was here larger than for small showers, viz. 
26 instead of 8 - 10 . Similar results have been obtained by Anderson and 
Neddermeyer ( 1936 ) from direct cloud chamber observations. The ratio of 

* For the showers produced by light quanta, cf. footnote on p. 272. 

t Watase and Kikuchi ( 1936 ) have also shown that the maximum of the Rossi 
curve does not shift below a layer of 2 m. of water. 
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f(n) at a height of 4300 m. and sea-level varies only between 20 and 30 for n 
varying between 5 and 100, whereas for small showers (2 -4 particles) this 
ratio was 8*6. 

The fact that the frequency of large showers increases more rapidly 
between sea-level and 4300 m. than that of small showers might be con¬ 
sidered as to be in disagreement with our predictions. We must remember, 
however, that large showers, containing 30 particles, say, require an energy 
which is about 20 times as high as the energy required for a small shower of 
3 particles. We cannot expect that the predicted equality of the energy 
spectrum should hold exactly for so large an energy region. In fact, in order 
to account for the different rates of increase with altitude for small and large 
showers, it is only necessary for y to change by about 20 % between sea-level 
and 4300 m. Such a small variation of y would not affect the shape of the 
Rossi curve and lies inside the limit s of accuracy of our theoretical considera¬ 
tions. 


5— Analysis of Cosmic Radiation on Assumption ( b ) 

Surveying the results we have obtained from the analysis of cosmic rays, 
assuming that the hard particles are not electrons (assumption (a)), we see 
that this assumption leads to results which are at least in qualitative agree¬ 
ment with many of the characteristic cosmic-ray experiments. We now turn 
to the question whether it is possible to obtain an equally good agreement if 
we assume that the hard particles are electrons “for which the theory breaks 
down”. 

The point where the theory begins to fail is not known. We first assume 
that this characteristic energy E c lies somewhat below the magnetic threshold 
energy which is 3x 10® e-volts in the moderate zone. All the particles 
entering the top of the atmosphere are then “hard particles 0 . Owing to the 
small rate of energy loss which we have to assume for the hard radiation, 
these particles would travel a certain distance before their energy reaches 
the breakdown value E e . This distance will be larger the smaller E c . If we 
assume for the hard particles an energy loss of the order of magnitude of the 
ordinary energy loss by ionization, viz. 2*5 x 10® e-volts/km. air, and if we 
assume, for instance, E c = 1*5 x 10® e-volts, the distance travelled before the 
electrons become “soft” would be 6 km. normal air or three-quarters of the 
.atmosphere. It would then be impossible to explain the shape of the 
Regener-Pfotzer intensity curve in the stratosphere. This curve shows that 
on the average each primary particle produces at least two fast secondaries 
in traversing a distance as small as a tenth of the whole atmosphere (Bom. 
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Hg) or 0*8 km, air. Of course, the energy loss may be larger than we have 
assumed. But even so it is impossible to account for the fact that each 
particle produces at least as many as two secondaries in this distance. An 
electron with an energy of 1*5 x 10 9 e-volts would, according to the theory, 
only produce a maximum number of one secondary electron. The maximum 
of the Regener curve should then be very much flatter. 

Thus we can conclude: The shape of the intensity curve in the high atmo¬ 
sphere is incompatible with the assumption, that the breakdown point E c lies 
appreciably lower than 3 x 10® e-volts. 

By this argument the “breakdown assumption (&)” could be excluded 
altogether if it could be shown that particles exist with high penetrating 
power but with an energy of not more than 10® e-volts.* This should, 
however, be shown also for light absorbing materials, since it might be that 
the breakdown point E c lies higher in air and water than in lead. So far no 
such experiments have been made. 

We now assume that the breakdown point E c lies higher than 3 x 10 ® 
e-volts. We are then free to assume a primary beam of electrons behaving 
in accordance with the theory with energies just above 3 x 10® e-volts. 
These electrons will then mainly be responsible for the right shape of the 
intensity curve in the high atmosphere. According to the theory (of. 
Table II) they can make their effects felt through at most half the atmo¬ 
sphere. If E c is not very much higher than 3x10® e-volts, the soft particles 
observed at sea-level and at an altitude of 4300 m. must all be due to primary 
hard particles which become soft in traversing the atmosphere. 

Let y(V) dV be the number of hard particles at the depth V below the top 
of the atmosphere reaching the breakdown energy E c in travelling the dis¬ 
tance dl\ fi{V) is the absorption coefficient (in units l~ l ) multiplied by the 
intensity of the hard radiation at the depth V. p{V) dV represents also the 
number of soft electrons created at the depth V . They are all created with an 
initial energy E c corresponding to a y value y c * log EJE. These soft 
electrons will then produce secondaries at a rate given by the function 
Z(l, y r ) (Table II). Thus, the number of soft particles at a depth l originating 
from primary soft particles created at a depth V will be 

Z{l-l\y e )p(V)dl' 

* Experiments published recently by Leprince-Ringuet and Crussard ( 1937 ) seem 
to show this for lead. The energy of the particles was measured in a Wilson chamber 
controlled by two counters placed below the chamber and separated by a thick 
(14 cm.) layer of lead. Particles have been observed with an energy of not more than 
10 * e-volts causing coincidences through this lead plate. 
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and the total number of soft particles observed at a depth l will be 

n(l) - f l Z(l-l\y c )Mndr « f 'Z(l\y e ) M (l-l')dl\ (15) 

jo J o 

If^is just slightly higher than 3 x 10 9 e-volts, we have y c *= 3. Z(l\y e ) is then 
different from zero only for V smaller than about 10. The region where 
Z(l\ y c ) is large extends from 0 to about 7 (or 2 km. air). In this region /i(l) 
will hardly vary appreciably and we may put fi equal to a constant in the 
integral (15), inserting for V in the argument of /e a mean value V « 4 
corresponding to the maximum of Z> Thus we obtain 

n(l) = Z(l',y r )dl'. (16) 

We are interested mainly in the region between sea-level (l = 29) and high 
mountain altitudes (l =» 17). If l > 10 the integration in (10) can be extended 
to infinity. The integral (16) is then independent of l and can be put equal 
to a constant G. Thus n(l) becomes simply 

n(l) -C (fori >10). (17) 

Near sea-level (up to a height of more than half the atmosphere) the 
intensity of the soft radiation should vary approximately as the product of 
the absorption coefficient and the intensity of the hard radiation at a height 
increased by an amount corresponding to l « 4 or 1*1 km. normal air. If 
the absorption coefficient of the hard radiation were constant, we should 
obtain the result that the intensity of the soft radiation is proportional to 
that of the hard radiation. This is in striking contradiction to the experi¬ 
mental facts, since we have seen in § 1 that the intensity of the soft radiation 
increases at least by a factor 5 more rapidly than that of the hard radiation 
between sea-level and 4300 in. On the other hand, it is impossible to assume 
that the absorption coefficient of the hard radiation increases by a factor 5 
between an altitude of 1100 and 5500 m. Thus we conclude that the rapid 
increase of the soft radiation with altitude near sea-level cannot be reconciled 
with the assumption (6) if the breakdown point E c is assumed to lie only slightly 
higher than 3 x 10® e-volts . 

We must therefore assume that E c lies still considerably higher. It does not 
seem to us worth while carrying out these considerations any further. For, 
if we put E r still higher, equal to 10 10 e-volts, say, we are approaching more 
and more the view taken in the preceding sections which were based on 
assumption (a), at least so far as the soft radiation is concerned. The con¬ 
siderations carried out in these sections are certainly not accurate enough to 
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allow for a decision between (a) and ( 6 ) if the breakdown point E c is assumed 
to lie as high as 10 10 e-volts and it may well be that the phenomena con¬ 
nected with the soft component which we have discussed above can then 
also be explained on assumption ( 6 ). 

If, however, we assume that E c sz 10 i0 e-volts, a number of difficulties arise 
concerning the hard radiation at sea-level. It is then, for instance, hardly 
possible to account for the fact that 75 % of the particles at sea-level have 
a high penetrating power in lead, most of which have, according to the 
Anderson-Blackett energy spectrum, energies of the order of 10 ® e-volts or 
less. It would in any case be necessary to assume that the breakdown point 
E c lies at a much smaller energy for heavy materials than in air.* Similar 
difficulties arise from the consideration of the latitude effect, etc. 

On the whole we may say that it is much more difficult to explain the 
observations on grounds of assumption (b) than it is the case for assumption 
(a). In any case, if the experiments quoted in this paper are at least approxi¬ 
mately right, it seems quite certain that in air (and water) the breakdown 
energy E c lies at least as high as 5 x 10 ® - 10 10 e-volts. 

A final decision between the assumptions (a) and ( 6 ) can only be brought 
about by further experiments. 

[Ante added in proof 3 June 1937—While this paper was in the press, 
Blackett and Wilson ( 1937 ) have published new measurements on the 
energy loss of cosmic ray particles. They found that for lead the energy 
loss follows the theoretical value up to an energy of 2-3 x 10 8 e-volts but 
drops down for higher energies rather rapidly. The fact that the decrease 
begins at an energy as low as 2-3 x 10 8 e-volts makes it impossible to identify 
the penetrating particles with protons (protons of this energy would ionize 
more strongly). ITor aluminium only few measurements have been made, 
but it seems that the decrease begins at a much higher energy (of the order 
of 10 ® e-volts). This fact, if established, would make it very difficult to 
maintain the hypothesis of a non-electronic nature of the hard component 
and we should have to return to the “breakdown assumption”, but with 
critical energies E v depending on the atomic number Z. The bearing of 
this third possibility, (“assumption (c)”), on the cosmic ray phenomena in 
the atmosphere has not been considered in detail in our paper and the 
question whether they can be brought into harmony with this assumption 
will require further investigation. This may perhaps be done in a later 
paper. Here we might mention a few points: 

According to Blackett and Wilson E c depends on Z qualitatively in the 

* A theory in which the breakdown energy E c depends on the atomic number has 
been proposed by Nordheim ( 1936 ). 
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same way as in Nordheim’s theory (1936). Extrapolating for air we find 
that E c lies at least as high as 5 x 10 9 ~10 10 e-volts. This is in agreement with 
the conclusions at which we arrived in § 5. Thus the low energy part of 
our primary energy spectrum and the explanation of the upper part of 
the Regener curve would remain unaltered, whereas of course our con¬ 
siderations concerning the phenomena near sea-level will have to be revised 
completely, at least in so far as an explicit use of the theory is made. 

Assumption (c) is difficult to reconcile with the air-lead transition curve 
for large showers and bursts. This curve has a maximum at 2-3 cm. of 
lead and falls off between 3 and 6 cm. of lead, which shows that a certain 
fraction of the large showers is produced by a soft radiation which is 
absorbed within 6 cms. of lead. This is difficult to understand on grounds 
of assumption (c), since large showers certainly require an energy greater 
than the critical energy E c for lead. 

Finally we may mention that in another recent paper, Neddermeyer 
and Anderson (1937) pointed out a few arguments in favour of a new sort 
of particles with mass between an electron and proton (assumption (a)).] 

This work has been carried out during the tenure of an Academic Assist¬ 
ance Council Research Fellowship, for which I should like to express my 
sincerest gratitude. 


Summaby 

An attempt has been made to analyse cosmic rays on either of the two 
assumptions: 

(а) The particles constituting the hard component which are capable of 
traversing more than 20 cm. Pb are not electrons. The quantum theory is 
valid for electrons up to infinitely high energies. 

(б) The highly penetrating particles are electrons. The quantum theory 
breaks down for energies above a critical energy E e . 

Assumption (a)—It is shown that the intensity curve in the atmosphere 
can be explained by a suitable primary energy spectrum for electrons (§ 2) 
from which results can be deduced about the latitude effect and the variation 
of shower intensity with altitude and latitude. These results are all at least 
in qualitative agreement with the observations (§ 3). From the primary 
energy spectrum the energy spectrum of the soft radiation at each altitude 
can be deduced. For altitudes below 4300 m. the energy spectrum follows 
approximately a dE/E*' & law and is practically independent of the altitude. 
This is in qualitative agreement with experiments. 
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Assumption ( h )—It has been shown that the intensity curve in the atmo¬ 
sphere can only be explained if the critical energy E c is to be assumed to lie 
for air at least as high as 5 x 10 9 - 10 10 e-volts. 
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[Plate 9] 

1—Introduction 

Existing data concerning the measurements of absorption coefficients 
for metal foils in the X-ray region above 2 A are summarized in Table I. 


Table I 


X-ray region 




A 

Absorber 

Method 

Investigator 

1-12 

Al, Ni, Cu, Ag, Pt 

P.C 

Jonsson (1928) 

2-12 

Al, Se, Ag. Cd, Sn, 

Sb, To 

I.F 

Biermann (1936) 

7-25 

Al 

P. G 

Bandopadhyaya and 
Maitra (1936) 


In the above table, the methods have been classified as (1) I or P according as the 
measurements of X-ray intensities have been made by ionization or by photographic 
means and as (2) C\ G or F according as the primary X-rays have boon obtained by 
crystal analysis, grating analysis or filter methods. 

It may be seen from Table I that there is only one determination in the 
X-ray region above 10 A, a fact which is probably due to the experimental 
difficulties attached to the measurements in this region. The difficulties of 
vacuum technique and of using a grating at grazing incidence involved in 
isolating the homogeneous X-radiations in the long wave-length region are 
well known. Furthermore, because of the highly absorbable character of 
these radiations the metal absorbing laminae must be extremely thin, and 
homogeneous laminae, so essential for absorption investigations, are not 
readily obtainable in these thicknesses. 

Bandopadhyaya and Maitra ( 1936 ) found that the mass absorption 

♦ The photometric determinations in these investigations have been carried out 
by Miss M. M. Shepherd, B.Sc. 
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coefficients for Al in the region 8-25 A do not vary with wave-length 
according to the generally accepted relation 

- = CA n , (1) 

P 

where C and n are constants. They observed a decrease in the value of n as 
the wave-length increased. 

In the region from 2 to 12 A the disagreement bet ween the only two sets of 
determinations is striking. For Al, the values of Jonsson (1928) and of 
Biermann (1936) are identical at the wave-length 2*286 A; but at the wave¬ 
length 11 *88 A those of the former worker are 22 % lower than those of the 
latter. Similar discrepancies exist for the mass absorption coefficients for 
Ag, Jonsson’s values agree with Biermann s at a wave-length of 2*500 A but 
are 45 % less than Biermann’s at 9*868 A. 

The need for investigations in the long wave-length X-ray region will 
therefore be apparent, and measurements were undertaken with foils of Al, 
Cu and Ag (which were available in the proper thicknesses) in the wave¬ 
length range from 13 to 24 A. 


2—General Principles of Method 


Theevaluation of the mass absorption coefficient/^/p, defined by the relation 


?-i In 
p rn 



where m is the mass per unit area of the absorbing lamina, and 7 0 and J are 
the intensities of the X-ray beams incident on and emergent from the 
absorbing lamina, requires the measurement of the ratio IJI and m. 

In the writer's experiments a beam of homogeneous X-rays was incident 
normally on a metal foil so that part of the beam passed through the foil and 
was then incident on the photographic plate, and part was incident on the 
photographic plate without being subject to absorption. Fig. 1 shows 
schematically how a spectral line was isolated by means of a plate grating and 
was then divided into two parts, the one which was subject to absorption in 
the foil, the other which suffered no absorption. 

The I 0 /I ratio was derived from the photographic densities of the two 
segments of the line corresponding to the two portions of the beam in the 
following manner. Let the form of the intensity-density (/-!>) curve for the 
photographic emulsion be as drawn in fig. 2. Suppose that in an absorption 
measurement two densities, D 0 and D, were obtained corresponding to the 
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7 0 and 1 intensity beams. The ratio IJI was then immediately obtained from 
the I-D curve. 



Fig. 1 —Experimental arrangement. 



Fig. 2 


The determination of the I-D curve was made in an experiment quite 
distinct from the absorption investigation. The absorbing foil was removed 
and in its place was mounted a rotating sector which intercepted (in the 
same way as did the absorbing foil) the lower portion of the incident X-ray 
beam. 1 he rotating sector allowed the lower segment of the photographic 







287 


Absorption Coefficients for Al, Cu and Ag 

line to receive only one half of that exposure received by the upper segment. 
The densities of the two segments corresponded, therefore, to two intensities 
which were in the ratio 1:2.* Let the densities of upper and lower segments 
be denoted by D 1 and D 2 and the corresponding intensities by I x and I 2 , An 
I-D graph, for which the intensity scale is arbitrary, may therefore be drawn 
using the points (I v D x ), (/ 2 , D 2 ) 3 (0, 0). If, in a second photograph, corre¬ 
sponding to the intensities / 3 and / 4 , in the ratio 2:1, two densities I\ and Z> 4 
are obtained such that Z) 4 lies between D x and D v the point (/ 4 , i) 4 ) may be 
plotted and the I-D graph further extended to the point (/ 3 , Z> 3 ). The above 
construction is illustrated in fig. 2. Details of the experimental determina¬ 
tion of the I-I) relation are given in § 4 . 

The constant m of the absorbing metal lamina w r as determined by 
weighing a metal leaf of measured surface area. As it was impossible to obtain 
metal leaf free from pin-holes, the leaf was mounted on a wheel which 
rotated with constant speed and, in this way, a large area of leaf was effective 
in absorption. It was highly probable that under these conditions the 
determined value of m represented the actual value better than would have 
been the case if the leaf were stationary. 


3—Experimental Details 

The homogeneous radiations have been obtained by means of a plane 
grating spectrograph designed by Professor Laby and Dr. Eddy. The 
outstanding merits claimed for this instrument are the precision with which 
the grating may be adjusted and the stability and reproducibility of settings 
when once attained. The grating has adjustments for performing one trans¬ 
lational and three rotational motions. Furthermore, the rotation axis in the 
vertical direction may be displaced laterally. The two translational degrees 
of freedom are controlled by micrometer movements. The rotation about the 
vertical axis may be accurately recorded by means of graduated circle and 
micrometer eyepieces. 

Close attention has been paid to the problem of adjustment. The move¬ 
ments of the essential parts of the spectrograph were listed and arranged into 
a sequence such that the whole setting could be accomplished without inter¬ 
ference to adjustments already made. 

The attainment of well-defined spectra, examples of which are shown in 
Plate 9 , amply justifies the care which has been taken to secure precise 
adjustment of the spectrograph* 

* For a discussion of the principles upon which the validity of this statement 
depends, reference is made to the paper of Webster ( 19 * 9 ). 
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The X-ray tube used was of the demountable type similar to that which has 
been described elsewhere (Eddy 1932). The axis of the tube is inclined at an 
angle of 85 ° to the direction of collimation. An inclined target of this nature 
serves to form a line source and has the advantage, as compared with the 
“bevelled” type of target, that it is capable of sensitive screw adjustment 
into alignment with the slits. 



Fig. 3—X*ray spectrometer. 


The slit system is similar to the type introduced by Howe (1930). Apart 
from collimating the X-ray beam, the system effectively prevents any visible 
radiations arising in the X-ray tube from entering the spectrograph and, 
further, restricts the free passage of gas between tube and spectrograph. 
This latter property is somewhat of an advantage since a higher degree of 
vacuum may be produced in the smaller volume of the X-ray tube where 
such conditions are more urgently required. 
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Details of the spectrometer are given in figs. 3 and 4 . In the construction 
of the instrument stainless steel was used to great advantage since it enabled 
a high degree of workmanship to be attained and resisted contamination and 
corrosion thereby assisting the obtaining of good vacuum conditions. 



Fig. 4—X-ray spectrometer. 


The absorbers were prepared by first weighing a 3 in. square of beaten 
metal leaf and then mounting the leaf on the lapped surface of the 
absorbing wheel. The form of the wheel was as illustrated in fig. 5 . The wheel 
spokes, upon which the absorber was supported, had the form of sectors 
and together subtended an angle of 2 nj% at the centre of the wheel. 

The form of the sector used for determining the I-D curves is shown in 
fig. 0. The ratio of the amount of radiation transmitted to the amount of 
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radiation incident upon the rotating sector or rotating absorbing wheel (this 
ratio may be termed the transmission factor) was measured by allowing the 
sector or wheel to intercept a microphotometer beam. The geometrically 
determined values of 1/2 and 5/6 for sector and wheel, respectively, were 
confirmed to within 1 %. 

Kodak process plates were used and developed in a metolhydroquinone 
developer for 4 min. at 18° C. Special attention was taken to develop always 
at a constant temperature. The plates were held upright during development 
and the developing solution was thoroughly stirred throughout. 




* Absorber 


Photographic density measurements were made by means of a recording 
Moll-type microphotometer. The degree of reproducibility in these measure¬ 
ments was generally better than 1 %, and at least three measurements were 
taken for independent settings and focusing of the plate. 

For homogeneous radiations in the 13-24 A region, the L-series radiations 
of copper, nickel and iron, and the K-series radiation of oxygen were 
employed. The a- and ^-components of the ^-series lines were not resolved. 
As the ^-components are of relatively low intensity, the wave-lengths for 
the absorption investigations may be represented with sufficient accuracy 
by the values of the a-components: 13*3 A (Cu Lx), 14*6 A (Ni Lx), 17*6 A 
(Fe Lx), 23*7 A (O Ka ) (Siegbahn 1931 , pp. 411 , 412 ). 


4—Determination of the /-D Relation 

The experimental problem of obtaining the I-D curve was unfortunately 
complicated by the fact that the intensities of the upper and lower portions 
of the X-ray beam were, in general, unequal. Thus the intensity relation 
between the upper portion and the lower portion which was transmitted by 
the rotating sector remained unknown, and the I-D curve could not be 
immediately constructed. 



291 


Absorption Coefficients for Al, Cu and Ag 

It was of utmost importance for the determination of both the I~D curve 
and the absorption coefficients to establish that the distribution of intensity 
along the X-ray beam remained constant. Preliminary experiments and all 
subsequent data showed this to be the case for a given position of the X-ray 
tube filament well within the focusing hood. 

The method developed for the derivation of the I-D curve may be 
explained in general terms as follows. Spectra were taken with and without 
the rotating sector, until an equality of densities in the upper segments of the 
lines was obtained. Let the densities be represented by d x and d 2 in the case 
of the line of the spectrum taken without sector, and d i and d n for the line 
taken with rotating sector; d x is the density of the upper segments and and 

are the densities of the lower segments. Now, if the intensities of the upper 
and lower portions of the beam are identical for both spectra, then, the same 
intensity of radiation will be incident upon the sector as that which produces 
the photographic blackening of density d 2 . But the density is caused by 
half the intensity of the radiation incident upon the sector, so that d 2 and d 3 
must therefore correspond to intensities in the ratio 2:1. The I-D curve may 
then be drawn according to the manner earlier described. 

Once the I-D curve was known, the intensity relation of the upper to the 
lower portion of the X-ray beam was immediately determined from the 
densities of a line of a spectrum taken without sector. The curve was then 
extended to higher densities using the data obtained from spectra taken with 
the rotating sector. 

The densities of Table II are from a series of spectra used for the derivation 
of the /-I) curve for radiation of wave-length 14*6 A. 

Table II— Densities Observed in obtaining the I-D Curve for 

A = 14*6 A 

With sector Without sector 



Lower 

Upper 

Lower 

Upper 

Plate 

segment 

segment 

segment 

segment 

56 

0-079 

0*174 

— 

— 

57 

0114 

0-219 

— 

— 

58 

— 

— 

0 105 

0-130 

59 

0*272 

0-474 

— 

— 

00 

0-335 

0-581 

— 

— 

61 

— 

— 

0-307 

0-308 

02 

0198 

0*388 

— 

— 

63 

0-147 

0-323 

— 

— 

04 

— 

— 

0-368 

0-425 

05 

0-357 

0-720 

— 

— 


The line is photometered always in the same positions; without which precaution a 
statement concerning a certain distribution of intensity has no significance. 
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From Table II it is seen that the densities of the upper segments of the 
lines of spectra 61 and 62 are equal. It may be concluded that a density of 
0-198 (i.e. of the lower segment of the line taken with sector) will result from 
an intensity which is half that causing the blackening of density 0*307 (i.e. of 
the lower segment of the line taken without sector). The I-D curve may 
therefore be drawn through the points ( 0 , 0), (0*198, J/2), (0*307, /), where 
the unit of I is arbitrary. From this curve and plate 58 a value of 1*37 is 
obtained for the ratio of the intensities of the upper portion to the lower 
portion of the X-ray beam. This value now enables the I-D curve to be 
further built up from the data of plates 56, 57, 59, 60, 63 and 65. Values for 
the distribution of intensity according to the data of plates 61 and 64 are 
found to be 1*35 and 1*36. 

The J-D curves for four different radiations are illustrated in fig. 7. The 
curves are not readily comparable with one another since the intensity scale 
is arbitrary. In general form, however, they are similar and correspond with 
the curves obtained by Broili and Kiessig ( 1934 ) for the Cu K (44*5 A) radia¬ 
tion and by Saur ( 1936 ) for Cu La/7 (13*2 A) radiation recorded with a half¬ 
process emulsion. 

5— Measurement of Absorption Coefficients 

In these measurements spectra were taken both with and without the 
rotating absorber intercepting the lower portion of the X-ray beam. Let 
the ratio of intensities of the upper to the lower portion of the beam in the 
absence of the absorber be r x and in the presence of the absorber r 2 . (These 
ratios are determined by measuring the densities of the lines produced by 
the beams in question.) Thus, the ratio of the intensity of the beam incident 
upon the absorber to the intensity of the beam penetrating it is r % /r v But 
one-sixth of the incident radiation is absorbed by the spokes of the wheel 
upon which the absorber is mounted. The incident to the transmitted 
intensity, I 0 j I , is therefore &rJQr v This ratio was used in the derivation of 
the absorption coefficients. 

Typical spectra are shown in Plate 9, and typical measurements are 
given in Tables III and IV. 


Table III— Values of r v No Absorber 


Line 

Plate 72 

Plate 75 

Ni L 

1*64 

1*63 

Fe L 

1-08 

1*75 

OK 

1-70 

1*78 


Mean = 1-70 ±0*04. 
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Table IV —Determination of Absorption Coefficients for A1 
and Cu for A = 14-6 A 


Plate 

Absorber (g. cm. -1 ) 

r * 

T v T \ * 

h!l 

pip (g*" 1 c 

70 

A1 (0-000187) 

3*50 

2*06 

1*73 

2920 

71 

A1 (0-000187) 

3-19 

1*88 

1*56 

2370 

73 

A1 (0-000187) 

3*05 

1*80 

1*50 

2170 

74 

A1 (0-000187) 

3*35 

1*98 

1*65 

2700 

76 

Cu (0-000300) 

3*61 

2 13 

1*78 

1920 

77 

Cu (0-000300) 

3*95 

2*33 

1*93 

2200 


A summary of all the mass absorption coefficients determined in the 
author’s experiments is given in Table V. 

Table V— Values of Mass Absorption Coefficients 


Wave-length (A) 


Element 

13-3 

14*6 

17*6 

23*7 

(13) A1 

2180 

2290 

3520 

7330 

(29) Cu 

4340 

2470 

3770 

6870 

(47) Ag 

9920 

10050 

— 

— 


A spectroscopic analysis of the composition of the leaf was made. Cu 
was found to contain a small trace of Ag; Ag, traces of Cu and Sb; and A 1 
contained Fe and Cu impurities. Chemical analysis of the A 1 showed the 
presence of 0 - 33 % Fe, 0 - 06 % Cu and about 0-1 % Si. Impurities of these 
amounts will not seriously affect the above values of the absorption co¬ 
efficients. 


0—Discussion of Results 

In figs. 8 ,9 and 10, log (/Cp) is plotted against log A. Lines drawn vertically 
through the points serve to indicate the mean deviations from the means. 

The values obtained by Jonsson (1928), Bandopadhyaya and Maitra 
(1936) and Biermann (1936) are also plotted on the figures. The values of the 
coefficients for A 1 and Ag obtained in the present experiments are in general 
accord with the extrapolated values of Biermann. For Cu, the L absorption 
discontinuity whioh ocours in the neighbourhood of 13 A renders more 
difficult the direct comparison of the author’s determinations with the 
existing data in the region of lower wave-lengths. An attempt to relate the 
data has, however, been made in the following way. 

In fig. 9 are plotted the values given by Allen (1935) for the absorption by 
Cu of X-rays of wave-lengths shorter than the Cu L critical absorption wave- 
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Fig. 8 —Aluminium absorption. O Jonsson; □ Biermann; 4- Bandopadhyaya and 

Maitra; • Author. 



Fig. 9 —Copper absorption. O Allen; • Author; □ values obtained from Biennann’s 

values for Al. 
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length. According to Prins and Takens ( 1933 ) the L m critical absorption 
wave-length of Cu is at 13* 15 A. (The observed high value of the absorption 
coefficient for Cu for the Cu L radiation must be attributed to the presence, 
in this radiation, of the /?-eoraponent 13*03 A.) Using Allen’s data on the 
short wave-length side and the author’s experimental values on the long 
wave-length side, the value of the L-M absorption jump r(I,M) is 4*57. 
This value is undoubtedly too low, for, as first suggested by Jonsson ( 1928 ) 
and later substantially verified by Baokhurst ( 1929 ), r(l,M) is well repre¬ 
sented by EJE m and for Cu has the value 9-1 (Compton and Allison 1935 , 
P* 538)- 



Log A 

Fig. 10—Silver absorption. Q Jonsson; □ Birnnann; • Author. 


Approximate values of the absorption coefficients of Cu may be obtained 
from Biermann s values for A1 by using an empirical relation representing 
the mass absorption coefficients as a function of the atomic number Z and 
atomic weight A of the absorber. This formula is obtained from (i) by 
substituting 


For a value of rn = 4-4 (Dershem and Schein 1931 ), Biermann’s data for A1 
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yield 20,000g .~ 1 cm . 2 as the mass absorption coefficient for Cu at the wave¬ 
length 13*15 A. This value on the short wave-length side of the jump and 
the author's value on the long wave-length side give for r(/, Jf), 10*0. The 
improved agreement of this value with the anticipated indicates that the 
author’s data for Cu are also in closer accord with those of Biermann than 
with those of Jonsson and Allen. 

Finally it may be stated that the coefficients for Al and Cu in the range 
13-24 A are represented by a relation of the form ( 1 ). For Al, C and n are 
8*24 and 2*1 respectively and for Cu are 3*97 and 2*4 respectively. These 
values of n , although considerably lower than those generally accepted for 
the region of hard X-rays, are in agreement within the limit of the author’s 
experimental errors with the values obtained by Messner ( 1933 ) for gases at 
the wave-lengths 44*5 and 68 A. Messner has found that the exponent of A is 
2*5, a value which is identical with that obtained by Holweck ( 1927 ) for 
filtered radiations in the region from 44 to 88 A. 

It is a pleasure to acknowledge my indebtedness to Professor T. H. Laby, 
F.R.S., and Dr. L. H. Martin, under whose direction this work has been 
conducted. 


7—Summary 

A description is given of the apparatus and method used for determining 
absorption coefficients in the long wave-length X-ray region. The homo¬ 
geneous radiations were isolated by means of a plane grating spectrometer. 

X-ray intensities were measured photographically and calibration of the 
photographic emulsion was made using a rotating sector. The intensity- 
density curves for the wave-lengths 13*3, 14*6, 17*6 and 23*7 A have been 
obtained and found to exhibit marked degrees of curvature as compared 
with those generally found for radiations of the hard X-ray region. 

In the absorption measurements, so as to eliminate errors arising from 
inhomogeneity, the absorbing laminae were mounted on a rotating wheel. 
The measured mass absorption coefficients are as follows: 13*3 A: Al 2180, 
Ag 9920; 14-6A: Al 2290, Cu 2470, Ag 10,050; 17*6A: Al 3520, Cu 3770; 
23*7 A: Al 7330, Cu 6870. 

Determinations for Al and Ag were found to agree with the extrapolated 
values of Biermann, and a value was obtained for the Cu L absorption jump 
which is consistent with the empirical rule suggested by Jonsson. 
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Spectrum taken with rotating sector. Kx- Spectrum taken with rotating absorber (aim 
pOBure 4 hr., 15 m.A, 7 kV. Grating J0,800 minium). Kxposure 4 hr., K? in.A, 8 kV. 
lincH/inch, Anglo of incidence 1 ° 28'. Slit Grating 10,800 Imes/ineh. Anglo of incidence 
width 0*012 nun. ' 1 ° 28'. Slit width 0*012 nun. 

Magnification 8 


(Faring V- 298 ) 


Proc. Roy . Soc . (A), vol. 161, p. 155 


ERRATA 

p. 177, Table XI. Delete “(All values have been multiplied by 10*)*’. 

p. 170. Table XIII. The figures in the last column ( Y c x 10 4 ) are wrongly stated. 

They should be: 0, 2*0895, 6*3419, 10*4565, 13*0152, 13*3503, 11*5119, 
8*1350, 4*2537, M672, 0. 

The errors are slightly greater than before, but are still less than 0*5 %, 
except close to the right-hand end, where the correct deflexions are small. 

p. 180, In page heading for Southfield read. Southwell. 



The Resistance of a Ship among Wav^ 

By T. H. Havelock, F.R.S. 

(Received 25 March 1637) 

1— The wave resistance of a ship advancing in still water may be calculated 
under certain assumptions, which amount to supposing the forced wave 
motion to be small so that squares of the fluid velocity may be neglected; 
moreover, the ship is supposed to advance with constant velocity in a 
horizontal line. It does not appear to have been noticed that we may super¬ 
pose on the solution so obtained free surface waves of small amplitude, and 
that the addition to the resistance may be calculated, to a similar degree of 
approximation, as the horizontal resultant of the additional fluid pressures 
due to the free surface waves; this additional resistance, which may be 
negative, depends upon the position of the ship among the free waves. 
Various calculations are now made from this point of view. We consider 
first transverse following waves moving at the same speed as the ship, and 
then a ship moving in the waves left by another ship in advance moving at 
the same speed; finally, we examine the more general case of a ship moving 
through free transverse waves of any wave-length. All the cases are discussed 
with reference to such experimental results as are available. 

2— We treat the problem first as one of steady motion with the ship at 
rest in a uniform stream of velocity c in the negative direction of Ox; we 
take the origin O in the undisturbed water surface, and Oz vertically 
upwards. The velocity potential is given by 

<j>~cx + fa, (1) 

where fa represents the disturbance due to the ship. This, on the usual 
approximations, may be regarded as due to a source distribution over the 
longitudinal section of the ship; the souroe strength per unit area is 
(c/ 2 n) dyjdx, with y ** f(x, z) as the equation of the surface of the ship, and 
it is to be noted that dyjdx is assumed to be small. 

Wenowiahe $ * cx+fa + fa, 

fa « Ace*** cqs(*oX - /?), (2) 

where « yjc\ The additional term represents standing surface waves of 
elevation Asan(^-/?). We should, of course, require further terms in 
order to satisfy exactly the condition at the surface of the ship; but such 
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terms would be of a smaller order of magnitude, and of a similar order to 
those which have already been neglected in obtaining an expression for <f > 1 
on the assumption that the angle between the tangent plane and therx-pl&ne 
is always small. The pressure equation is now 

Pip - const.(3) 
and the wave resistance is given by 


R = - 2 jjp d £d*dz, 


taken over the longitudinal section of the ship. 

The term in 0 A in (3) gives from (4) the expression for the wave resistance 
for the ship advancing into still water; we shall denote this by R v We give, 
for reference later, the expression for R y in terms of the equivalent surface 
distribution <r lf namely, 

R l = 167r/cg/>j (Pf + $f) 8ec3 Odd, 


where 


P 1 + iQ l ~ |*J* ( 7 , fi*"* B0Cl ® dx dz. 


The term in <f>' in (3) gives from (4) the additional resistance B' due to the 
standing waves; we have 


= - || e*«* sinf/Coa: - /?) dx dz. 


3 —Consider a simple form of model, of uniform draft d and length 21, 
whose surface for y > 0 is given by 

</ = 6 (l-s 2 /d 2 )(l-**/?*). (7) 

From (6) we obtain, after carrying out the integrations, 



The factor cos/? in (8) shows how R' varies with the position of the ship 
among the waves; for ft = 0 or /? = n, the surface elevation is anti-sym¬ 
metrical with respect to the mid-section of the ship. Further, the factor 

(sin KqI - kJ, cos ac 0 1)/(/c 0 1) 3 


(9) 
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gives the variation of R' with the ratio of the length of the model to the 
wave-length. It is obvious that the greatest positive values of R' will ooour 
when there is a crest near the bow and a trough near the stem, and con¬ 
versely for negative values of R\ The stationary values of (9) give the 
corresponding values of k 0 1 , or 2vi/A; one such value gives A/2 1 » 0*55 
approximately, and for this velooity R' is negative if fi * 0 and positive if 
(S * 7T. 

4—For numerical calculations we shall consider a model for which theo¬ 
retical and experimental values of the wave resistance in still water are 
known; this is Model 1302 investigated by Wigley at the National Physical 
Laboratory, the results being given in these Proceedings (Wigley 1934 )* 
The form of the model is given by the following: 

From z = 0 to z * - \d, 

y = 6{1 —(x + a) 2 // 2 ), y * b, y * 6{1 - (a;-a) 2 // 2 } 

for x ranging from — l — a to — a 9 — a to a, a to 1 4-a respectively; 

From z = — to z = ~d, 

y !-«*/<**) {!-(* +V “ $ 6 (1 -z*/d 2 ), 

V =» t&( 1 - z*ld % ) (1 - (x - afjV *} 
for the respective ranges for x of 

— i — a to — a, —a to a, a to/-fa. ( 10 ) 

The dimensions, all in feet, were a = 0 * 5 , 6 » 0*484, / * 7*5 and d = 2 . 

Carrying out the integrations of ( 0 ) over the longitudinal section of the 
model, we obtain 



x {sin k 0 (1 4 * a) - k 0 1 cos /c 0 (/ -fa) - sin K 0 a} cos ft. ( 11 ) 

We shall take fi = 0 so as to obtain maximum effects as far as the position 
of the model relative to the waves is concerned. In the following table values 
of R'jc 2 h are shown for several different velocities, R f being in lb. with c in 
ft./sec. and h in ft. The column RJc 2 gives the corresponding theoretical 
values for the wave resistance in still water, taken from fig. 6 of Wigley’s 
paper. 

^ has maxima and minima according to the interference of* bow and 
stem waves; while R* oscillates between positive and negative values in 
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accordance with the factor in ( 11 ) which involves the quantity k 0 1. One 
method of expressing these results is to find what height h of the imposed 
waves would give R' the same numerical value as R x at each velocity, 
regardless of whether R f is positive or negative. This is given in the last 
column of the table as A/A, the ratio of amplitude to wave-length such that 
R f is numerically equal to R x . In comparing these figures with values from 
observation or experiment, it should be noted that usually the height of 
a sea wave is measured from trough to crest, and is equal to 2A of these 
calculations. The point made now is that for quite ordinary values of the 
ratio of wave-height to wave-length the additional resistance, positive or 
negative, is of the same order as the wave resistance of the model in still 
water. 



c/VW 

R'/c*h 

Rile * 

A/A 

8 

0-353 

0-5 

0-042 

0*014 

7 

0-378 

— 0*264 

0*03 

0*017 

6 

0-408 

— 0-92 

0*072 

0-01 

5 

0*447 

-0*78 

0-1 

0*013 

4 

0-5 

0*62 

0 053 

0*007 

3 

0-577 

1*05 

0-12 

0*007 

2 

0*707 

M3 

0*233 

0*008 


6 An interesting form of the problem is the case of a model in the waves 
left by another model at a fixed distance in advance and moving at the same 
speed; it is a case for which some experimental results are available. 

Instead of ( 2 ) we now have 

4> = cx + fa + fa, ( 12 ) 

where fa represents the disturbance due to the rear model and fa that due 
to the leading model. We may replace the models by source distributions 
er l5 a 2 over their respective longitudinal sections, and the usual first 
approximation is taken for <r in each case, namely a * (c/ 27 r) dyjdx. 

The resultant horizontal force on each model has been considered from 
this point of view in a previous paper (Havelock 1936 ), and a general dis¬ 
cussion is given there in §§4, 5. The resistance of each model consists of 
various terms, the resistance of each as if isolated, mutual actions between 
the two models which are equal and opposite and may be assigned to local 
disturbances of the fluid motion, and forces due to wave interference 
acting on the rear model only. It is easily seen, from approximate calcula¬ 
tions, that the mutual actions due to local effects diminish rapidly with the 
distance between the models, and we shall neglect these terms in what 
follows. 
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The resistances R v R t of the two models when far apart are given by (5) 
with P x 4 * iQ x in terms of cr 1 and P 2 4- iQ 2 in terms of cr 2 . 

In addition the rear model experiences a resistance R 12 which, from (7) 
and (13) of the paper just quoted, is given by 


R 12 * 32nKlp j* <r l dx l dz l j cr 2 dx 2 dz 


Jo 


x cos(/c 0 (x 2 — x x ) sec 0} sec 3 OdO, (13) 


the integrations extending over the two distributions. This may be put into 
a form involving the same quantities P v Q v P 2 , Q 2 as are required for R x 
and P 2 , namely, 

R IZ = 32 ttkIp j (P r P 2 4- Q 2 ) sec 3 Odd. (14) 


We now simplify the problem by supposing the two models to be similar 
in all respects; then if k is the distance from the bow of the leading model to 
the bow of the rear model, we have 


P % + iQ % = (Pt + iQi)***™ 0 . 

(15) 

ri* 

This gives R n = 327 TA:gpJ (P\ 4- #J) cos(x 0 /bsec 0) sec 3 Odd. 

(16) 

Finally, we carry out the integrations for a model of great draft and of 
uniform horizontal cross-section given by 

y = b( l-x*/(*). 

(17) 

THe results may be expressed in terms of P functions used in 
investigations and defined by 

previous 

P in (p ) = (— 1 )"j cos*” 0 sin(p sec 0) <10, 


P in+ i(p) = (— 1 ) ,t+l j* cos* ,l+1 0 cos (p sec 6) <10. 

(18) 


(I am indebted to the Superintendent of The William Froude Laboratory 
for graphs of the first nine of this series of functions.) We obtain then for 
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the resistance R 2 of the leading model and for the resistance R t + Ri t of the 
rear model the expressions 

R x = R 2 = {£, + f ^ 2 + *8 PP,(2*b*> - 2K 0 lP i (2K 0 l) + P s (2x 0 l)}, (19) 

R 12 = “S« 2 tK W*<A) + 2 ^(*o*0 + PsiKoh)} 

+ $PMl )+ \P*{K 0*t)]. ( 2 °) 

where k x = k — 2l, k 2 — £ + 2 /. 

6 —Before making numerical calculations we may refer to experiments 
made by Barrillon on models in tandem and other formations (Barrillon 
1926 ). In a classical series of experiments W. Froude examined the inter¬ 
ference between the bow and stern waves of a ship by introducing into the 
model varying lengths of parallel middle body between the same bow and 
stern. Barrillon made an interesting variation by running two models in 
tandem at the same speed and measuring the resistance of each model. The 
results were similar in character to those outlined in the previous section; 
for instance, the resistance of the rear model was found to be an oscillating 
function of its distance from the leading model, in general agreement with 
what would be expected from its position relative to the waves left by the 
leading model. We noted also that the action between the two models is 
made up of a mutual action and reaction due to local effects together with 
a wave effect upon the rear model; and the former has been neglected in the 
present calculations. Barrillon found, for his models at a certain speed, 
that the action upon the leading model was insensible if the distance apart 
exceeded lm., while the action upon the rear model was appreciable up to a 
distance of 14 m.; and further that, apart from its oscillations, the action 
upon the rear model only diminished slowly with the distance. 

With a view to making corresponding calculations from (19) and ( 20 ) we 
notice in particular two measurements. (I am indebted to Professor 
Barrillon for these and other details of his investigations.) The velocity of 
the two models was 2 m./sec. and the length of the rear model was 2*2 m. 
Turning the results into the present notation, with k - 13*47 m. and 
16*19 m. the experimental values of the ratio R n jR x were - 0*224 and - 0*2 
respectively; these two values of k gave consecutive positions of maximum 
reduction of resistance of the rear model, the relative reduction being of the 
order of 20 %. 



305 


Resistance of a Ship among Waves 

We now use these measurements solely in order to take a corresponding 
velocity and corresponding distances in the expressions (19) and (20) and 
so to calculate the ratio R l2 /R v 

We have tc 0 l = gl/c 2 « 2*7, For the two values of k , the corresponding 
values of K Q k are 33*07, 39*74 respectively. With these we obtain from (19) 
and (20) the values - 0*24, — 0*3 respectively for the ratio R i2 IRv a relative 
reduction of resistance of between 20 and 30 %. 

7—We have considered so far only wave motion which is stationary 
relative to the ship, and we examine now a ship advancing through free 
transverse waves which are moving with the velocity appropriate to their 
wave-length. 

Suppose first that the waves are moving in the same direction as the ship. 
With a fixed origin 0 we now have, instead of (2), 

<j> « <f> l (x — ct,y,z) + hVe KZ co&K(x— Fi), (21) 

where V 2 = gjK> and the additional surface elevation due to the free waves 
is A sin /c(x- Vi). 

The variable part of the pressure is p d$/dt> or 

— pc ~~ + gphe K£ sin k(x — Vt). (22) 

To calculate R from (4) and (22), transfer to an origin moving with the 
ship. Then the first term in (22) gives the same expression for R 1 as in (5), 
while for the additional resistance due to the second term we have 


R' = -2gphjjl 


e*‘ 8in{ra — k(V — c) t} dxdz. 


(23) 


This is the same as in (6) for relatively stationary waves, except that k 0 , 
c are replaced by k, V respectively, and that the phase /? has now the 
varying value k{V — c) t. 

For transverse waves h sin k(x + Vt) moving in the opposite direction 
(21) is replaced by 


<f> — 0 X ( x - ct, y, z) - hVe K * cos k(x + Vt), (24) 

and it is easily seen that we get the same result as before with the phase ft 
equal to — *(F + c)t. 

The result is that the additional resistance depends only upon the in¬ 
stantaneous position of the ship relative to the waves. This might have been 
anticipated from the various approximations which have been made. We 
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have assumed the free waves to be small, thte corresponding quantities being 
of the same order as those of the foroed waves due to the ship; moreover, we 
have neglected any direct disturbance of the free waves by the surface of 
the ship for the same reason as for omitting terms of a like order in obtaining 
expressions for the forced waves. The additional pressures are therefore 
simply those due to the free waves, and the additional resistance is the 
horizontal resultant of these pressures acting upon the ship’s surface. Taking 
as an example the model described in (10), the resistance is given by R 1 + B', 
where R x is the resistance in still water, and 



x (sin k(I + a) — kI cos(ac + a) - sin m} cos /?, (25) 

where V 2 = g/ic, /? = k(c ± V) t = 2ntjT. 

In this expression, T is the period of encounter of the ship with the waves. 

In experiments on models in artificially produced waves, a critical con¬ 
dition occurs when the wave-length is about equal to the length of the model. 
Wo take therefore as a numerical example A = 2njK = 2(1 +a), and 
V 2 = gX!2n = g(l+a)/n. 

Putting in the numerical values for this model, we get from (25) 

R' = 89-lftcos(27rt/7’), (26) 

R' being in lb. with the amplitude h in ft. 

In experiments a usual assumption is a wave-height of 6 ft. for a wave of 
length 400 ft.; this ratio gives for the wave-length 16 ft. the value h = 012 ft. 
In that case we have 

R’ - 10-7 cos(27rt/7’)lb. (27) 

Values of R t for this model are known. For instance, for model speeds of 
7-08, 9-22, 11-04 ft./sec. we have R x . 4-9, 13, 29 lb. respectively; the total 
resistance, wave-making and frictional, at these speeds was 14-54, 30-11, 
52-15lb. respectively. We see that, for quite a moderate ratio of wave-height 
to wave-length, R' represents an alternating force of relatively large ampli¬ 
tude. It should be noted, however, that this is for the particular case when 
the wave-length of the free waves is equal to the length of the model. 

8—It is necessary to emphasize the basis of the present calculations. It is 
assumed that the model is maintained in the same relation to the un- 
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disturbed water surface and that it is driven forward horizontally at constant 
speed. 

In experiments on models in waves, such as those made by Kent at The 
National Physical Laboratory (Kent 1922 ), the conditions are different, 
being naturally designed to reproduce to some extent conditions for ships 
at sea. In these experiments the model is free to pitch, and obviously an 
important factor is the relation of the pitching period to the period of 
encounter with the waves. Moreover, the model can move fore and aft 
within certain limits under the influence of the waves. Thus Kent makes the 
statement: * ‘ When the model was to wed through a regular series of advancing 
waves, it experienced periodic fluctuations in its resistance as it met each 
succeeding wave. Each fluctuation in resistance was partially absorbed by 
the inertia of the model, but a portion of it was recorded by the resistance 
pen. The fluctuations were of small amplitude when the waves were of short 
length in comparison with the length of the model, but became much larger 
when the wave-length was increased.” The actual results given were for a 
certain mean resistance over the whole experiment in each case. The precise 
relation between this mean resistance and the horizontal forces acting on the 
model at each instant would require a detailed examination of the conditions 
of the experiment and of the recording apparatus. However that may be, 
the present calculations serve to estimate some of these forces and indicate 
how large the fluctuating part of the resistance due to them may be under 
certain conditions. 

A point which arises is the dependence of the amplitude of the fluctuations 
upon the ratio of the wave-length to the length of the model. This is given, 
for the model considered here, by the factor of (25) which involves kL Taking 
the simpler case of that model with no parallel middle body, that is with 
a = 0 , the factor concerned is 

(sin u - u cos w)/w 3 , (28) 

where u « ttL/A, with L the total length of the model, and A the wave¬ 
length. 

An interesting result is that there are certain values of the ratio A/L for 
which (28) is zero; for these, the additional resultant horizontal force due 
to the waves is zero independently of the position of the model among the 
waves. For this particular model, these values are given by the roots of the 
equation tan?/ = u\ the corresponding values of AjL are 0*7, 0*41, 0*29, .... 
Intermediate values of the ratio give maximum values for the amplitude of 
the fluctuations in resistance. 
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Summary 

The wave resistance of a ship in still water can be calculated to a certain 
degree of approximation after making various assumptions. Similar 
calculations are now made for a ship among free surface waves of small 
height; the additional resistance, which may be negative, is considered as, 
to a similar degree of approximation, the horizontal resultant of the 
additional pressures due to the free surface waves. 

The cases considered are (i) when the waves are stationary relative to the 
model, free transverse waves moving at the same speed, and also the case 
of a model on the waves left by another model in advance and moving at the 
same speed, (ii) a model, not free to pitch, in transverse waves moving with 
the speed appropriate to their wave-length. 

It is shown that the additional horizontal forces may be of the same order 
as the wave resistance in still water even when the ratio of wave-height to 
wave-length has only a moderate value. 

The various cases are discussed in relation to available experimental 
results. 
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The Distribution of Electricity in Thunderclouds 
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[Plates 10-12] 

I—Introduction 

The mechanism of thunderstorms has been the subject of much contro¬ 
versy in recent years, and at the present time there are at least two theories 
which find considerable support. To arrive at a theory which would satisfy 
all criticism would be a great ad vance towards a solution of the more funda¬ 
mental problem of the circulation of electricity through the atmosphere. 
The evidence put forward in support of the present theories of the mechanism 
of thunderstorms is derived almost wholly from observations made at the 
surface of the earth; in many cases this evidence is ambiguous, and the same 
observations have, in fact, sometimes been used to support opposing theories. 
It seemed highly desirable that fresh evidence should be sought, and the 
most promising line of attack appeared to lie in attempting measurements 
in and above the thunderclouds instead of confining the observations to 
ground-level. In 1934, after some preliminary experiments, a simple method 
of recording the distribution of electricity in thunderclouds by means of 
instruments attached to sounding balloons was devised at Kew Observatory, 
and a sufficient number of soundings has now been made to enable some 
important generalizations to be made. The method of observation and the 
results obtained are described and discussed in this paper. 

II— Description of Apparatus and Method of Observation 

The main object of the experiments was to obtain records which would 
yield information on the variations in the sign of the potential gradient 
from ground-level up to heights beyond the tops of thunderclouds. To do 
this, use has been made of the fact that when a long-pointed conductor is 
suitably exposed in a strong electric field, point-discharge occurs at the ends 
of the conductor and a current flows from one end to the other. The direction 
of the current is governed by the direction of the field, positive electricity 
flowing into the end which is directed towards the positive potential. The 
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magnitude of the current increases with the strength of the field but the 
relationship is not linear; a minimum strength of field, dependent on the 
atmospheric pressure, sharpness of the point and conditions of exposure, is 
necessary before the current will flow. Records of point-discharge current 
in an earth-connected conductor have been made continuously at Kew 
Observatory since 1932 (Whipple and Scrase 1936 ), and these records have 
been of great use in showing the fluctuations in potential gradient near the 
ground during disturbed conditions when the magnitudes were beyond the 
range of the ordinary fine-weather potential-gradient recorder. For ground 
observations the point-discharge current is most conveniently measured 
with a galvanometer which is inserted bet ween the discharging point and the 
earth connexion. If one is content to record the sign of the potential gradient, 
this being of more significance than the magnitude, it suffices to use a pole¬ 
finding device instead of a galvanometer. This arrangement was adopted 
for the apparatus used in the balloon soundings. 

A photograph of the recording instrument, which we have called an alti- 
electrograph,* is reproduced in fig. ], Plate 10. An aluminium frame carries 
a cheap clock which turns two recording disks fitted to the minute arbor. 
The lower disk is a smoked aluminium plate on which records of pressure 
and relative humidity are scratched. The pressure scribing point is worked 
by the usual aneroid arrangement with pivoted lever magnification, whilst 
the humidity scriber is controlled by a harp of four human hairs anchored at 
the ends and doubled round the fulcrum of the scribing lever, f The upper 
disk, which is of aluminium, is insulated from the lower disk and from the 
arbor of the clock by means of an ebonite boss and is kept in position by an 
ebonite nut. This upper disk carries a projection which at the end of one 
revolution comes against a stop and prevents overrunning of the records; 
one revolution takes about 1 hr. The purpose of the upper disk is to carry a 
circular piece of pole-finding paper on which two pointed electrodes bear. 
The electrodes are ordinary iron pins which are clamped at the ends of two 
phosphor-bronze arms. These arms are fixed to an ebonite pillar which can 
be turned through a small angle, and they are sufficiently springy to allow 
the pins to bear lightly on the paper. The arm farthest from the centre of the 
disk is insulated, and the other arm is connected to the metal frame and to 
the case of the instrument ; the insulated arm is connected to a rubber- 

* As an excuse for introducing a word with a mixed Latin and Greek derivation 
we may pomt out that the most appropriate Greek prefix “hypso” does not convey 
the meaning of height nearly so readily as “alti-” (of. “hypsometer ” and “alti¬ 
meter”). 

t 111 Home of the instrument* the hygrograph was omitted; these instruments 
wore of Hina Her dimensions;. 
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covered flexible wire passing out of the case. The pins are set to track on the 
paper at an angle of about 30°, and their points are about 3 mm. apart. 

The pole-finding paper used in the first few soundings was starch- 
impregnated paper soaked in potassium iodide solution. The passage of 
current through the paper gives a brown stain at the positive electrode and 
no stain at the negative electrode, but although the first sounding yielded 
quite successful results it was soon found that this paper was not entirely 
satisfactory; the record was neither very distinct nor very permanent. At 
this stage we received much useful advice from Mr. F, E. Lutkin, of the 
Radio Research Station at Slough, who recommended several other electro¬ 
lytic solutions which he considered worth trying. The solution finally adopted 
for impregnating the paper, which was of the semi-absorbent variety used 
for duplicating, is made up according to the following formula: 

Potassium ferrocyanide 5g. Glycerine 60g. 

Ammonium nitrate 100 g. Water 300 g. 

With this solution and iron pins a deposit of Prussian blue is formed at the 
anode, but there is a delay of some minutes t>efore the blue coloration is 
noticeable; the coloration is improved by washing in water and drying. 
The great advantage of this solution is that the records which it yields are 
permanent; some records which were recovered after lying in the open for 
more than 6 months were just as good as those recovered after a few days. 
The Prussian blue method is just as sensitive as the starch iodide method; 
with it one can detect changes of sign in a current as small as 0- 1/iA. There 
is one minor drawback, however, which has not been completely overcome, 
and that is that when no current is flowing a faint trace of blue coloration 
sometimes appears at both electrodes; this, however, is not a serious defect, 
for as soon as a very small current flows the cathode ceases to cause any 
trace and the blue colour is confined to the anode. 

When a sounding was to be made the instrument was fitted into a bamboo 
frame and the wire conductor attached to the flexible wire leading from one 
of the electrodes. The conductor is of 30 s.w.g. copper wire and is normally 
about 20 m. long. It was found convenient to have the conductor wire 
wound on a small spool and to allow this to unroll as the apparatus left the 
ground. A small tubular lead weight threaded on the wire ran down as the 
wire uncoiled and stopped at a loop just before the end was reached; this 
weight helped to keep the wire taut. The second electrode of the instrument 
was connected through the case to wires projecting a few inches beyond the 
ends of all the bamboo struts. The complete conducting system is shown in 
diagrammatic form in fig. 2, in which A represents the end of the trailing 
wire, B and € are the pin-electrodes on the pole-finding paper, and D 
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represents the wires on the bamboo frame. In a positive potential gradient, 
such as is shown in the diagram, there is an inflow of positive electricity at 

the point D and an outflow from the point 
A . The pin G is then the anode, and a blue 
coloration occurs at this electrode, whilst no 
coloration occurs at B. When the field changes 
to negative the direction of the current in the 
conducting system reverses and the pin B be¬ 
comes the anode and therefore shows the blue 
coloration. 

In order to reduce the risk of loss through 
the apparatus being carried to great dis¬ 
tances and perhaps falling into the sea, an 
arrangement was used for terminating the 
ascent at a predetermined height by re¬ 
leasing the apparatus from the balloon and 
allowing it to descend with a parachute. In 
the first few soundings the release was made 
by means of a slow-burning fuse, but this 
was found to be unreliable, so in the later 
soundings a Baker aneroid release (Dines 
1929 ) was used; normally it was set to open 
at about 8 or 9 km. A photograph showing 
the whole apparatus fitted up ready for a 
Fig. 2 Diagram illustrating mounding is reproduced in fig. 3, Plate 11. 

system. The aneroid release hangs by its catch on 

the bottom of the aluminium parachute case 
to the top of wTiicli the balloon is attached. The parachute string is tied to 
the top of the release and the bamboo frame is tied to the bottom. When 
the predetermined height is reached, the expansion of the aneroid box 
opens the catch, and allow s the apparatus to fall with the parachute. 

The balloons used are about 1 • 5 m. diameter, and the weights of the various 
parts of the apparatus are as follows: 



Alti-electrograph (with liygrograph attachment) 

Parachute, cose and aneroid release 

Bamboo frame 

20 m. wire and lead weight 

Balloon 


g- 

445 

70 

105 

25 

150 


795 


The smaller alti-electrograph which had no hygrograph 
fitted weighed about 100 g. less than the larger one. 





Distribution of Electricity in Thunderclouds 313 

The total free lift given to the balloons was 1800 g.; this gave a rate of 
ascent of about 5 m./sec. The rate of descent with the parachute was roughly 
double this figure, so the total time taken by a sounding up to 8 km. and down 
again was about 45 min. With the electrodes set at about 3 cm. from the 
centre of the recording disk, the time scale was about 3 mm./min. 

Before each instrument was made ready for a sounding the aneroid 
recorder was calibrated (on a separate disk) over a range of pressure from 
1000 to 200 mb. at ordinary air temperature, and a saturation datum line 
was made with the hair hygrograph. Then when a sounding was to be made 
the following procedure was carried out. While a balloon was being filled, 
a disk of semi-absorbent paper was immersed for a few minutes in the 
electrolytic solution, and after being lightly blotted it was fitted in position 
in the instrument; the electrodes were moved on to the paper and a pencil 
mark was made at their starting position, corresponding marks being made 
with the altitude and humidity scribers. The instrument was then fitted into 
the bamboo frame (by means of three spring hooks on the struts); the wire 
spool, aneroid release and parachute were then attached. Finally, the 
balloon was tied to the parachute case, the clock was wound and the 
apparatus launched. In favourable circumstances these operations could 
be carried through by two men in 10 min., one man fitting up the apparatus 
while the other filled the balloon. The time interval between launching and 
disappearance of the balloon into cloud was noted so that the height of the 
cloud base could be determined. 

Information about electrical and meteorological conditions near the 
ground at the times when the soundings were made was obtained from 
autographic records. Potential gradient near the ground was recorded by 
an efficient polonium collector shielded from rain and connected to an in¬ 
sensitive but quick-acting Dolezalek electrometer. When this apparatus 
was not working, records of point-discharge at an earth-connected point 
served to indicate the fluctuations in potential gradient. Since the begin¬ 
ning of 1935 the charge brought down by rain has been recorded at Kew, 
and the measurements are available for many of the occasions when 
soundings were made. 

It was hoped that the hair hygrographs carried by some of the instru¬ 
ments would indicate the passage through cloud boundaries, but in only a 
few cases were the recorded changes of humidity sufficiently definite to 
allow of reliable estimates of the heights of the cloud tops. 

In working out heights from the pressure records, average values of the 
variation of pressure with height were used, as the temperature was not 
recorded. Measurement of the pressure, humidity and electrical records 



’was facilitated by the' xnfi of an apparatus designed by Mr, L. EL 0. Dines 
and shown in fig. 4, Plate 10. This consisted essentially of a circular plate 
which could be rotated by hand and which was graduated like a clock dusj 
on the circumference. The axis of this plate was fixed to an arm which could 
be turned through a small angle by means of micrometer screw gearing. 
The effective length of the arm was the same as the length of the pressure 
and humidity scribers, and when the records were put on the circular plate 
and viewed through a low-power microscope, distances from datum lines 
could be read by means of the micrometer scale, whilst times could be noted 
from the scale on the circumference of the plate. The microscope was used 
also for estimating the widths of the stains on the electrical records, these 
widths being used to obtain a rough measure of the strength of the potential 
gradient. 

Some electrical records are reproduced in fig. 5, Plate 12, but since the 
blue traces cannot be shown in their true colour the reproductions axe not 
so striking as in the original records. It will be noticed that there appears to 
be a double trace in part of one record, one trace being thick and the other 
thin. In the original it is the thick trace which is the blue record, whilst the 
thin line is a burnt mark due to sparking at the electrodes. This effect will 
be discussed later. 


Ill— General Statistical Results 

Most of the soundings were made in thunderstorms or in showers, but a 
few were tried in continuous rain and in fine weather. During the period 
July 1934 to October 1930 the total number of soundings was seventy. The 
proportion of successes may be judged by the figures given in the following 


table: 

Thunder¬ 

storms 

Showers 

Continuous 

rain 

Fair 

weather 

All 

conditions 

Legible records 

20 

9 

2 

0 

31 

Records with nil result 

5 

3 

5 

3 

16 

Defective records 

6 

0 

4 

0 

9 

Records not recovered 

7 

2 

4 

1 

14 

Totals 

37 

14 

15 

4 

70 


The causes of the defective records were (1) dock failure, (2) breaking of 
the conductor wires during launching (this risk was almost entirely elimi¬ 
nated when the method of running the wire off a spool was introduced), 
(3) omission to set the electrodes on the recording disk. The records with nil 
results were those which gave no legible trace, presumably on account of 
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the potential gradient being to#imali to produce the necessary current 
required to leave a mark at the electrodes; the minimum potential gradient 
necessary for producing a legible record when a 20 m. wire is used is believed 
to be of the order of 10 V/cm, 

It was hoped that all the soundings would reach at least 8 km., the 
aneroid releases being set for about this height. Owing, however, to defects 
in the balloons, a considerable proportion of the earlier soundings did not 
reach this height. On the other hand, in a few soundings in which the 
aneroid releases failed to work, very much greater heights were attained. 
Better quality balloons were employed in the later soundings, and in most 
cases the predetermined height was reached. 

As in many meteorological problems a statistical analysis of the results 
of a series of records such as wo have Obtained is rendered difficult by the 
number of variables which can influence the measurements. Such factors as 
the vertical thickness of the cloud, the position of the sounding with respect 
to the active centre of the storm, and the incidence of rain and lightning 
may be expected to influence the distribution of field in any particular 
sounding, and it would require a very large number of observations to 
enable us to separate the effects of the varying conditions. However, a 
statistical examination of the results as a whole should bring to light any 
prominent features which tend to recur frequently. 

The results of all the soundings which yielded any legiblo record are shown 
in graphical form in figs, fi and 7. These diagrams are primarily intended to 
show the distribution of the sign of the potential gradient with respect to 
height. Each sounding is represented by a vertical band of varying width; 
the shaded parts of the bands indicate positive potential gradient, and the 
unshaded parts negative potential gradient, the widths of the bands being 
proportional to the widths of the electrolytic traces. When part of a sounding 
yielded no legible record this Is indicated by reducing the band width to that 
of a thin line: these lines (generally at the top of a trace) therefore simply 
indioate that the instrument passed through this region without recording 
an electrical field of either sign. The connexion between the width of record 
and the strength of the potential gradient will be discussed in detail later; 
for the present we may note that at any height the wider the record the 
greater the point-discharge current and the greater the potential gradient , 
but at greater heights a smaller gradient is required to produce the same 
current. On a number of soundings the quantity of electricity passing 
through the apparatus was great enough to cause sparking at the electrode 
points, and in such cases the magnitudes of the current and of the potential 
gradient were probably much larger'than would appear from the width of 
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the trace, Occasions of sparking are shown by small crosses within the band 
representing the potential gradient. The heights of the cloud-bases and, 
where possible, the cloud-tops are indicated on the diagrams. Estimates of 
the heights at which the temperatures of 0 and —10° C. were reached are 
also included; these have been derived from the air temperatures at the sur¬ 
face by assuming the lapse rate up to the cloud-base to be half-way between 
the wet and dry adiabatic rates, and the lapse rate inside the cloud to be 
equal to the wet adiabatic rate. These estimates are in nearly every case 



in close agreement (within 0*2 km.) with aeroplane observations made from 
Duxford on the days of the soundings. Brief details of the conditions at the 
times of the soundings are given in Table I. 

The types of distribution of potential gradient shown in figs. 6 and 7 are 
too varied to fall easily into place in any simple scheme of classification, and 
they illustrate only too well how complex the electrical structure of thunder¬ 
clouds must be. Moreover, the difficulties of interpreting the results are 
increased by the fact that in some soundings strong gradients were still 
being recorded when the maximum heights were reached and changes of 
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sign which may have occurred at higher levels remained unrecorded. 
Soundings 49 and 50 illustrate this point very well: they were made within 
10 min. of each other, and whereas No. 50 reached 8 km., at which height it 
showed an increasing positive gradient, No. 49, through failure of the aneroid 
release, reached 15 km. and showed that the positive gradient at 8 km. was 
reversed at 10 km. It is unfortunate that the instruments sent up in these 
two soundings were the last to be recovered, otherwise we might have felt 
encouraged to aim at much greater heights, although this would have 
entailed increased cost and greater risk of loss. However, in about half of 
the soundings with legible records the instruments were carried well above 
the levels of the strong gradient. 

The frequency of occurrence of positive and negative potential gradients 
at various heights in thunderstorms is given in Table II; in order to give due 
weight to cases in which the gradient changed sign within a height interval 


Table II— Soundings in Thunderstorms 


No. of 

Height. 

Frequency of occurrence 

occasions 

km. 

of potential gradient 

Not 

Positive Negative measurable 

2 

14-15 

0 

1*0 

1*0 

2 

13-14 

0 

1*0 

1*0 

2 

12-13 

0 

1*6 

0*4 

2 

11-12 

0 

2*0 

0 

2 

10-11 

0-2 

1*8 

0 

3 

9-10 

1*8 

0*2 

0*7 

7 

8-9 

2*8 

0*2 

3*0 

9 

7-8 

3*7 

0*8 

4*2 

11 

6-7 

5*7 

1*8 

3*5 

12 

5*0 

5*8 

2*2 

3*5 

15 

4-5 

5*5 

4*9 

3*1 

17 

3-4 

8*7 

6*7 

1*7 

19 

2-3 

5*2 

11*5 

2*0 

20 

1-2 

5*2 

11*7 

2*5 

20 

(M 

4*4 

14*4 

1*2 


of 1 km. the frequencies are given to tenths of units, e.g. if the gradient waB 
positive from say 6*0 to 6*6 km, and negative from 6*6 to 7*0 km M the 
frequencies are reckoned as 0*6 and 0*4 respectively. The data are shown 
in graphical form in fig. 8, in which the frequency of occurrence of positive 
gradient in a kilometre height interval is expressed as a percentage of the 
total number of observations for the interval after excluding those of no 
measurable gradient; thus a frequency of 50 % on the graph means that 
positive and negative gradients occurred the same number of times, whilst 
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a frequency of 25 % means that negative gradients were three times as 
frequent as positive. Owing to the very small number of observations 
obtained above 9 km. the graph is not continued above this height, but the 
actual frequencies are included in Table II. Near the ground there is a 
preponderance of negative potential gradients in the ratio of 3 :1; this is in 
agreement with observations, made by numerous workers, at the ground 
below the thunderclouds. The preponderance, which decreases with height, 
extends to about 3 km., which is usually above the base of a thundercloud. 
From 3 km. up to about 8 or 9 km. positive gradients predominate; what 
little evidence there is at greater heights points to negative gradients being 
more likely. 



% frequency of occurrence 
of positive potential gradient 

Fig. 8—Percentage frequency of positive potential gradient. 

A similar distribution is obtained if the analysis is confined to the stronger 
records. Table IIIa gives the heights at which records exceeding 0-5 mm. in 
width were obtained; it will be seen that the cases associated with positive 
potential gradient were more numerous and that they, tended to occur 
between 3 and H km., a rough average height being about 0 km. Of those 
associated with negative gradient some occurred below the positive and 
some above, it is likely that the latter would have been more numerous had 
all the soundings reached great heights. It will be noticed that no oases 
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with negative gradient occurred without strong positive gradient either 
above or below. 


Sounding 

Table IIIa 

Heights, in km,, for which record oxoeeded 0*5 mm, 
width, the sign of the potential gradient being 

IU/* 



-\ 


Negative 

Positive 

Negative 

14 

0*7 to 1*8 

6*9 to 7*8 

— 

17 

— 

3*8 to >4*4 

— 

18 

— 

3*6 to >4*0 

— 

45 

— 

1*7 to 2*4 

— 

49 

— 

8-3 to 9*9 

10*4 to 11*4 

50 

—. 

7*7 to >8*3 

— 

52 

5*1 to 5*4 

6*0 to > 7*0 

— 

53 

1*2 to 1*9 

4*2 to 5*6 

6*4 to > 7*0 

54 

— 

3*4 to > 5*9 

— 

63 

— 

4*1 to 4*6 

— 

67 

— 

4*0 to 4*9 

— 

68 


2*2 to 3*2 

Table IIIb 

3*9 to 5*2 


Heights, in km., at which sparking ocourred at the 

Sounding 

electrodes, the sign of the potential gradient being 

ll\J* 

r - 


-\ 


Negative 

Positive 

Negative 

18 

— 

3*3 to >4*0 

— 

49 

— 

8*5 to 9*7 

— 

50 

— 

7*8 to >8*3 


52 

4*9 to 5*5 

6*0 to > 7*0 

.— 

53 

— 

4*2 to 5*6 

6*4 to > 7*0 

54 

— 

3*4 to >5*9 

— 

63 

— 

4*1 to 4*6 

— 

68 

— 

2*3 to 3*2 

3*9 to 4*3 


Table IIIb gives similar information for the records in which sparking at 
the eleotrodes occurred. Although it is impossible to say what the magni¬ 
tudes of the potential gradients were in these oases it may safely be assumed 
that they were the strongest that were encountered. As before, most of the 
occasions were for positive gradients, and the heights generally ranged from 
about 3 to 8 km. 

In practically every sounding there was evidenoe of a positive potential 
gradient in the upper layers of the clouds, but in no oase did this upper 
positive gradient extend down to the ground. On a large number of occasions 
there was negative gradient all the way from the ground to the upper positive 
field (typical examples: fig. 6, sounding 45; fig. 7, sounding 38), and it must 
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be concluded that in such cases there was a positive charge in the upper part 
of the cloud and a negative charge in the lower part. On the other hand, 
there were a number of occasions in which the field at the ground was 
positive, a change to negative taking place in the lower part of the cloud and 
a change to positive again in the upper part of the cloud (typical examples: 
fig. fi, sounding 52; fig. 7, sounding 8). It is clear that in such cases there was 
a positive charge at the base of the cloud as well as in the upper part, the 
negative charge being somewhere between the two. Now it is of considerable 



Sounding numbora 

Flo. 9—Height of centres of main electrical charges. 


interest to compare the heights at which the main changes of gradient occur 
with the heights at which the temperature is below freezing-point, and in 
fig. 9 this comparison is shown in the form of a graph. The circles indicate 
the heights of the centres of gravity of the m ain charges, but in some cases, 
where the soundings did not get beyond the upper positive fields, these 
heights are minimum values. We have assumed that the charges are centred 
roughly at the points where changes in the sign of the gradient occur. The 
heights at which the freezing-point and -10° C. occur have, as already 
mentioned, been estimated from observations of air temperature at the 
surface by assuming appropriate lapse rates. 
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It will be seen that all of the upper positive charges are centred at heights 
above the freezing-point level, in fact in many cases they are above the 
-10° C. level. The negative charges are generally centred close to the 
freezing-point level. The region of separation of the negative charge and 
the upper positive charge must lie somewhere between the heights at 
which these charges are centred and must therefore be at a height where 
the temperature is considerably below the freezing-point. On the other 
hand, when there is a positive charge at the base of the cloud in addition to 
the upper positive and negative charges, this lower positive region is centred 
at a height below the freezing-point level. These points are brought out more 
clearly by the following figures which are the average values of the in¬ 
dividual data Bhown in fig. 9. 

Average 
height in km. 


Upjjer positive charge >4*6 

Temperature of - 10° C. 4*3 

Region of separation of upper charges >3-9 

Temperature of 0° C. 2*9 

Negative charge 2*7 

Region of separation of lower charges 2*2 

Lower positive charge 1*7 


The conclusion to which this analysis leads is that the lower positive 
charge is situated in a part of the cloud where most of the suspended water 
is in the form of liquid drops, whilst the upper positive charge is in a region 
where the bulk of the suspended water is in the form of ice crystals. This 
difference is significant and will be discussed in a later section after we have 
examined some particular cases. For the moment we may sum up the results 
of the analysis by the following generalizations: 

In roughly two-thirds of the cases these records indicate a positive charge 
in the upper part of the cloud and a negative charge in the lower part. In 
the remaining one-third of the cases the records again show a positive charge 
in the upper part of the cloud, but they show in addition a positive charge 
in the base, the negative charge being in the middle layers. The upper 
positive charge is centred in those parts of the cloud which are well below 
freezing-point, whilst the lower positive charge is in a region which is above 
freezing-point. 


IV— Some Individual Stoems 
(i) General Remarks 

In this section some of the more interesting results are examined in 
relation to ground observations obtained at the time. The information 
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available in each case is summarized in diagrammatic form in figs. 13-19. 
In the lower part of each diagram the more prominent features of the 
variation of potential gradient at the ground are given, together with 
information as to the approximate distance of the active centre of the storm. 
In judging whether the active centre passed overhead, such factors as the 
lightning-thunder interval, the heavy appearance of the cloud-base and the 
intensity of rain were taken into account; if, for example, the lightning- 
thunder intervals were less than 2 sec., the active centre would be considered 
to be overhead. The upper part of each diagram consists of a sketch of the 
cloud showing the distribution of charge which is considered to give a 
satisfactory explanation of the observations obtained both at the ground 
and in the cloud in each case. The periods of heavy and light rain are in¬ 
dicated by dotted vertical lines below the clouds and the sign of the charge 
brought down by the rain is given when measurements were available. On 
most occasions the height of the cloud-base was known from the times of 
disappearance of the balloons, and in a few oases the upper boundary of the 
cloud was determined by the hygrograph records. Where information about 
the cloud boundary is lacking, the probable outline of the cloud is indicated 
by a broken line. 

The cloud sections shown in these illustrations should not be regarded as 
representing the structure of the clouds at a particular instant; any method 
of combining in a single diagram records made at a fixed point at the ground 
with records obtained with a moving balloon is bound to be a compromise, 
since the former refer to changes with time only, while the latter refer to 
changes with time and position. Simultaneous observations at a network 
of stations would overcome the difficulty, provided that the sounding could 
be made almost instantaneously. With the data at our disposal, the best we 
can do is to assume that the general electrical structure of the cloud does not 
change appreciably during the time taken by a sounding, and to assume that 
the motion of a balloon relative to the cloud is approximately vertical. The 
time variations of the soundings could have been shown graphically on the 
diagrams, but there seemed to be no advantage in doing this, since they 
would not necessarily be related to the simultaneous variations in the ground 
records, owing to the change in position of the balloons. It should be borne 
in mind therefore that the time scales given on the diagrams refer to the 
conditions at the ground and to the commencements of the soundings; at 
the tops of the soundings the time may be up to 30 min. later than the 
ground time. 

The problem of deducing the distribution of charge in a cloud from the 
observational data would be a simple matter if one could be certain that the 
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distribution was stratiform, for the one-dimensional form of Poisson’s 
equation, dFjdh * — Inp, connecting the space-charge density p with the 
variation of potential gradient with height dFjdh y could then be applied to 
the sounding records. It is clear, however, from such examples as Nos. 52 
and 53 (fig. 14), which show quite different distributions of field within a 
time interval of ID min., that a charge of one sign is not necessarily spread 
over the whole horizontal area bounded by the cloud, but may be con¬ 
centrated in a relatively small volume with, perhaps, a neighbouring con- 
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Potential gradient at ground 

Fig. 10—Hypothetical case (type S) of a cloud with a general negative charge 
and a small region of strong positive oharge near the base. 

oentration of opposite sign at the same level. In order to assist in the inter¬ 
pretation of the observational data, some purely hypothetical cases are 
illustrated in figs. 10 — 12 . These examples are ideally simple cases, and it 
will be realized by anyone who has studied the records of electrical disturb¬ 
ance below thunderclouds that it is but rarely that such simple cases occur 
in reality. 

The first example, which we will denote as type 8 , is illustrated in fig. 10 ; 
it may be regarded as typical of a thundercloud in which the separation of 
electricity is produced solely by the “breaking-drop” process. A complete 
acoount of the theory of the mechanism of a thunderstorm generated by this 
process was given some years ago (Simpson 1927 ), and it suffices here to note 
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that according to this theory there is in the lower part of the front of a 
thundercloud a region of positive charge which results from the breaking of 
water drops which fall into a strong ascending air current. The broken drops 
acquire a positive charge, whilst the ascending air carries a negative charge 
upwards into the main body of the cloud. The heavy rain which falls from 
the rear of the region of positive charge should carry down a net positive 
charge, while the more moderate rain from the main body of the cloud should, 
on the whole, be negatively charged. Potential gradient variations at the 
ground below a cloud of this type should be characterized by negative values 




Potential gradient at.ground 


Fig, 11 —Hypothetical case (type W) of a cloud with its upper half positively 
charged and its lower half negatively oharged. 


below the front and the rear portions and by a positive hump below the 
region of positive charge. We should expect the records of soundings made 
in a storm of this type to differ according to whether they passed near the 
region of positive charge or not. A sounding through this region would yield 
a record such as that indicated by 8 X in fig. 10, i.e. a positive field from the 
ground up to the centre of the positive region, then a negative field nearly 
up to the top of the cloud and a smaller positive field across the upper cloud 
boundary. The comparatively strong field set up by the positive charge 
would extend over a considerable distance beyond the boundary of the 






Distribution of Electricity in Thunderclouds . 327 

oharge, so similar records would be obtained by soundings which did not 
actually penetrate the charged region but which passed near it, either in 
front or behind or at the side. A sounding made at a later stage of the storm 
well away from a region of positive charge would show a record indicated by 
in fig- 10, viz. a negative gradient from the ground to the upper part of 
the cloud and a positive gradient across the upper boundary. 

The second hypothetical case, which we will call type W (fig. 11), may be 
taken to represent that of a cloud in whioh the separation of charges is 
brought about solely by the process suggested by G. T. R. Wilson (1929). 



Fig, 12—Hypothetical case (type Z) of a cloud with a positive charge in the upper 
part, a negative charge in the lower part, and a small region of strong positive charge 
near the base. 


According to Wilson’s theory the selective absorption of ions by drops 
falling in a pre-existing field results in a building up of the field. In the initial 
stage of development of a storm the field will be in the same direction as the 
normal fine-weather field, i.e. positive, and the field generated in the storm 
cloud by the Wilson mechanism should be in the same direction. The cloud 
should therefore be of positive polarity, i.e. it should have an upper charge 
of positive sign and a lower charge of negative sign; the potential gradient 
at the ground should be negative for practioally the whole of the time the 
cloud is passing overhead and positive while it is approaching and receding. 
A sounding made through any part of a oloud would give a record similar to 


328 Sir George Simpson and F. J. Scrase 

that illustrated by W l in fig. 11, viz. a negative field from the ground to the 
lower part of the cloud, a positive field in the middle layers and negative 
field again in and above the upper part of the cloud. 

Our third theoretical example, denoted as type Z, is shown in fig. 12, and 
it represents a combination of the other two in having a positive charge in 
the upper part of the cloud, a negative charge in the lower part of the cloud, 
and a comparatively small region of strong positive charge embedded in the 
negative near the base towards the front of the cloud. A sounding, which 
passed through or near the lower positive charge, should give a record of 
the type indicated by Z x in fig. 12, whilst a sounding towards the rear or 
the side of the cloud should give a record of type Z 2 , i.e. the same type as 
that for a cloud of positive polarity. 

Before proceeding to discuss some of the observed storms, there is one 
further point which should be mentioned. It is well known that the forma¬ 
tion of cumulo-nimbus clouds implies the existence of strong ascending 
currents of air; the generation of the lower region of positive charge by the 
breaking-drop mechanism is, in fact, dependent on the disruptive action 
of these currents. A balloon which is caught in a strong ascending current 
should of course indicate the tact by a temporary increase in the rate of 
ascent; in six cases such increases were detected in the altitude records. The 
upwards currents in these cases occurred mostly in the lower half of the 
cloud, but the vertical velocity of the current was not particularly high, viz. 
about 3 m./sec. 

(ii) Small Thunderstorm, of 4 June 1936; Sounding 45; fig. 13 

This was a relatively compact storm of no great intensity. Thunder was 
heard in the early stages, but no lightning was seen or recorded at any time. 
The centre of the storm appeared to pass about 1 km. south of the obser¬ 
vatory at 17.25. Rain occurred from 17.13 to 17.31, and was heavy from 
17.18 to 17.24; most of the rain was uncharged, but towards the end it 
brought down a small positive charge of about 0-3 e.s.u./c.c. The record of 
potential gradient at the ground showed comparatively slow changes, the 
gradient being negative when the storm was nearest and positive when it 
was approaching and receding. Only one sounding was obtained (a second 
was lost); it showed a simple distribution of charge, negative in the lower part 
of the cloud and positive in the upper part, i.e. similar to type W. There is, 
however, a well-marked hump in the potential-gradient curve at about 
17,25 which indicates a region of positive charge passing at some distance, 
and it seems likely that the positive rain was falling from this region, so the 
actual distribution of charge may have been of type Z rather than type W . 
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Fig. 13— 1 Thunderstorm of small Intensity: 4 June 1936. 


(iii) Violent Thunderstorm of 22 hr. 19 June 1930; 

Soundings 52, 53 and 54; fig. 14 

The storms which occurred on the night of 19 June were widespread, and 
apparently there were at least two centres of activity within a few kilo¬ 
metres of Kew. One of these centres passed almost overhead; during its 
approach the potential gradient at the ground was mostly positive, but when 
the centre was overhead, heavy rain with a small positive charge occurred 
and the gradient changed to negative. The heavy rain ceased at 21.50 and 
moderate rain continued for 40 min.; the charge on the moderate rain 
fluctuated in sign, but the amount of positive charge was greatly in excess 
(5:1). During the first 20 min. of moderate rain the potential gradient was, 
apart from reversals due to lightning, negative, and after that there were 
several alternations of sign, each lasting several minutes. 

The three soundings made in this storm show some interesting changes, 
but unfortunately none of the ascents exceeded a height of 7 km.; the hygro- 
graph records indicated that the upper limit of cloud was above this height. 
No estimates of the height of the cloud-base are available for this occasion, 
since the storm occurred at night and the disappearance of the balloons into 
cloud could not be timed. Sounding 52 was made in the early part of the 
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storm; it shows that there was a positive charge in the lower part of the front 
of the storm and a strong negative charge at about 6 km. In sounding 53, 
which was made while the heavy rain was falling, the effect of the positive 
charge at the base was still noticeable in causing a positive gradient at the 
ground. The negative charge had dropped in height, and there was a strong 
positive charge at the top of the cloud. Sounding 54 showed the negative 
charge in the middle of the cloud and a slight indication (by a decrease of 
negative field at 1-5 km.) of another region of positive charge near the base. 
The positive field at the ground between 22.12 and 22.22 was probably due 
to this positive charge. In all three soundings, sparking at the electrodes 
occurred above about 4 km., as shown by the crosses within the records. 



Positive and negative field changes due to lightning flashes were almost 
equal in number during this storm. When the positive charge was overhead 
between 21.30 and 21.45 most of the sudden changes were negative, in¬ 
dicating a loss of positive charge, i.e. discharges from the positive region. 
The three large positive changes at 21.50, 21.55 and 22.00 were no doubt 
due to discharges from the positive region to the negative charge in the 
middle of the cloud, positive electricity being brought overhead. 

The storm was a comparatively simple case of type Z, in which the main 
body of the cloud was negatively charged and in which there was one region 
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of positive charge in the lower part of the front and another towards the 
rear; the top of the cloud was probably charged positively. 

(iv) Violent Thunderstorm of 14 hr. 19 June 1936; 

Soundings 49, 50 and 51 \fig. 15 

This storm was one of a series of storms which lasted from 18 to 21 June. 
Distant thunder was heard from 10.30 on the morning of the 19th, and 
thundery rain of a light character occurred between 13.10 and 13.25. 1 his 
rain was accompanied by high potential gradients, positive and negative, 
but apparently the main thunderstorm centre was definitely approaching 



by 13.40 and at 13.50 it was overhead. Heavy rain and hail commenced 
about this time and the potential gradient at the ground increased rapidly 
from almost zero to about + 50 V/cm.; during this increase the rain and hail 
were negatively charged. At 13.50 a very violent lightning flash, at a distance 
of about 300 m., caused a sudden reversal of the gradient to about — 50 V/cm M 
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at the same time the charge on the rain and hail changed from negative to 
positive. After this flash the potential gradient was mostly negative until the 
storm had passed beyond about 10 km. While the storm was within 5 km. 
of Kew about twenty-five sudden field changes due to lightning flashes were 
recorded on the ground apparatus, and all except two, which occurred at 
13.-17 and 13.50, were positive changes. It was interesting to find that prac¬ 
tically all of these twenty-five flashes could be identified on a record of 
point-discharge obtained with a very sensitive galvanometer at the Royal 
Observatory, Greenwich, which is 20 km. from Kew; all of the field changes 
at Greenwich, including the two at 13.47 and 13.50, were positive. These 
facts suggest that most of the lightning flashes were between negatively 
charged cloud-base and the ground, and that the two exceptions were 
between a relatively concentrated positive charge in the cloud and the 
ground. This positive charge would account for the large positive gradient 
recorded between 13.47 and 13.50, and for the positively charged rain and 
hail which fell after 13.50. Apparently the flash at 13.50 completely dis¬ 
charged the positive electricity near the base of the cloud and left the cloud 
base negatively charged. A picture of the cloud after 13.50 should, therefore, 
not include this region of positive charge. 

I he first sounding (No. 49) was made just as the heavy rain was starting 
and before the large positive gradient occurred; it showed a relatively small 
negative gradient up to 5 km. (the small reversals at about 3 km. were 
probably due to lightning flashes). The change to positive at 5 km. indicates 
a negative charge in this region. At 8 km. a rapid increase in positive gradient, 
indicating an increase in negative charge, was recorded, and from 8*5 to 
9*7 km. the positive gradient was strong enough to cause sparking at the 
electrodes. A rapid reversal from positive to negative gradient at 10 km. 
indicates a strong positive charge at this height. The violent lightning flash 
at 13.50 occurred just as the balloon was entering the cloud, and there is 
some indication oi a sudden reversal of very short duration on the sounding 
record at this time; the balloon was then about 2 km. away from the starting 
point, near which the flash occurred. The reversals at 3 km. were due to 
flashes at about 13.59. In this sounding the balloon encountered a marked 
downward current of air with a vertical velocity of 3*5 m./sec. just inside 
the base of the cloud, between 2 and 2*5 km. 

Sounding 50 was made as the heavy rain was ceasing, and up to 8 km. it 
showed roughly the same distribution of field as the earlier sounding; the 
charge in the lower halt of the cloud was negative. The reversals at 1*5 and 
3 km. were no doubt due to flashes which occurred at about 13.59 and 14,05 
and winch are shown on the ground potential gradient record. No reliable 
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estimate of the height of the eloud-top could be obtained from the hygro- 
graphs in these two soundings. 

The last ascent in the storm, No. 51, was made in the rear end of the cloud 
and it gave no legible record up to 5 km.; the hygrogr&ph showed the cloud- 
top at this stage to be at about 4 km. 

The evidence as a whole shows that there was a relatively diifuse negative 
charge in the main body of the cloud, a region of positive charge towards 
the top and, for part of the time, a concentration of positive charge at the 
base. We may conclude, then, that in the earlier stages the cloud was like 
type Z and in the later stages like type W. 

(v) Thundery Showers of 5 September 1936, fig, 16 

On this day a series of six squally sho wers passed in an easterly direction 
in the rear of a depression. They moved across with remarkable regularity, 
there being almost exactly an hour’s interval between successive showers. 
The rate of movement was about 30 km./hr. Most of the showers were 
accompanied by thunder and lightning but owing to the rapid rate of 
movement it was difficult to get soundingB into the active parts of the clouds. 
Sounding 62 (see fig. 6*) was started at 11.29 and gave some interesting 
results, although it was made in a cloud which gave no great disturbance, 
either electrical or meteorological, at Kew. As the cloud passed away, 
however, it was observed to develop a more stormy appearance, and thunder 
started after a short time. By the time the disturbance had travelled about 
10 km. east of Kew it had developed into a violent storm; the early part of 
the sounding showed nothing except small intermittent positive fields 
apparently due to lightning discharges. In the later part, which reached 
to 17 km., the instrument was well above the storm, and small positive 
fields were recorded between 8 and 10 km., whilst small negative fields 
extended from 10 to 15 km. 

The last shower of the series was not accompanied by thunder or lightning, 
but it produced a well-marked variation in potential gradient at the ground 
(fig. 16). As the cloud approached, the gradient gradually increased to a 
value of about + 50 V/cm., then almost as soon as heavy rain started there 
was a rapid reversal which lasted about 3 min. This was followed by a rapid 
recovery to about + 50 V/cm. again, and finally a gradual decrease to normal 
values as the shower passed away. The first 2 min. of rain brought down a 
positive charge (of about 1*2 e.s.u./c.c.), but the rest of the rain was un¬ 
charged. Sounding 68 was made a few minutes before rain commenced; it 
showed four alternations in the sign of the potential gradient, starting with 
* No cloud diagram is given for this sounding. 
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positive below the cloud. The change from positive to negative at 1*7 km. 
was practically simultaneous with the commencement of the negative 
gradient at the ground at 15.49, but the change back to positive gradient 
at 3-4 km. occurred 2 min. after the negative gradient at the ground had 
ceased. In this sounding, sparking at the electrodes occurred between 4 
and 5 km.; no hygrograph was carried, so the upper limit of cloud was not 
determined. A second sounding, No. 64, in the rear end of the cloud showed 
no appreciable potential gradient above 1 km.; the hygrograph record 
showed the vertical extent of cloud to be comparatively small at this stage. 



There were regions of positive charge at the top and at the front part of 
the base of this shower cloud and a region of negative charge within the 
cloud, i.e. a distribution of type Z. The exact cause of the negative dip in 
the ground potential-gradient record at 15.50 is not very clear. The record 
gives the impression that the dip is superposed on what would have other¬ 
wise been a continuous curve of positive gradient; it is as if the continuous 
curve was due to the passage of a positive charge, but that at one stage 
during the passage the effect of this charge was screened by a negative charge 
at a lower level. It does not seem likely that the negative dip could have 
been caused by loss of charge due to the rain, as the curve after the dip is so 
obviously a continuation of the curve preceding the dip. 
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(vi) Violent Thunderstorm of 15 September 1936; 

Soundings 67 arid 68 \fig, 17 

This storm was first observed to be approaching from east-north-east at 
14,15, and the front edge of the clouds arrived overhead at 15,10. The rear 
edge passed over at about 16.10, and as the storm was moving at about 
20 km ./hr. the total length in the direction of motion was about 20 km. There 
appeared to be at least two main centres of aotivity; the first did not pass 
overhead but about 1 km. away (at about 15.30), The second centre passed 
overhead at about 15.55, 



The main features of the variation of the potential gradient at ground- 
level were three short periods of positive gradient separated by rather 
longer periods of violent fluctuations positive and negative. Much of the 
lightning appeared to be in the clouds, and of forty-seven sudden field 
changes that were recorded twenty-four were negative. This is a higher 
proportion than usual. The positive changes were on the average very much 
greater than the negative. There was a slight tendency for the negative 
changes to be associated with the periods of positive gradient and for the 
positive changes to occur, in the intervening periods, It seems likely that 
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the positive changes were due to flashes between cloud and ground, and 
that the negative changes were due to flashes in the cloud. 

There were three periods of heavy rain during the storm; the charge 
brought down by the rain was very variable in sign and amount; positive 
electricity was in excess, the ratio being 3 : 2. 

Three soundings were attempted in this storm, but the instrument sent 
up in the first sounding (at 15.18) was not recovered. Sounding 67 was 
made during the heavy rain from the edge of the first active centre and 
showed five main alternations in the sign of the potential gradient, starting 
with negative at the ground. The positive gradient between 1-2 and 2-3 km. 
was probably due to a region of positive charge to the rear of the sounding 
path ; the passage of this region nearly overhead at 15.37 would account for 
the positive gradient at the ground at that time. The sounding also showed 
a positive charge at the top of the cloud and a negative charge at a lower 
level. Sounding 68 gave almost exactly similar results, and again there 
were indications of a region of positive charge passing overhead shortly 
after the start of the sounding; a sounding made some distance in front of 
(or behind) the region would encounter the field set up between the positive 
charge and the surrounding negative oharges; thus the record would not 
be essentially different from one obtained from a sounding which passed 
through the positive region. The evidence as a whole shows that the electrical 
structure of the cloud resembled that of type #. 

(vii) The Violent Thunderstorm of 25 June 1935; 

Soundings 13-18 ;fig. 18 

This storm lasted nearly 2 hr, and was of the double type, there being 
two main centres of activity, both of which passed practically overhead. 
Nine soundings were attempted, but in two cases the records were defective 
and in one case the instrument was not recovered. Unfortunately only one 
sounding, No, 14, attained a good height, and even this did not reach above 
the disturbed regions. No satisfactory hygrograph records were obtained, 
so the upper limit of cloud is not known. 

A characteristic feature of the storm was that the potential gradient at 
the ground was negative for practically the whole time except for very 
numerous temporary reversals due to lightning flashes. About 330 sudden 
field changes due to lightning can be recognized on the records of potential 
gradient, and 290 of these were in the positive direction, corresponding to 
an increase in positive gradient or a decrease or reversal of negative gradient. 
The relatively few negative changes which occurred were mostly at the rear 
end of the storm after 14.40; the flashes which caused these changes were 
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observed to occur in the cloud, whilst many of the flashes associated with 
the positive changes occurred between the cloud and the ground. 

Heavy rain occurred during the two periods of greatest activity; no 
measurements of the charge brought down by the rain were obtained owing 
to failure of insulation of the recorder. 

All of the soundings showed a preponderance of negative potential 
gradient between the ground and the lower parts of the cloud, and in prac¬ 
tically every case a pronounced change to positive gradient occurred at 
about 3 km. In some of the ascents, e.g. 14, 17 and 18, there were small 
temporary changes in gradient, but these were undoubtedly due to local 
discharges. If we neglect these small changes we may say that the results 
agree in indicating a negative potential gradient up to about 3 km. and a 
positive gradient above. Such a distribution can best be explained by a 
heavy negative charge in the lower cloud with a centre of gravity at about 
3 km. and a positive charge in the upper part of the cloud, i.e. a structure of 
type W. 

There is, however, some indication on the ground record of potential 
gradient of a positive charge passing overhead at about 13.20. The numerous 
positive field changes which were recorded at the ground were probably due 
to discharges to the negatively charged lower cloud both from the ground 
and from above. 


(viii) Other Examples 

The cases just described are those for which the most information is 
available, and they are probably sufficient to indicate how this information 
can be used to obtain a picture of what happens inside a thundercloud. In 
fig. 19 the ground data for six other occasions are given, but it has not been 
thought worth while to attempt to give cloud diagrams for these occasions, 
since in no case was more than one useful sounding obtained. Soundings 1 
and 8 showed positive charge at the cloud-base and negative higher up; 
No. 1 was made in a rather widespread storm, the centre of which came within 
2 or 3 km. of the Observatory, and the rain which fell at the time of the 
sounding was not heavy. Sounding 8 was made in a typical shower cloud 
on a day of heavy passing showers. R ain from this cloud did not fall at Kew, 
but the fluctuations in potential gradient at the ground were large though 
of short duration. 

The storm in which sounding 10 was made was feeble in intensity at Kew 
but developed violence over north-west London later. At the time of the 
sounding the extreme edge of the cloud was overhead, and it was apparently 
higher than the main base; this may account for the change in the sign of 
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the gradient reoorded some time before the balloon entered the edge of the 
cloud. A few large drops of positively charged rain fell at the time, and it is 



Fig. 19—Thunderstorms and showors. 


dear from the sounding record and from the ground reeord that there was 
a region of positive charge at the base of the cloud. 

Soundings 28 and 44 were both made in heavy showers of long duration, 
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and both showed a simple distribution of charge with negative at the base 
of the clouds and positive higher up. 

The storm in which sounding 47 was made was of short duration. Appar¬ 
ently only two lightning flashes occurred; these were accompanied by positive 
field changes. A considerable amount of rain fell; the first part w r as heavy 
and was negatively charged, whilst the later moderate rain was positively 
charged. The total negative charge brought down was twice as great as the 
total positive. It will be noticed that the record of potential gradient at the 
ground showed a prominent positive peak at 9.17; at almost exactly the 
same time the rain decreased in intensity and the sign of its charge changed 
from negative to positive. The sounding was made during the heavy rain 
and it showed a main negative charge in the midd le of the cloud. There was 
a small concentration of negative charge at the base with a small patch of 
positive just above. 

A few other soundings, the results of which are included in figs. 6 and 7, 
presented no features of special interest and they are not discussed in detail. 


V—Tub Magnitude of the Potential Gradient 

It was not anticipated that the simple method of recording adopted in 
the sounding apparatus would do more than indicate the sign of the potential 
gradient, but as it soon became evident that the width of the electrolytic 
records showed noticeable variations it seemed worth while endeavouring 
to obtain a rough relationship between the width and the magnitude of the 
potential gradient. To do this it w as necessary first of all to find out whether 
the width of trace is proportional to the current. 

The amount of Prussian blue deposited at the electrodes is, according to 
the Jaws of electrolysis, proportional to the quantity of electricity passing 
through the circuit. We should therefore expect the width of the blue trace 
to depend mainly on the strength of the current and the rate of movement 
of the paper. Other factors which might affect the width are the state of 
dampness of the paper and the size of the point of the electrode, but labora¬ 
tory tests showed that in practice these factors did not vary very much, and 
that for a constant paper speed (of 3 mm./min.) there is an approximate 
linear relationship, over a limited range, between the width w , in mm,, and 
the current i, in microamperes, of the form 


w =c 0*003i 0* 1. (1) 

This applies so long as the width exceeds 0* 1 mm. and so long as the current 
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is not heavy enough to cause sparking at the electrodes. Sparking was found 
to occur when the potential difference applied to the electrodes exceeded 
about 100 V, and since the resistance between the electrodes is of the order 
of 0-3 megohm the linear relationship breaks down when the current 
exceeds about 300//,A. A current of this strength produces a trace about 
1 mm. wide, and on a number of occasions traces of this width were recorded; 
in some cases they were accompanied by sparking at the electrodes, and 
presumably the discharge current on these occasions exceeded 300/iA. The 
largest discharge current recorded at the earth-connected point 8 m. above 
the ground at Kew is about 25//A ; this great difference in magnitude is largely 
due to the difference in exposure of the two systems, for, whereas the ground- 
connected point is mounted on a comparatively thick support, the con¬ 
ductor in the sounding apparatus is a very thin wire more than twice as long. 

The connexion between the potential gradient F and the discharge 
current i 0 at the earth-connected point was investigated by direct com¬ 
parison of records on a large number of occasions (Whipple and Serase 1936 ) 
and found to be of the form 

i 0 8 = a(F*~~ M 2 ), 

where M is the minimum gradient necessary for discharge to start and a is 
a constant depending mainly on the exposure of the point. Similar com¬ 
parisons between the gradient at the ground and the current in the sounding 
apparatus immediately after it leaves the ground were attempted, but the 
number of suitable occasions was too small to confirm the form of the above 
relationship. If, however, this form is assumed to hold, these comparisons 
indicate the value of a to be such that 

i 0 = 0*03F Z approximately, ( 2 ) 

when i 0 is measured in microamperes and F in V/cm. ; M can be neglected 
when F is not small. For the earth-connected apparatus a is about 0 * 001 ; 
clearly, the sounding apparatus is a much more efficient discharger. 

The above relationship holds only w hen the apparatus is near the ground. 
At greater heights the effect of pressure must be taken into account. Ac¬ 
cording to some results due to Tamm, who measured the discharge between 
a point and a plate under various conditions, the current with the same 
potential difference increases as the pressure diminishes (Tamm 1901 ). The 
increase is more rapid at low 7 pressures than at high pressures; for the latter 
the current is roughly proportional to the reciprocal of the pressure, while 
at low pressures it varies as the square of this quantity. Tamm gives as the 
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relation between », the current at a pressure of p cm., and * 0 , the current at 
a pressure p 0 cm., the empirical equation 



V being the constant potential difference. For our purpose a less exact but 
simpler equation derived from Tamm’s results is accurate enough, it is 

t/»o = (PalP) 1 '*- (3) 


If, now, we assume an exponential law between 
usual form 

k = 8log„(Po/p), 


height and pressure of the 

(4) 


h being measured in km. and the mean air temperature being taken as 273° 
abs., then from (3) and (4) we have 


i/h = e 0 *^, 


(5) 


when the strength of the field is constant. Combining this last expression 
with the approximate relationship (2) between i 0 and F , we have 

i « 0*0(6) 


Finally, if we substitute the width of the trace given by (1), we have 

F = 105e“°* i;< (W“0*l)*, 


which may be rounded off to 

F = 10 Ottfa-*** (7) 

It should be emphasized here that some of the data on which this formula 
is based are necessarily rather crude, and the formula should not be regarded 
as giving anything more than a very rough connexion between the potential 
gradient, height above ground and width of trace; it can hardly serve to give 
more than the order of magnitude of the potential gradient at the various 
heights. 

In Table IV, formula (6) has been used to calculate (a) the potential 
gradient at various heights necessary to produce a discharge current of 
300y«A (corresponding to a width of trace of 1 mm,), and (b) the current at 
various heights produced by a potential gradient of 50 V/cm. 

It will be seen from column (a) that if a sounding gave a record with the 
same width at all heights it would indicate that the potential gradient 
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decreased to one-half its ground-level value at 7 km. and to one-quarter at 
14 km. The gradient of 50 V/cm. to which the figures under heading ( b ) refer 
is a good average value for ground-level in thunderstorms at Kew; such a 

Table IV 


Height 

(a) Potential 
gradient for 
SQQfiA 

(6) Discharge current and 
trace-width for a potential 
gradient of 50 V/cm. 

km. 

V/om. 

fiA 

mm. 

14 

25 

1240 

— 

12 

81 

830 

— 

10 

37 

550 

— 

8 

46 

350 

(M5) 

6 

55 

250 

0*7 

4 

67 

170 

0*55 

2 

82 

110 

0*4 

0 

100 

70 

0*3 



Fid. 20—Isopleth diagram connecting height, jiotential gradient 
and discharge current (width of trace). 


value at 7 km. would produoe a current of 300/tA and sparking at the elec¬ 
trodes would commence. The isopleth diagram, shown in fig. 20, connecting 
the three variables is based on formula (6) and may be used for deriving the 
rough magnitude of the potential gradient corresponding to the widths of 
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the records shown in figs. 6 and 7, In the case where sparking occurred at 
the electrodes we can only obtain a minimum value for the gradient. The 
greatest of these minimum values occurred in sounding 08 at 2*6 km M the 
value being 80 V/cm.; in the other soundings in which sparking occurred 
the heights were greater and the minimum gradients slightly less. In all 
these cases, however, the actual strength of the potential gradient may have 
been very much greater than the minimum estimate. 

There are a surprisingly large number of soundings in which no sparking 
occurred and in which, apparently, the potential gradient did not exceed 
the order of magnitude of 100 V/cm. It is well known that gradients much 
exceeding this value are comparatively rare at ground level even just 
before near-lightning flashes in a violent storm, but it is surprising that very 
high gradients are not more frequent inside the clouds. The intensity of the 
field necessary to start a discharge in air at moderate heights is believed to 
be of the order of 10,000 V/cm., and we should expect that a flash from the 
base of a cloud would be preceded by a field approaching this order of 
magnitude over a short distance, at any rate, in the region where the flash 
originated. Thus if, as is usually the case, the field at the ground is of the 
order of 100 V/cm., this implies a very large increase of potential gradient 
with height—between say 30 and 100-fold. Wilson has suggested that such 
a large increase could be accounted for by the space charge set up between 
the cloud and the ground by ions of one sign which are produced by point- 
discharge at surface objects (Wilson 1925). Moreover, estimates of the 
space-charge density based on actual measurements of point-discharge are 
of the right order of magnitude to account for the large increase in the field 
(Whipple and Scrase 1936). Further, the existence of a space-charge 
“blanket” between the cloud and ground appears to offer a satisfactory 
explanation of the fact that a considerable proportion of lightning flashes 
are accompanied not by a mere reduction of field but by a strong reversal, 
for it may be supposed that in such cases part of the electricity discharged 
from the cloud is used in neutralizing some of the space charge, and that the 
reversed field is due to the space charge which is left in the air after the flash. 
Thus there seemed to be good reason for expecting a large increase in 
field to be a frequent occurrence below active thunderclouds. Yet it is only 
in one or two cases that the soundings show any increase at all between the 
ground and the cloud-base. The sounding which showed the largest increase 
was No. 14, and even on this occasion the change was only from 40 V/cm. 
at the ground to about 100 V/cm. in the cloud-base. This failure to detect 
large increases up to the cloud-base may merely indicate that the intense 
fields in the base are extremely localized or that they develop very rapidly, 
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in which case the chances of recording them by soundings would be small. 
On the other hand, it is possible that the upward current of ions from the 
ground into the cloud is nearly always sufficient to prevent the base from 
approaching the sparking value, and that the seat of the intense fields is at 
a higher level inside the clouds. This latter explanation seems to be borne 
out by the fact that the strongest point-discharge currents recorded by the 
instruments (i.e. the currents which were heavy enough to cause sparking 
at the electrodes) generally occurred above 3 km. and on the average at 
about 5*5 km. 


VI— The Electric Field at the Ground below Thunderclouds 

It is generally believed that the electric field below thunderclouds is 
more often negative than positive, and this is certainly borne out by the 
results of the soundings, the ratio of the frequency of occurrence of negative 
and positive gradients in the lowest parts of the soundings being about 3:1. 
The ratio of the total amounts of electricity discharged in negative and 
positive gradients at the earth-connected point at Kew during thunder¬ 
storms in 1935 and 1936 was considerably less than this, viz. 1*5:1. Itshould 
be noted, however, that the measurements of point-discharge were not 
confined to the periods when thunderclouds were passing overhead but 
included the effects produced during the approach and passing away of 
the clouds. The difference might therefore be due to a prevalence of positive 
gradients when a storm is approaching or receding, but it could also be 
accounted for if the average magnitude of the positive gradients was 
considerably greater than that of the negative gradients, the greater fre¬ 
quency of the one sign being partly counteracted by the greater magnitude 
of the other. In order to settle this point the ground potential gradient 
records of twenty storms were examined. 

The average length of time for which the potential gradient was appre¬ 
ciably disturbed from its fine-weather value during the passage of a storm 
was 75 min., and the average durations of positive and negative gradients 
were about 35 and 40 min. respectively. Negative gradients tended to be a 
little higher in magnitude, the average maximum values reached in the 
storms being about 59 V/cm. for positive and 66 V/cm. for negative gradients 
(the highest values recorded were 150 V/cm. positive and 170 V/cm. 
negative). No great accuracy is claimed for any of these figures owing to the 
difficulty in measuring some of the records when rapid fluctuations occurred, 
but it is quite evident from them that there is no great difference either in 
the magnitudes of the positive and negative gradients or in their durations. 
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Since there is a preponderance of negative gradients when the clouds are 
in the near neighbourhood, there must be a preponderance of positive 
gradients when the clouds are approaching and receding. 

Some idea of the frequency of occurrence of positive and negative 
gradients at the ground at different stages of a storm has been obtained by 
dividing the total period for which the gradient was disturbed into 5 min. 
intervals. The records of twenty storms were combined by centring each 
about the midpoint of the total period and counting the number of occasions 
of positive and negative gradients in each of the 5 min. intervals. The result 
is shown in fig. 21, which gives the percentage frequency of occurrence of 



positive gradient; the parts of the curve above the line corresponding to 
50 % represent a preponderance of positive gradients and those below a 
preponderance of negative gradients. Owing to the great differences in size, 
duration and rate of travel bet ween one storm and another it is difficult to 
combine satisfactorily the records of different storms, and for this reason 
the curve should not be regarded as anything more than a very rough 
generalization. It shows that the approach of a storm is usually accompanied 
by positive gradient, that while the main body of the storm is passing the 
gradient is generally negative and that as the storm recedes there is a return 
to positive gradient. It is important to notice, however, that there is a very 
marked tendency for the preponderance of negative gradient to diminish 
when the storm centre is roughly overhead, in fact at this stage both signs 
of gradient are almost equally frequent. This is due, no doubt, to the fact 
that in many cases the storm centre is associated with a region of positive 
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charge near the base of the cloud. The preponderance of negative gradient 
during the passage of the main body of the cloud is not so large as the results 
of the soundings indicate, the ratio of the total frequencies of negative and 
positive in the middle period of 30 min. being about 2:1; there are, however, 
two periods of about 10 min, each, just before and juBt after the passage of 
the centre of the storm, when the ratio exceeds 3:1, and it is quite likely that 
a large proportion of the soundings happen to have been made in these 
periods. 


VII—Gkkkr.il Discussion of Results 

The information now available about the electrical phenomena associated 
with thunderstorms may be summarized briefly as follows: 

(1) The majority of lightning flashes in a near thunderstorm are accom¬ 
panied by positive field changes at the ground. 

(2) The field at the ground below the main body of a thundercloud is 
more often negative than positive, but tliis preponderance of negative fields 
tends to disappear when the most active part of the storm is overhead. 
Positive fields at the ground predominate when the cloud is approaching 
and receding. 

(3) The heavy rain which occurs when the active centre is almost overhead 
is usually positively charged, whilst the more moderate rain of the later 
stages may be positively or negatively charged. On the average a net 
positive charge is brought down by the rain. 

(4) The magnitude of the potential gradient at the ground is very small 
compared with that necessary to start a lightning discharge. Most observers 
agree that a value of 300 V/cm. is rarely exceeded (except momentarily 
immediately after a lightning flash). There is no evidence of any very great 
increase in the magnitude of the gradient as the cloud base is approached; 
in fact, large gradients do not seem to occur below 2 km. and are more often 
to be found at greater heights such as 5 km. At these heights the air tem¬ 
perature is well below freezing-point, and it is probable that a large pro¬ 
portion of the suspended water other than the cloud particles is in the 
frozen state, 

(5) The results of the present investigation suggest that the main body 
of a thundercloud is negatively charged and that the upper part is generally 
charged positively. There is good evidence of the frequent occurrence of a 
local concentration of positive charge in the base of the cloud, usually just 
in front of the heavy rain centre, but sometimes in other parts of the base. 

(6) The cloud structure shown in diagrammatic form in fig. 12 and referred 
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to as type Z offers a satisfactory explanation of practically all the soundings 
obtained in this investigation. The positive charge at the top of the cloud 
gives rise to the positive field encountered at the surface as the storm 
approaches and recedes; but it does not produce positive fields under the 
cloud because of the negative charge contained in the lower half of the cloud. 
This latter charge produces a negative field everywhere under the cloud 
except where the local concentrations of positive electricity in the base of 
the cloud produce positive fields. These regions of positive electricity are 
generally associated with heavy rain. 

The question now arises as to the actual physical processes which give 
rise to the electrical distribution found in the typical thunderstorm and the 
mechanism by which it is maintained. 

There are two main theories to account for the electricity of thunder¬ 
storms, proposed by G. C. Simpson and C. T. R. Wilson. 

Simpson’s theory, which is usually referred to as the breaking-drop 
theory, was first formulated in 1909 and subsequently expanded in a paper 
entitled “The mechanism of a thunderstorm” (Simpson 1927). According 
to this theory electricity is separated whenever a raindrop breaks up into a 
number of smaller drops, the water becoming positively charged and the 
air negatively charged. The negative charge attaches itself to the cloud 
particles which pass upwards in the ascending air currents, leaving the 
positively charged rain behind. Thus electrical separation takes place, the 
positive charge being concentrated in regions near the base of the cloud 
where ascending currents can hold large quantities of water in suspension, 
and the negative electricity being distributed with the cloud particles in 
the middle and upper parts of the cloud. 

The soundings described in this paper support the breaking-drop theory 
in the following particulars: (a) regions of concentration of positive elec¬ 
tricity are found in the lower parts of the cloud, (6) these regions of positive 
electricity are closely associated with the active regions of the storms where 
ascending currents are highly developed and where there is the greatest 
precipitation in liquid form, and (c) these accumulations of positive charge 
are found in the part of the cloud where the temperature is above the 
freezing-point. 

The breaking-drop theory is therefore capable of explaining the concen¬ 
tration of positive electricity in the base of the cloud and the presence of 
negative electricity higher up in the cloud. Thus part at least of the negative 
electricity in the body of the cloud is accounted for; but it is clear from the 
diagrams published in this paper that this cannot be the origin of all the 
negative electricity in the cloud, and in any case the breaking-drop theory 



Distribution of Electricity in Thunderclouds 349 

gives no explanation of the positive electricity found at the top of all the 
thunderclouds investigated. 

Wilson’s thunderstorm theory was put forward to explain the positive 
electricity at the top of a thundercloud and negative electricity below 
(Wilson 1929); we therefore turn hopefully to it for the explanation of the 
upper charge which the breaking-drop theory has failed to give. The basis 
of Wilson’s theory is that drops of water suspended in an electrical field 
become electrically polarized, i.e. in a positive field the upper half of a drop 
has negative electricity induced on it and the lower half a positive charge. 
As these drops fall through ionized air they tend to attract the ions of the 
opposite sign to the charge on their lower halves, so becoming charged 
themselves. An essential part of the theory is that the drops must fall more 
rapidly than the field drives ions downwards, otherwise charge would be lost 
from the upper halves of the drops as well as from the lower, and there 
would be no ultimate charging. Gott has demonstrated that drops can 
become charged in this way (Gott 1935). Our observations have shown 
quite conclusively that the boundary between the positive electricity in the 
upper P ai *t of the cloud and the negative electricity in the lower is in every 
case in a region of the cloud where the temperature is well below the freezing- 
point and generally below — 10° C. In this part of the cloud raindrops cannot 
exist. The cloud particles may be supercooled water, but on coalescing they 
would immediately freeze. The precipitation in the upper part of a cloud is 
in the form of crystals, either needles or plates, which tend to lie hori¬ 
zontally and to fall slowly in a series of nearly horizontal motions, first in 
one direction and then in another. These crystals cannot play the role of 
the raindrops in Wilson’s theory, for in the first place they are nearly 
perfect non-conductors and so do not become electrically polarized, and, 
even if they do conduct, their shape and orientation is not favourable to the 
formation of induced charges, and finally their rate of fall relatively to the 
air is very slow. It is clear, therefore, that Wilson’s influence theory caimot 
explain the separation of the charges found in the upper part of the thunder¬ 
clouds.* 

It is well known that during blizzards in polar regions which are accom¬ 
panied by large masses of blown snow, very strong electrical fields are set up 
near the earth’s surface. These fields, with very few exceptions, are positive 

* [If hailstones are substituted for raindrops in Wilson’s theory, the position is no 
better. The charges occur in all parts of the clouds while hail is highly localized. 
Hail may intensify the electrical effects where it occurs, but it is clearly not the main 
cause of the widespread electrification. There is no evidence that hail is essential to 
the development of a thunderstorm. (Note added 20 May 1037.)] 
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in direction; that is to Bay, in the same direction as the field in the upper 
part of a thundercloud. Simpson, in hiB discussion of the observations made 
in the Antarctic (Simpson 1919), suggested that the impact of ice crystals 
results in the ice becoming negatively charged and the air positively charged. 
The general settling of the negatively charged ice crystals relatively to the 
positively charged air would then result in a separation of electricity with 
the positive charge above the negative. This explanation, however, has not 
yet been confirmed by satisfactory laboratory experiments. Whatever the 
physical explanation maybe, there seems little doubt that the upper separa¬ 
tion of charge in a thunderstorm is in some way connected with the presence 
of ice crystals. 



Fig. 23—Generalized diagram showing air currents and distribution 
of electricity in a typical heat thunderstorm. 


There appear therefore to be two different physical processes taking place 
in a thunderstorm to produce the electrical effects: one is confined to the 
upper parts of the cloud where the temperature is below the freezing-point, 
and the second occurs in the lower part of the cloud where the temperature 
is above the freezing-point. There is reason to believe that the former is 
associated with the presence of ice crystals and the latter with raindrops, 
probably in the way described by Simpson in his breaking-drop theory. 

The paper on “The mechanism of a thunderstorm” (Simpson 1927) 
included two diagrams (figs. 1 and 2 in that paper), illustrating the structure 
of a thundercloud in which the separation of electricity is brought about by 
the breaking-drop process. The new evidence which has now been obtained 
shows that these diagrams require modification and fig. 22 illustrates 
diagrammatic-ally our revised conception of the meteorological and electrical 
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conditions in a thundercloud. In this diagram the charges within the cloud 
and on the rain are indicated by positive and negative signs; the unbroken 
lines with arrow-heads represent stream lines of air, their distance apart 
being proportional to the wind velocity. The air enters the storm from the 
left and passes under the front of the cloud where it takes an upward 
direction. The lower region of positive charge is located at the head of the 
strong upward current; to the roar of this region the vertical current is 
weaker and the heavy rain which falls out is positively charged. Apart from 
the local region of positive charge the lower half of the cloud is negatively 
charged. It was previously thought that this negative charge extended to 
the top of the cloud, but the new evidence shows that the top is positively 
charged. The region of separation between the negative charge and the 
upper positive charge occurs at a level where the temperature is between 
-10 and — 20° C. 

VIII— The Circulation of Electricity through the Atmosphere 

It was first suggested by Wilson that thunderstorms and shower clouds 
provide a means by which the circulation of electricity between the earth 
and the atmosphere can be maintained. This idea has received considerable 
support from the fact, first pointed out by Appleton and investigated later 
by Whipple, that the daily variation of the fine-weather potential gradient 
at places undisturbed by local effects is closely correlated with the daily 
variation of thunderstorm activity over the earth as a whole (Appleton 
1925; Whipple 1929). 

Wilson’s suggestion involves the transfer of electricity from the clouds 
to the ionosphere, and for this transfer to be in the right direction to maintain 
the ionosphere at a positive potential the distribution of charge in the clouds 
must be such that the potential gradients above the clouds are predom¬ 
inantly negative. The positive charge now found at the top of the clouds 
gives a field in this direction, but the actual reoords show a surprisingly small 
field above the clouds in all but one or two cases; the largest field above the 
clouds occurred in sounding 49, the magnitude being of the order of 
-30V/cm,, but in general the fields encountered above the clouds were 
not large enough to give a measurable record. 

We may conclude by saying that the results of this investigation are not 
inconsistent with the idea that it is by the action of thunderstorms and 
shower clouds that the circulation of electricity in the atmosphere is main¬ 
tained. Further experiments at much greater heights would probably yield 
useful information on this question. 



352 Sir George Simpaon and F. J. Scrase 

This investigation has been carried out as part of the work of the Meteoro¬ 
logical Office. We are indebted to Messrs. W. A. 0 . Webb and R. Relf for 
making soundings, often at great inconvenience, in storms which occurred 
during night hours. 


Summary 

A method of obtaining records of the sign of the potential gradient at 
different heights in thunderclouds is described. The apparatus, which is 
carried by a sounding balloon, depends for its action on the fact that the 
potential gradient is often strong enough to cause a point-discharge current 
in a suitably exposed conductor; the direction of the current is recorded by 
a pole-finding device. 

The results show that, in general, a thundercloud has a positive charge 
in the upper layers, a negative charge in the lower part and very frequently 
a region of positive charge in the base. This lower region of positive charge 
is usually found in the neighbourhood of the active centre of a storm and is 
associated with heavy rain, which is nearly always positively charged. The 
region of separation of the upper positive charge and the negative charge 
occurs at levels where the temperature is well below freezing-point, and for 
this reason it is considered that the generation of the upper charge depends 
on the presence of ice crystals and not on the presence of water drops. The 
position of the lower positive charge supports the idea that it is generated 
by the “breaking-drop” process. 
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A Method for the Numerical or Mechanical Solution 
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1—Introduction 

The development of mechanical means of evaluating solutions of ordinary 
differential equations, in the form of the differential analyser of Dr. Bush 
(Bush 1931; Hartree 1935), has made it feasible to undertake the investiga¬ 
tion of many problems of scientific and technical interest leading to differen¬ 
tial equations which have no convenient formal solution, and which are 
too elaborate, or for which the range of solutions required is too extensive, 
for calculation of the solutions by numerical methods to be practicable. 

The practical success of this machine, and the wide range of equations 
to which it can be applied, have led to the hope that it may be found possible 
to apply it to partial differential equations, which are usually regarded as 
less amenable to numerical methods than ordinary equations. The present 
paper gives one way of applying it to such equations in two independent 
variables with certain types of boundary conditions. As will appear, the 
possibility of applying this method depends more on the form of the 
boundary conditions than on the exact form of the equations. The method* 
is particularly suited to the differential analyser, though it is also practicable 
for numerical work. 

2—General Account of the Method 

Richardson (1910) and others (e.g. Thom 1933; Kimball and Shortley 
1934) have proposed methods for the approximate solution of partial 
differential equations, by replacing derivatives with respect to all the 
variables by corresponding finite difference ratios. The main feature of the 
method here proposed, for two independent variables, is that derivatives 
with respect to one of the variables only are so replaced, and integration with 
respect to the other variable is carried out mechanically (or numerically). 
Richardson (1927) has also shown how to correct approximately for the 

* A brief account of this method was given by one of us (D. R. H.) to the Inter¬ 
national Congress of Mathematics, Oslo, July 1936. 
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error involved in replacing a derivative by a finite difference ratio. We use 
a similar method (suggested by Richardson’s), which we show to be justified 
for certain types of boundary conditions. 

The method can be described most easily by reference to an example. 
Consider the equation of heat conduction in one dimension, which, with 
suitable choice of scales, reduces to 


W _ dW 
Ft “ dx 2 ’ 


( 1 ) 


with boundary conditions consisting of terminal conditions 

0 — 0 at )X = 0 , x « 21, for t > 0 ( 2 ) 

and initial conditions 

Q = f(x) (given) at t — 0 , for 0 2 L (3) 

The solution of (1) is carried out in two stages. First, ( 1 ) is reduced to an 
ordinary differentia] equation, with x as independent variable, by replacing 
the time derivative (but not the x derivative) by a corresponding finite 
difference ratio; this ordinary equation can then be solved numerically or 
by the differential analyser. Secondly, a correction for the approximation 
involved in this replacement is estimated and applied. 

Writing 0 (t) for the temperature at time t, regarded as a function of %> 
and considering a time interval St , we have 

«± m =- mjA+m+ow 



- 0 {t + $#) + O(St)* [from (1)] 

1 8* 

= 2 dx* m + M) + 0{t)i + 0{St)2 ' 

( 4 ) 

so that 

£ [ 0 (t + St) + 6 (t)] - ~ [ 9 (t + St) - d(t)] 

( 5 ) 


approximately. 

This is now an ordinary differential equation for 0 (t + St) as a function of a:, 
given 6 (t) as a function of x. Equation ( 5 ) can be solved (numerically or 
mechanically) subject to terminal conditions (2), and the solution d(t + St) 
then beoomes the known function 6 {t) for the next interval^. The integration 
proceeds by a number of finite intervals St wluch for simplicity we shall 
suppose to be of equal length, as will usually be the case in practice. 
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The approximate solution of (1) obtained in this way will be a function of 
St, as well as of x and t \ the solution of (1) is the limit of this approximate 
solution as St 0. 

Now consider a given range, t *= t 0 to t *= t x , covered by two independent 
integrations of ( 5 ), with different values of St. The error in 8 (t + St) — 8 (t) in 
each interval is 0 (St) z from ( 4 ), and the number of intervals in the given 
range is inversely proportional to (St), so the aggregate error is 0 (&) 2 . This 
suggests that the main part of the error could be eliminated by taking the 
approximate values of 0 at each (x, t), calculated using the two different 
values of St, and extrapolating, linearly in the value for Si = 0. This 
is an instance of the process termed “/^-extrapolation” by Richardson 
(1927, §1). As will be shown (§ 4 ), it needs justification in the present 
context, and can only be justified for certain types of boundary condi¬ 
tions. 

The form of the boundary conditions have another, and still more 
important, bearing on the applicability of the process outlined above. It is 
essential for the solution of ( 5 ) that at each stage 6 (t) should be known, and 
that &(t + St) should be determined by the 8 (t) and the terminal conditions 
only, and that there should be no parameters left undetermined in order 
to fit any condition imposed on the solution at a later time. This is the case 
in the example considered, since the equation is only first order in t, so that 
the initial conditions ( 3 ), being specified over the whole relevant range of x, 
are sufficient to determine the whole solution. It would not be the case if, 
for example, 8 at t ** 0 were given over only part of the range of x, and the 
behaviour of 8 over the remainder of the range of x at t = 0 had to be deter¬ 
mined so as to satisfy certain conditions at a later time. 

This example of conditions imposed at two different times is rather 
artificial, but illustrates a point which arises in a more acute form in the 
application of a similar process to equations which are second order in both 
the variables, and which can be illustrated by the wave equation in one 
dimension. 

The usual form of the boundary conditions for the wave equation is 

88 1 

8 •.fix), ^- = g(x)&tt = 0, forOsSx^l, 

ot ^ ( 60 ) 

8 =» 0 at * «■ 0, x — l, for t > 0, ' 

and with these boundary conditions it appears possible to evaluate an 
approximate solution by a method on the same principle as that outlined 
above for equation (1). 
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But if the boundary conditions were 

6 ** f(x) at i ~ 0, 

0 - F(x) at t » ^>0, 

0 = o at a? = 0, # =* 

it would not be possible to start the process of integration. The only way 
of applying the method would be to assume some variation of dOjdt with x 
at $ = 0, and to adjust this by trial and error until the solution satisfied 
0 * F(x) at t ~ i x . The amount of work involved in such a process would be 
prohibitive. 

The essential difference between conditions (6a) and conditions (66) is 
that the latter are conditions on a closed boundary enclosing the field of 
integration, whereas the former are conditions on an open boundary, and 
it is clear that the open character of the boundary involved in conditions (6 a) 
is a necessary (though not a sufficient) condition for the application of the 
method. 

This means that the method is essentially inapplicable to most problems 
involving the solution of Laplace's or Poisson’s or related equations. On 
the other hand, it is applicable, in principle, to many equations which are 
first order in one of the variables, such as the equation of heat conduction 
in one dimension for a medium which is inhomogeneous, or for which the 
thermometric conductivity varies with the inhomogeneous, or in which there 
is a generation of heat depending (perhaps non-linearly) on the temperature. 

An example of the latter type is the equation 

W dW 0 . 
dt ~ dx i + ^ S ’ 

which is of interest in connexion with the thermal breakdown of dieleotrio 
materials in alternating fields, in which the power loss and resultant 
generation of heat increases approximately exponentially with the tempera¬ 
ture (Goodlet, Edwards and Perry 1931). Some solutions of this equation 
have already been obtained by the differential analyser. 

The method also appears to be applicable to the equation of the laminar 
boundary layer in hydrodynamics. 

3—Process op Solution 

We will consider briefly some general points which may arise in the course 
of the solution. 
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(i) Fitting the Terminal Conditions 

Consider again equation (1) and its approximate form (5), with boundary 
conditions (2), and suppose that the integration is started from t « 0. For 
each interval St it is necessary to obtain a solution satisfying the condition 
at x — 21 (or the condition dO/dx = 0 at x = l which is equivalent to it by 
symmetry). In the simple example of equation (5), which is linear, this can 
be done by evaluating a particular integral, with any convenient value of 
dOjdx at x *ss 0, and addition of a suitable multiple of the complementary 
function, which in this case is sinh{( 2/&)*#}. 

For non-linear modifications of the heat condition equation, there are 
two available methods of solving the ordinary equation by which the 
partial differential equation is replaced. For example, if (7) is replaced by 

2 r) 2 

£ w +*) - ^ m + st) + o(t)] + pijM* + cwi, 

this equation for 6 (t + St) can be solved either as it stands, or by an iterative 
process, by constructing a sequence of functions & n (t + St) such that 

a 2 2 

teiWn + *(t + St) + d(t)} = + + 

In the first method, the value of dOjdx at x = 0 has to be found purely by 
trial and error, whereas in the second case the appropriate value of dOjdx 
at x = 0, and the solution, at each stage of the iterative process, can be found 
by evaluation of a particular solution and the addition of a multiple of the 
complementary function sinh{(2 j 8 t)*x} as before. 

(ii) The Deferred Approach to the Limit 

There are two main methods of using the process of extrapolation for 
correcting for the error involved in replacing the time derivative by a finite 
difference ratio. 

Probably the most accurate simple method is to cover each range from 
to * 0 + %St by two equal intervals of length St and by one interval of length 
2<ft, and then to carry out the process of A 2 -extrapolation over the whole range 
of a: at £ 0 4- 2 St, and to use the extrapolated values as the starting-point for 
the next range 2 St. 

Alternatively, the whole relevant range of t may be covered by two inde¬ 
pendent sets of integrations, one set with 2 n intervals St and the other with 
n intervals 2 St, and the process of ^-extrapolation only performed after 
both sets of integrations have been completed. This postponement of the 
extrapolation process in other contexts has been termed by Richardson 
(1927) the “deferred approach to the limitIt is particularly valuable in 
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the present context if only the time variation of 6 at one point [for example, 
at x as l in the case of equations ( 1 ) and ( 7 ), with terminal conditions ( 2 )] 
is of interest; then /^-extrapolation need only be carried out for the value of 6 
at this one point, thus saving the time and labour of doing a number of 
extrapolations over the whole range of x. 

It is possible to combine the two methods, for example, to cover a range 
with twelve intervals St, and independently with six intervals 2 St, and 
then carry out the process of /^-extrapolation over the whole range of x 
at t « \ 2 St before continuing the integration, but only to carry out the 
extrapolation at one value of a: for the intermediate values of t. 

(iii) Starting the Integration 

It may not always be possible to start the process of integration straight¬ 
way from the given initial conditions, on account of a singularity in the 
solution at t = 0. 

For example, in the case of the simple heat-conduction equation (1), and 
related equations for which analytical solutions can be obtained, the form 
of these solutions which is most convenient for evaluation for small t often 
involves functions of the variables 1 * and (x/ 2 ft), and the appearance of 
these variables is ^ warning that the replacement of dOjdl by 

[ 0 (t + St)- 0 (t))l 8 t 

may be a poor approximation near t = 0. 

In such cases it will usually be possible to obtain an approximate analytical 
solution in the neighbourhood of t = 0, so as to get away from the singularity 
before beginning the process of integration of ( 5 ) or of its counterpart for 
other partial differential equations. 

Alternatively, it may be possible by a change of variable to transform the 
equation into a form in which there is no singularity. In the case of the 
heat-conduction equation, this might be achieved by the use of {xj2ft) and 
ft as independent variables. 


4 — Examination of the Process of h ^Extrapolation 

We shall now attempt to justify the process of /^-extrapolation as applied 
to the method of integrating partial differential equations proposed in § 2. 
We will consider the equation 


0 1 


(8) 
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(where / is a given function of its arguments), with specified boundary 
conditions at t * t 0 , for x 0 ^ x < x x , and at x ~ , x ~ aq for i > £ 0 . This is 

not the most general type of equation to which the method is applicable, 
but a fully general treatment would probably be elaborate, and by con¬ 
sidering a simple type of equation it will be more possible to see just what is 
involved in the process of ^-extrapolation. 

We will write 0 for the correct solution of (8), and 6 + AO for the solution 
of the approximate equation by which it is replaced, as ( 1 ) is replaced by ( 5 ), 
and will write suffixes 0, 1, 2 for the values of quantities at times 
t 0 , t x = t 0 4- St, t z “ 1 ^ + 281 . Also we will write f x for f{x,t x , £ x )}, and 
(df/dO), for dfjdo at t « l t , 0 ~ 0 t . 

Since 0 is given at t = 0, it follows that Aff 0 =z 0. Hence for the first 
interval, from t 0 to t x , the approximate equation by which (8) is replaced is 


(*i + A 0 X ) - 0 O - I |j^ ( 0 , + A 0 1 + 0 O ) +/(*, , 0 O ) +/(*, t,. 0 , + /JO,)]. ( 9 ) 
Using (8), this can be written 

- ¥ [©, + Q + |£ + d)J 


But by a general formula relating derivatives and finite differences 


Hence 


* 8tf/d0\ /a e\ (8t)*t/d*0\ /dm n 

- sKsHd TF{(8?). + (a*)JJ + ° <at) • 




( 10 ) 


If the term d 2 0 /dx 2 did not appear in (8), that is, if (8) were an ordinary 
equation in t as independent variable, d^A&J/dx 2 would not appear in (10), 
and it would follow from (10) that 


it is tempting to draw still the same conclusion from (10), since the next 
term contains A 0 X multiplied by St. But this would be incorrect, as can be 
seen as follows. Suppose that at x = x 0 the variation of 0 with t is given and 
is such that d^djdt* o. Then the right-hand side of (11) is certainly not zero 
at x = 0, while A 0 X s 0 at x « 0, since the approximate equation ( 9 ) will 
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be solved with the correct terminal conditions at each U Hence AQ X is not 
necessarily given by (11), 

The reason for this can be seen when it is recalled that 0 1 J rAO x is deter¬ 
mined by the solution of ( 9 ) as a differential equation in x with terminal 
conditions at x » x 0 and x x , and that the fitting of these conditions may 

introduce multiples of exp{ ± (2/$)* %}, [of. § 3 (i)]. If the error A 0 X includes 
02 

such terms, then \St g ~ 2 {A0 X ) will be of the same order as A 0 X , not of higher 


order, and must therefore be included in considering the lowest order terms 
in (10). Thus retaining this term and regarding (10) as a differential equation 
for A0 X , we wee that 

Mi - A rinh{(2/ft)* x} + B cosh{(2/*t)l J + 0 ( 6 t)\ 

( 12 ) 

where A and B may be O(St) 3 . 

We shall see shortly that the process of /^-extrapolation is only valid if 
A - B = 0 to order (St)' 3 -, it is important, therefore, to know for what types 
of terminal conditions this is the case. 

Clearly A and B are zero to order (St) 3 if the expression (11) for AB t 
satisfies the terminal conditions at both ends of the range of x. Now suppose 
the terminal condition at an end is expressed by a linear relation between 0 
and dBjdx, namely, 

= <?(<), ( 13 ) 


with coefficients A and ft which are given and constant, and g(t) a given 
function of t, Since the solution of the approximate equation (9) is made to 
fit the same relation ( 13 ), it follows that at the end 



Now if 0 satisfies (13), AB X given by (11 ) does satisfy (14) provided 

cl*g 

dt* = °* ( 16 ) 

Thus if at each end the boundary condition is of the form (13) (15) 
(the constants A, ft and the function g(t) need not be the same at each end), 
A * B “ 0 t° order (**)*■ This general form of the boundary condition 
includes a,s special cases those which are most likely to arise in practice 
namely, (i) 6 constant (A * 0, g(t) = constant); (u) dB/dx constant (it = 0,’ 
g(t) — constant); and (iii) Newton’s law of cooling at a free face \jg(t) =* 0], 
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When the boundary conditions are of the form (13), (15), so that the third 
order term in A0 X is given by (11), we can obtain the fourth order term by 
substituting (11) in the term ( df/dd ) 2 Ad x in (10) and solving for A0 X as before. 
Since (d 3 0/dt*) o differs from (d 3 0/dt 3 ) x by 0(&), this gives 


(ai)»r/av\ (d A e\ I 


= 2 j ^jj + A cosh{(2/ft)* x} 4- B sinh{(2/&)* x} 


(^)Tl 2 

24 \jx*' 


WJlWi 


+ 0(8t ) 5 , (16) 


where ^4 and B may now be t>(&) 4 . 

They will be zero to 0(8t) A if the expression for A0 X obtained by putting 
A » B = 0 in (16) satisfies the terminal conditions at both ends of the 
range. This will be so either if dfjdO is constant, i.e. the original partial dif¬ 
ferential equation (9) is linear in 0 in addition to the boundary conditions 
being of the forms (13) and (15), or if df/dd is not constant, but the terminal 
conditions are of one of the more restricted types (i) 6 given and constant, 
or (ii) dO/dx — 0 (the conditions at the two ends may be different, so long as 
each is of one or other of these types). Under any of these conditions 


m*r/d* 0 \ /3 3 0\i w 4 ra 2 /a/\ i/d*o\ ^ K 
A ° x ~ 24 |_( 0< 3 ), + ( at 3 ) J + ~24 \_dx 3 + (e^)J ( 31 s ), + ' (1?) 


For the second interval 8t, from t x to t 2 , the same argument as leads to 
equation (10) for A6 X now gives, for the error in the second interval alone, 




+!0IHg)J 


ao >+(£,+(^)J ao,+O(A0 )*J + 0(Stf, 
or, sinoe AB = 0(St) 3 , and (df/dd), differs from ( df/dO), by 0(St), 

(18) 

Provided the terminal conditions are of the form (13), (15) so that A = B = 0 
to order (St) 3 , the third order error at t 2 is 


Aft (^>T® 4.2 (™\ 

A6% 24 L\3fV2 + \^ 8 /i X^/oJ 


(19) 


Also, if the terminal conditions are such that A = B = 0 to order (St)*, 
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it follows as before, by substituting the third order expressions (11) and (19) 
for A0 1 and Ad 2 in (18), and negleoting in the fourth order term the differences 
between 3 8 0/9< 3 at t — t 0 , t 2 and t 2 , that 


A6, 


.M 

a "‘ 21 LUf, 




whence using (17.) 


AO, 


m 

24 


Vim + 2 P?\ + / w ll + W^ + ^llffl +o(W 

LU 8 /* \^ 3 /i \^ 3 /oJ 6 b* 2+ WJWi + ' 

( 20 ) 


Now consider the range t 0 to t 2 covered in a single interval 2 St instead of 
by two intervals St, Let A'd 2 be the error at time l 2 in this approximation. 
Under the same restriction on the terminal conditions, A'd 2 is given by 
writing 2 St for St in (17), and also writing suffix 2 for suffix 1, in the first term 
only, since the difference in the values of the second term at t t and t 2 is 
0(St)*. Thus 






Now since d 2 +Ad 2 and d 2 + A'd 2 are the approximate solutions at t 2 
obtained with intervals St and 2 St respectively, the solution obtained by 
/^-extrapolation from them is 


J[4 (d t + Ad 2 )-(d 2 + A’d 2 )] = d 2 + i(4 Ad 2 -A'd 2 ), (22) 


so that the error in the /^-extrapolated solution is \(iAd 2 -A'd 2 ). From 
(20), (21) this is 


W 

18 



+ 0(St ) 8 , 


the fourth order term vanishing. But for any F(t), F 2 - 2t\ + F 0 = (3<) 2 F\, 
benoe the residual error is 0(8tf, and the process of ^-extrapolation has 
eliminated not only the lowest order term in the error but the next lowest 
also. The residual error is of order (St) 6 in a single pair of intervals or of order 
(St)* in the aggregate over a given range of integration. 

It is important to recognize that this result depends on A and B being 
zero to 0(Sl)*. If they were not zero, Ad 2 would contain additional terms 
A cosh{(2 /St)* xj+B sinh{(2/&)**}, and A'd 2 would contain additional terms 
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A' ooeh{(l jSt)^x} *f B' 8inh{(.l/&)t x }, and without investigating the values of 
A, B, A', B', it is clear that the process of /^-extrapolation expressed by (22) 
cannot eliminate such terms. If A and B are zero to order (St) z but not to 
order (&) 4 , then the process of /^-extrapolation eliminates the third order 
term in the error, but not the fourth order term. 

Even if A and B are not zero, the fact that the functions which they 
multiply may become large compared to 1 (especially for small intervals St) 
does not mean that these terms give exceedingly large contributions to Ad, 
as the coefficients A and B will be correspondingly small. For example, 
if the terminal conditions are specified at x =* ± l, and are such that the 
right-hand side of ( 11 ) is — 1) at each end, then B — 0 and A » D sech{(2/&)* /}, 
so that the terms in AO involving A and B are D cosh{(2/&)* #}/cosh{(2/&) 4 /}. 
The magnitude of this is nowhere greater than [ D |, and, for small St, it is 
small compared to | D | except near x ~ + l. 


5—NiTMEBiOAn Test 


The method outlined in § 2 is very suited to the differential analyser, as 
a number of solutions of the same equation have to be calculated, both in 
the determination, for each t interval of the integration, of the solution 
fitting the terminal conditions, and also in the repetition of the process 
for successive intervals. Thus a number, and often a large number, of 
machine runs will be taken with the same set-up, and this is the situation 
in which the machine is used to the greatest advantage. 

But the method can also be used numerically, and for simple equations 
the time and labour involved are not prohibitive. In particular, for a linear 
equation with constant coefficients, only one integration is required for 
each interval, since the complementary function for the integration through 
this interval can be written down at sight [cf. § 3 (i)J, and the solution 
satisfying the terminal conditions can be obtained by adding a suitable 
complementary function to the particular integral obtained by integration. 
It may be practicable to carry out this process numerically, and if necessary 
to a higher degree of accuracy than is obtainable on the differential analyser. 

Such a numerical integration of a linear equation has been carried out as 
a test of the feasibility of the general method, and for examination of the 
order of magnitude of the errors of the approximation. The equation 
chosen was 


dO 

dt 


dw 

dx* 




(23) 


2 B 


Vol. CLX1—A. 
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the equation of heat conduction in a uniform slab in which there is a constant 
and uniform generation of heat, with 

0 - 0 at t = 0 , for 0 < x < 2 1 , 

0 — 0 at x = 0 , x = 21, for t> 0 . 

For small t, the solution of this equation is most conveniently written 
(Hartree 1936 ) 

0 « jit{\ -4^(*/»»)-4^{(a-*)/2l»} + 4x t {(2i+ *)/«»}...], (24) 

where Xz( w ) is the second integral of the error function, defined by 

= - ( 2 1 Jit) er wa , y a (w)^- 0 as w-+cc; 

for large t, the Fourier series form 

6 - \f}x(2l-x)-Z n (- i)»_iM^-_e^'*+«”W'c 0 8(2n+ 1)^~* } (25) 

is more convenient. The solution for t = 1 was calculated by (24), using 
six-figure values of A! 2 (w) used in the construction of the published four- 
figure tables* (Hartree 1936 ), and later checked by (25). 

The approximate equation by which (23) was replaced was integrated in 
the form 

~ 1 o(i + st)+m] = | m + st) +<?(<)] - * t o(t) - 2 /?; 

the values taken for convenience were 2fi = 1 , l = 2 , and the evaluation of 
a particular integral was carried out, by the process of numerical integration 
already described by one of us (Hartree 1933 ), by steps &r = O -1 from 
x - 0 to x = 2 - 1 , the boundary condition dOjdx - 0 at x = 2 being satisfied! 
by the addition of a multiple of the complementary function sinh{( 2 /&)*a;}. 
The approximate solution 0(2) was obtained from 0 ( 1 ) by throe separate 
integrations, (a) by four intervals St = J, (b) by two intervals St = J, (c) by 
one interval St ~ 1 . The integrations wore originally carried out to four 
decimals, but for (a) and ( 6 ) the residual errors after /^-extrapolation were 
found to be smaller than the poss) ble effects of accumulation of rounding-off 
errors in the integrations; the integrations were repeated to five decimals 

* In these tables the function x%M is written iicrfc w, to indicate ite relation to the 
error funotion. 

t This boundary condition was satisfied by making 0 at x = 1-9 equal to 0 at 

X SB 21. 
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and finally for (a) and (b) to six decimals in order to establish the fifth with 
some certainty.* 

The exact solution 0(2), calculated from (25), and the differences of the 
approximate solutions from it, for six values of x , are given in Table I. 
The residual errors of the approximate solutions found by ^-extrapolation 
from (a) and (fc) and from (b) and (c) are also given in this table. 


Table 1 

0 a (2)-Q(2) 0 k (2)-0( 2 ) 

Exact solution (fifth decimal) (fifth decimal) 


X 

0(1) 

0(2) 

(a) 

(b) 

(c) 

(d) 

(e) 

0-0 

0*00000 

0-00000 

0 

0 

0 

0 

0 

0-4 

0*18778 

0*26713 

11 

45 

196 


-5 

0*8 

0*31250 

0*46234 

22 

87 

370 

+ O 3 

-7 

1*2 

0*38938 

0*59685 

30 

120 

502 

0 

-7 

1*6 

0*43041 

0*67416 

35 

142 

582 

— 0 7 

— 5 

2*0 

0*44321 

0*69945 

37 

149 

609 

“<>s 

-4 


0 A (2) = Approximate solution at t = 2, obtained by 

(a) 4 intervals of 8t = f from t = 1 to t = 2. 

(b) 2 intervals of St = £ from t = 1 to t = 2. 

(c) 1 interval of ^ = l from / ~ 1 to t = 2. 

0 t: {2) = Solution by /^-extrapolation at t — 2 f obtained by 

(d) Extrapolation from (a) arid (b), 

(e) Extrapolation from (b) and (c). 

These results illustrate the great improvement in the accuracy of the 
approximate solution brought about by the use of the process of /^-extra¬ 
polation, and show that, for this equation at least, it is quite practicable 
to obtain five-figure accuracy with only a moderate amount of numerical 
work. 

They also show that since the accuracy of solution obtained on the dif¬ 
ferential analyser is of the order of 0*1 % (Hartree 1937 ), it w ould be sufficient 
in evaluating solutions of this equation on the differential analyser, either 
to use intervals of dt *= l without the process of /^-extrapolation, or intervals 
of St = £ and 1 with ^-extrapolation; this may be taken as a rough guide 
to the intervals suitable for use in the integration of other equations of 
similar form such as (7). 


6—Summary 

The method here considered for evaluating the solutions of partial 
differential equations consists in approximating by use of finite intervals 

* We are indebted to Mr. W. Hartree for carrying out the six-figure calculations for 
case (a). 
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in one variable, and integrating exactly in the other variable, and later 
correcting for the leading term of the error introduced by the use of finite 
intervals. The method depends on the form of the boundary conditions which 
must be specified on an open not a closed boundary. The process of correction 
for the error introduced by the use of finite intervals is investigated, and it is 
shown that with certain forms of boundary conditions, including those which 
are most likely to arise in practical application, this process eliminates not 
only the leading term in the error, but the next term also, leaving a residual 
error of the order of the fourth power of the interval. 

The feasibility of the method, and the order of magnitude of the error, 
have been examined by a numerical application of the method to an equation 
which has a formal solution that can be evaluated easily; the results are 
very satisfactory. 

Solution of partial differential equations by this method appears to be 
a very suitable field for application of mechanical means of integrating 
differentia] equations such as the differential analyser. 
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Experiments with Fluid Friction in Roughened Pipes 

By C. F. Colebkook and C. M. White 
Imperial College , London 

(Communicated by G. I. Taylor , F. R.S.—Received 15 February 11)37) 


Nikuradse ( 1933 ; Prandtl 1933 ), experimenting with pipes roughened 
internally by a uniform layer of sand, found that such pipes were indis¬ 
tinguishable from perfectly smooth ones, provided that the pressure 
gradient was less than that given by 


f> v *b _ 4 

p 

where T* — V(t 0 //>), t 0 = shear stress at wall, p — density of fluid, p ~ vis¬ 
cosity of fluid, k — diameter of roughness grains. With lesser flows neither 
the resistance nor the distribution of velocity was measurably influenced 
by the size of the roughness grains, and the observed resistance law was 
satisfactorily of the type required by the K&rman-Prand tl theory for 
smooth surfaces. This law is usually expressed in the following form: 




VA-0-8, 


( 1 ) 


where A is the coefficient of friction in the formula h = A —, and U « mean 

2gd 

velocity, d = pipe diameter, and the “ 2 ” and the “ 0 - 8 ” are experimentally 
determined coefficients relating to turbulence and boundary conditions 
respectively. 


Rewriting ( 1 ) to express the resistance coefficient 


the Reynolds Number 


PM 

t* 


, we get 


plP 


as a function of 


Jo _ 1 
plP ~ 8 



M3 


pv*<iy 

t 1 j 


( 2 ) 


With much greater pressure gradients, Nikuradse found that fully rough 
conditions had developed provided 

pV*k 
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and the friction coefficient r 0 /pU a was then constant for any one pipe with 
any given surface. The type of law required by the theory was found, viz. 


T 0 

pV* 


1/,, 3-7 dY* 

- 8 ( 21 °St) • 


(3) 


in which the resistance is seen to be independent of viscosity which is in 
effect replaced by grain size k . 

Thus ft pipe may be regarded as perfectly smooth when ~~ is less than 4, 

fi 

pV k 

or completely rough when ----- exceeds 60, and the appropriate resistance 

laws are given by (2) and (3) respectively. Between these values, however, 
i.e. within the range 


4 


<P \\k 


< 60, 


A 


flow in Nikuradse's pipes is in a transitional state in which both viscosity 
and grain size influence the resistance. In this transition range the resistance 
law is necessarily more complicated since both // and k are involved. 

The two simpler particular cases (2) and (3), when generalized as 


3 

plP~~ 



(4) 


are seen as the result of integrating the equation 


du _ 2*5 !t 0 
<l y y V p 

between the limits y = y lt u = 0, 

and y - 0*225r,f u - V. 

Hero the lower limit y l is the distance from the wall of an arbitrarily selected 
point where the velocity is assumed zero. In equation (3) the lower limit 
conforms with the experimental value 


Vi = M 


the velocity being taken as zero at a distance y x equal to 1/33 of the grain 
diameter, measured from the centre line of the grains inwards towards the 

t The numerical factor 0*225 can he obtained by a simple integration across the 
pipe and is practioally independent of yjr when this is small. r = radius, d/2. 
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centre of the pipe. Similarly in eqn. ( 2 ) the lower limit measured in the same 
manner is 

Within the transition range this lower limit, y v varies gradually between 
the values mentioned, and can be expressed in the form 

P v *y> _ * (pvj<\ 

p p /’ 


which conveniently separates the variables y x and k> Prandtl, however, 
adopts the alternative form 



(4a) 


which by virtue of (4), which converts the left-hand side to 2 log 
disclosed as 


0*225fc 

Vi 


Vi 

I 



is 


These functions relating to conditions in the immediate vicinity of the w all 
can only be found satisfactorily by experiment. 

Nikuradse’s exx>erimental results are represented by the full lines in fig. 1 

in which (i.e. A) is plotted logarithmically against . 

To the right, each pipe has a constant coefficient indicating that com¬ 
pletely rough conditions have been reached, whereas to the left all curves 
converge towards that for smooth surfaces. It appears that transition between 
smooth and rough is always completed within the area shown shaded in 

fig-1- 

The manner in which each curve leaves the smooth law curve depends 
very much upon the type of roughness. The full-line curves in fig. I were 
obtained by Nikuradse for sand-roughened surfaces, but other surfaces 
give results which are more of the type shown by curve B, which is for a 2 in. 
galvanized pipe tested by Heywood ( 1924 ). Curve O' for a 5 in. new wrought 
iron pipej is similar and has been selected as typical of this surface. At the 


f The values 1/33 and 0*1 are consistent with Nikuradse’s final resistance results, 
but differ slightly from the values he mentions as found from velocity distributions, 
the differences being less than the uncertainty of measurement of the latter. 
t J. B* Freeman as quoted by Mills ( 1923 ). 
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highest speeds both B and C seem to approach square law resistance and 
it is possible with some certainty to assign definite values of rjk to these 
pipes, using Nikuradse’s constants as providing a basic standard of rough¬ 
ness. 

The data of fig. 1 become greatly simplified when plotted in fig. 2 in 
which the ordinate is the left-hand side of equation (4 a) plotted naturally, 

while the abscissa isplotted logarithmically. The smooth law appears 

as the sloping straight line to the left, and the square law as the horizontal 
line to the right. Nikuradse’s results become a single curve which, by its 
form, indicates fairly rapid transition from one law to the other, but pipes 
B and G definitely involve another parameter and curve over far more 
gradually. 



Fia. 1 Resistance to iiow through pipes. Curves A are for Nikuradse’s sand 
roughened pipes; /?, Heywood 2 in. galvanized; and O f Freeman 5 in. wrought iron. 


Possibly part of this difference is due to differences in geometrical form 
of the roughness protuberances, but the main cause is, no doubt, to be 
found in a variation in size of individual protuberances. It is reasonable to 
suppose that a grain only begins to contribute to the resistance when the 
local speeds are high enough to cause the grain to shed eddies. Until then 
its form drag is comparatively small and the tangential drag constitutes the 
major part of the resistance. The tangential drag is not greatly influenced 
by dimensions normal to the motion; so the unimportance of k at slow speeds 
is understandable. Nikuradse’s curves may be interpreted as showing that 

a few grains shed eddies when P ~- = 4; and on the average perhaps half 


the grains 


shed eddies when 

A 


exceeds 10 approx. 
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To test this interpretation, experiments were made with sand grains 
falling in still water. Various sizes of grain were used and it was found that 
square law drag (to be associated with the shedding of eddies) occurred 
only when the grains exceeded 0*5 mm. in diameter. The falling speed was 
then 5 cm./sec. approximately, and when the drag stress was estimated by 


7tJc? 

dividing half the effective weight of the grain by —, a value of 


*pV*k 

ft 


14 


was obtained, which is sufficiently near Nikuradse’s value to support the 
argument. 



pV Jc 

Fig. 2—Deviations from “rough” law resistance as a function of -——. 

With a roughness composed of grains of many different sizes the larger 
grains come into action at lower speeds than the smaller. Transition from 
smooth to rough should begin therefore at a speed determined by the size 
of the largest grains. One might expect also that transition would be 
complete at a speed determined by the smallest grains, but the experiments 
did not confirm this. 

The main object of the present experiments was to determine how the 
nature of the roughness influenced the transition. The experiments were all 
made with the same pipe, 5*35 cm. diameter and approximately 6 m. long, 
using air. The pipe was split longitudinally in order to expose the inner 
surface to which the necessary sand grains were fixed by bituminous paint 
or by Chatterton’s compound. The two halves were held together by metal 
straps and the joints made air-tight with adhesive tape. The whole was then 
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mounted and aligned as accurately as possible on a stiff joist* as shown in 
the genera] arrangement fig. 3. 

The test length was approximately 50 diameters, separated from the ends 
of the pipe by about 12 diameters downstream and 50 diameters upstream. 
A greater test length would have been desirable but preliminary trials 
showed that the entrance effects extended downstream rather farther than 
had been anticipated. It was considered advisable, therefore, to insert a 
diffusing baffle near the inlet in order to ensure development of the ultimate 
velocity distribution before reaching the test length. Four inter-connected 
pressure holes were used at each section, but the errors of individual holes 
as shown by tests of each one against its neighbour at the same section were 
fortunately quite negligible. 




- GAUGE LENGTH 


t 


- 3 04. 
*= 



NOZZLE 


r AM 

Fig. 3—General arrangement of test pipo, metering nozzle, and fan. 



pUd 

T 

Fig. 4— Calibration curve for metering nozzle. 



The air was metered by a nozzle to “ V.DX Normalduse ” upstream profile 
cast in paraffin wax and fitted to the pipe inlet. This nozzle was calibrated 
in situ , using the pipe in its smooth state as standard. The resulting calibra¬ 
tion curve, fig. 4 is of quite usual type, and is probably correct within 1 %. 

Six different types of roughness were formed from various combinations 
of two sizes of sand grain, viz. 0*035 cm. diam. and 0*35 cm. diam. As shown 
in fig. 5, the whole surface was roughened for some of the experiments, while 
for others part of the surface was left smooth. The fine grains lay in a very 
uniform manner just touching each other; and fig. 5 a shows a typical large 
grain and its mounting. The six surfaces together fall into two systematic 
series: Nos. 0,1, II and III; and Nos. V, IV and III, In the first series the 
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area covered by large grains progressively increases; but in the second series, 
the large grains remain constant while the area covered by small grains 
increases. 

The test results for the first series are shown together in fig. 6. Here 
surface 0 is represented by the smooth law 



Smooth Roughness I Roughness II Roughness III Roughness IV Roughness V 
Flo. 5—Surfaces used in the experiments. 


assumed for the nozzle calibration. Surface I, uniform fine sand, is in¬ 
distinguishable from smooth when Re is of the order of 6000, but, as the 
speed increases, transition to rough law begins and is completed at 
Re = 100,000. The effect of the addition of a few large grains to this surface 
is clearly shown by tests with surface II. The resistance at high speeds is 
increased by approximately 12 %, and this is the result of placing grains 
ten times the size of the fine sand on approximately 2 % of the area. At low 
speeds the effect is more marked, the resistance being increased by 20 % at 
Re * 10,000. Transition is seen to be very gradual, certainly including the 
whole of the turbulent range up to Re « 100,000. Surface III with twice as 
many large grains also shows these characteristics but in greater degree. 
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It is interesting to note that the action of the fine grains, if judged by the 
rising part of the curves to the right of fig. 6 , is, if anything, delayed by the 
presence of the larger grains, the just noticeable displacement of the upper 
curves in fig. 6 being to the right despite greater pressure gradients. No 
doubt this is due to some shielding effect. 

In the second series of surfaces, in which the large grains were constant and 
the area of fine grains varied, the most interesting feature is that below 
R = 20,000 it is impossible to distinguish between the three surfaces, the 
test points lying perfectly upon a single curve as seen in fig. 7. The shielding 
effect of the larger grains is here cleaidy demonstrated by comparison with 
the uniform fine sand surface, the curve for which is shown dotted. The 
Reynolds number at which the fine grains are just detectable is more than 
three times greater when the large grains are present than when they are 

absent. This is with approximately the same value of , 80 tbe shielding 

pV k 

effect is equally marked if expressed in terms of . 

That the rising part of the curve is linked with the action of the finer 
closely spaced grains, is clearly demonstrated by curve 
V of fig. 7, This is the only curve without the rise, 
and the surface to which it relates is the only one 
without appreciable area of closely spaced grains. 

The latter surface, V, shows a rather unexpected 
constancy of coefficient at the highest speed. Judged 
by areas, 95 % of this pipe was smooth and likewise 
80 % of the perimeter of the cross section, fig. 8 . The 
wake from individual grains must spread out fanwise 
very rapidly, otherwise the lack of influence of viscosity 
over the 95 % of smooth area is inexplicable. 

There is, however, no reason to doubt the experiments; in fact the 



Fid. 8—Section of 
pipes Nos. Ill, IV 
and V. 


numerical values for * at high speeds for surface V is in agreement with the 

recent work of Schlichting ( 1936 ) who, by another experimental method 
and using a surface studded with hemispherical rivet heads, obtained 
values from which fig. 9 is computed. 

The square law values of A for all five surfaces are given in Table I together 
with equivalent sand sizes, k 8 , computed on Nikuradse s basis, i.e. 
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r/*, 

Fig. 9—Comparison of surfaces I and V with Schlichting’s experiments. P = distance 
between protuberances; k 2 = measured size of protuberances normal to wall; 
1c $ — size computed from observed resistance using Nikuradse’s constants; k t = dia¬ 
meter of protuberance in plane of wall. ® Hamburg sand; O spheres; o cup-head 
rivets; A surface I Aylosford sand; □ sand-Nikuradse; * sand grains—spaced— 
surface V. 


Table 1—Resistance Coefficients for various Surfaces at 

pV k 

High Speeds, t.e. when ■ * exceeds 150 

/* 


Description of surface 

8r 

i>u* 

k* cm. 

K 

k 

I. Uniform sand 0 035 cm. diam. in 

0*0369 

0*048 

1*36 

2 in. pipe 

II. Uniform sand with large 0*35 cm. 

0*0425 

0*073 


grains covering 2i % of art‘a 

III. Uniform sand with large 0*35 cm. 

0*047 

0*093 


grains covering 5 % of area 

IV. 48% area smooth, 47 % area uni¬ 

0*041 

0*066 


formly covered fine grains, 5%, 
area covered large grains 

V. 95 % area smooth, 5 % area covered 

0*034 

0*038 

0*11 

large grains 

Hamburg sand k — 0-135 cm. tested by 


0*222 

1*64 

Sohlichting 

Cup-head rivets touching, 0*26 cm. rad. 


0*365 

1*40 

tested by Sohlichting 

Polished spheres touching, 0*41 cm. diam. 


0*257 

0*63 

tested by Sohlichting 

Cup-head rivets, 5 diam. apart, 0*26 cm. 

_ 

0*031 

0*12 


rad. tested by Sohlichting 


When the transition curves for surfaces I to V are expressed as a function 



as in fig. 10, all are seen as a 


single systematic family of curves, 


each progressively showing less and less dip, together with earlier deviation 









Experiments with Fluid Friction in Roughened Pipes 377 

Table II 

Roughness I 


k t — 0-048 cm* ~ = 55 
tc e 


pUd 

P 

n 

Log pV -^‘ 

P 

o , 3M 1 

2108 I“v* 

5,900 

0-0363 

0-559 

— 0-03 

7,510 

0-0340 

0-650 

“0*20 

10,700 

0-0316 

0-787 

— 0*41 

16,050 

0*0294 

0-947 

— 0-61 

22,800 

0-0286 

1-093 

-0*70 

36,000 

0 0303 

1*305 

-0-53 

53,000 

0*0331 

1*492 

-0-28 

67,700 

0*0350 

1-610 

-0-13 

91,500 

0*0369 

1-753 

0 

136,000 

0*0369 

1*925 

0*02 . 



Roughness II 



Jfc, - 0*073 cm. 

V 

s= 36-3 

K 


3,580 

0-0471 

0*578 

0*25 

5,580 

0*0431 

0*753 

0-05 

10,400 

0*0388 

i*ooo 

-0*22 

19,000 

0*0353 

1*241 

- 0*46 

26,800 

0*0344 

1*385 

- 0*54 

32,600 

0*0344 

1*470 

-0-54 

47,100 

0-0366 

1-642 

-0*37 

68,500 

0-0395 

1-822 

-0* 17 

90,000 

0*0411 

1*949 

- 0*07 

122,000 

0*0425 

2*088 

0 



Roughness III 



k 9 = 0*093 cm. 

f = 28-5 

• 

3,700 

0-0534 

0*725 

0*305 

6,070 

0*0513 

0*853 

0-21 

7,060 

0-0475 

0*980 

0-05 

11,800 

0-0431 

1*182 

-0*19 

18,300 

0*0405 

1-360 

-0-34 

26,700 

0*0390 

1*515 

-0-44 

40,500 

0*0397 

1-700 

-0*39 

66,700 

0-0422 

1*851 

-0*245 

82,600 

0*0443 

2-033 

-0-12 

127,600 

0*0462 

2*232 

-0*02 
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Table II— (continued) 


Roughness IV 



k s = 0*060 cm. 

■ - = 40*3 

kg 


pUd 

/' 

j£\ 

II 

L ° g — 

Slog^- 

3,360 

0*0545 

0*538 

0*67 

4,880 

0*0516 

0*688 

0*55 

7,700 

0*0467 

0*864 

0 32 

16,660 

0*0411 

M 4.5 

0-025 

29,600 

0*0370 

1*403 

— 0*20 

41,800 

0*0373 

1*550 

-0*23 

66,500 

0*0381 

1*756 

-0*18 

91,200 

0*0345 

1*902 

- 0*07 

110,000 

0*0402 

1*987 

-0*04 

127,500 

0*0408 

2*053 

0 


Roughness V 
k. = 0 038 cm, 


5,100 

0*0514 

7,400 

0*0475 

10,750 

0*0445 

19,300 

0*0402 

30,600 

0*0374 

42,000 

0*0359 

63,500 

0*0349 

83,000 

0*0345 

116,000 

0*0340 

127,200 

0*0341 


f = 69*0 

K 


0*470 

1-01 

0*614 

0*83 

0*762 

0*69 

0*994 

0*42 

1*178 

0*25 

1*307 

0*14 

1*480 

0*06 

1-595 

0*04 

1*736 

-0*005 

1*775 

-0*005 


from the smooth law. Nikuradse’s curve for uniform roughness, shown 
broken, is noticeably flatter than that for the present uniform surface I, due 
perhaps to the latter being more regular. Surface V, which is the other 
extreme, being smooth with large lumps, has a transition almost indis¬ 
tinguishable from that for galvanized iron pipes for which a typical curve 
is also shown in fig. 10. 

The early part of transition is perhaps better shown as a function of 

pV k 

as in fig, 11, which is similar to fig. 10 except that k m , the maximum 

ft 

size of grain, is now used instead of k s the equivalent Nikuradse size. Again 
a family of curves is obtained, but now all appear to radiate from a single 

pV k 

origin on the smooth curve at ----- » 5 approx., lending some support to 
the view that it is the large grains which control the beginning of transition. 
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pV k 

Fig. 10 —Deviations from “rough” law as function of - * * , where k ( is equivalent grain size. The surfaces I to V are described 
in fig. 5 and in Table I. o surface I; ® surface II; (J surface III; 0 surface IV; ® surface V- 




pV.k 
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11—Deviations from “rough” law as function of €Lc=, where k m is diameter of largest grains. O surface I; ® surface II 
© surface III; © surface IV; ® surface V. (For descriptions see Table I and fig. 5.) 
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Accepting that transition begins at this value, the transition range for 
surface V is between six and seven times as long as that for the uniform 
surface I. Over much of this range the curve of resistance coefficient (fig. 7 ) 
runs nearly parallel to the smooth law. 

Such characteristics have been previously mentioned by other workers 
(Hopf 1923), and it has been suggested, no doubt correctly in some cases, 
that the cause is “wall wavinesa” as distinct from surface roughness, but 
the present experiments show that such results may also be attributed to 
surface roughness when this is of non-uniform type. 

Altogether more than 200 test points were obtained and all are included 
in the diagrams. Ten typical points for each surface are given in Table II. 

The work was carried out in the Civil Engineering Dept, of the Imperial 
College of Science and Technology, and the authors are indebted to the 
Clothworkers’ Company whose generosity made the research possible. 


Summary 

Nikuradse, experimenting with flow through uniformly roughened pipes, 
found comparatively abrupt transition from “smooth” law at slow speeds 
to “rough” law at high speeds. Other experimenters using surfaces of the 
nature of cast iron, wrought iron or galvanized steel, have obtained results 
which can only be explained by a much more gradual transition between 
the two resistance laws. The present ex periments show that with non-uniform 
roughness, transition is gradual, and in extreme cases so gradual that the 
whole working range lies within the transition zone. This closes the gap 
between Nikuradse’s artificial roughnesses, and those normally found in 
pipes. 
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The Distribution of Potential in some 
Thermionic Tubes 

By L. Rosenhead, Ph.D., D.Sc. and S. D. Daymond, B.A., B.Sc. 

(Communicated by E. V. Appleton , F.R.S.—Received 23 Match 1937) 

1—Introduction 

In essence a thermionic tube or valve consists of a cathode, or filament, 
which is heated to incandescence and which then sends streams of electrons 
to the anode. The flow of electrons can he regulated by varying the tem¬ 
perature of the cathode and can in addition be controlled by the presence of 
conductors charged to suitable potentials. Very often these conductors are 
long thin wires placed in the space between the anode and cathode and this 
system of control conductors is known as the grid. The presence of electrons 
between the anode and cathode is equivalent to a space distribution of 
charge, but in many cases, if the system is sufficiently large so that end- 
effects may be neglected, the electrons travel along the lines of force that 
are obtained by neglecting the space charge or, in other words, the lines of 
force are, to a first approximation, unaffected by the charges on the electrons 
themselves. 

The simplest case is that of the two-electrode tube, or diode, in which 
there is just a cathode and an anode. The next case is that of the three- 
electrode tube, or triode, in which there is a third electrode connected to a 
grid, and there are tubes of increasing order of complexity such as the 
tetrode and pentode. In order to specify the characteristics of such tubes 
it is sometimes necessary to represent them, particularly the triode, by an 
“equivalent diode”, and it is required to find the potential V at which the 
“anode” of the equivalent diode must be maintained in order that its effect 
may be equivalent to the combined effect of the anode and grid of the 
triode which are maintained at potentials v a and v u respectively. When this 
potential V has been found it can be used to find a first approximation to 
the electron current from the cathode in terms of e/m, the ratio of the charge 
to the mass of the electron, by substituting in the formula 

9 n\m) a 2 

for the equivalent planar diode, that is the case where the anode and cathode 

[ 382 ] 
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are infinite planes distant a from each other, and are charged to potentials V 
and zero respectively, and by substituting in the formula 

- 2< (±YZ* 

1 9 \m) aft 2 

for the equivalent cylindrical diode. In this case a is the radius of the anode 
cylinder, 6 is the radius of the thin cathode filament which is at the centre 
of the anode and y? 2 is a rather complicated function (Appleton 1933) of 
ajb . 

The simplest case of triode is that in which the anode and cathode are 
infinite planes and the grid is a system of parallel thin wires of circular 
section, as in fig. I. The lines of force and the capacity of a system composed 
of an infinite series of parallel wires, radius c, at intervals <£, at a distance b x 
from the cathode and 6 2 from the anode is due to Maxwell (1892). In his 
work c/d and d/(b x -f 6 a ) were each supposed to be very small. The first ratio 
is almost always very small but the second only rarely, and to this extent 
the characteristics of triodes calculated on the basis of Maxwell’s original 
work must be modified. In practical cases c/d is not greater than 1/10 and 
d/(b x +b 2 ) is approximately 1 / 5 . A criticism similar to the above may be 
made of the results usually given concerning the cylindrical triode (of. 
fig. 4 ) which were due in the first place to Abraham (1919) and Laue (1919). 

Section 2 contains a modified theory of the planar triodo and a com¬ 
parison of results obtained for this type of tube. In § 3 will be found the 
theory of two special types of planar tetrode. The analogous problems, 
namely those of the cylindrical triode and two special types of cylindrical 
tetrode, are discussed in §§ 4 and 5 respectively. Diagrams of the lines of 
foroe in representative cases of a planar triode and also of a special type of 
planar tetrode will be found in § 6. Section 7 consists of a brief summary 
of all the principal results obtained. 

We are greatly indebted to Professor E. W. Marehant, D.Sc., for much 
helpful information and for the many discussions from which the following 
investigation emerged. 


2—The Planar Triode 

The method adopted in this case, and in all cases discussed below, can be 
applied to many other types of thermionic tubes. Since the individual wires 
of the grid are of small radius they can, in the first instance, be represented 
by mathematically linear conductors carrying charges. In the immediate 
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neighbourhood of these lines the equipotentials are cylindrical surfaces of 
small and approximately circular section with the lines as axes. An appro¬ 
priate equipotential is identified with the outer surfaces of the wires, and 
the potential distribution outside the wires is assumed to be that in the 
region between the wires, the anode and the cathode. In order to make the 
anode and cathode into equipotentials of the system appropriate image 
charges must be introduced, and the complex potential function must be 
found. In Maxwell’s work the anode and cathode were assumed to be so 
far from the grid that the effect of the image charges could be neglected. 



Fiu. 1—Planar triode and equivalent diode, s-plane. 


Fig. 1 represents a section of the triode, made by a plane perpendicular 
to the grid wires. Axes of x and y are chosen as indicated and z is the complex 
variable x -f ty. The (small) diameter of the wires is 2 c, the spacing between 
them is d , and each carries a charge of e per unit length; b v b 2 are the distances 
of the grid from the cathode and anode, and 6 is here used to denote the 
width b 1 *f 6 2 . 

Obviously in the complete system of line charges (including the image 
charges referred to above) there are positive charges e per unit length on 
wires through the points z = md -f c 2 nb and negative charges — e j>er unit 
length on wires through the points z = -i 2 b 1 ^md^t 2 nb, where m and n 
assume all integral values from - oo to oo. 

If we identify electrostatic potential with the real part of a complex 
potential function, then the complex potential function arising from a line 
charge e per unit length passing through the point z p ** x p + iy p is (omitting 
an arbitrary additive constant) — 2elog(z~ z p ), while, if the charge is — e 
per unit length this function is - 2 e log(z - z p )~K It follows that the complex 
potential function which we are seeking must be of the form 

— 2 e log/(z) -f const., 

where f(z) is an infinite product which has a simple zero at each point of the 
plane of the complex variable z where there is a positive charge (i.e. at each 
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of the points z « md + t2nb) and a simple pole at each point where there is 
a negative charge (i.e. at each of the points z ~ — t2b x + md + t2nb). f(z) is 
therefore a function with a doubly-infinite number of zeros and poles, and 
such a function must involve the quasi-doubly-periodic # functions. In 
the following investigation we adhere to the notation found in Tannery and 
Molk’s “Fonetions Elliptiques”. 

It will then be seen that the periods 2gj x , 2 a > 3 of the # functions are given 
by 2 (o x = d, 2 o 3 = i2b, and that the modulus q is given by 

q = exp(tn2tt) 9 /2(o 1 ) = exp( - n2bjd). 

In addition we shall write 

zjd = v - £+iy, r = 2o)J2(o x — t2b/d, — b x /d, and r = cjd. 

It follows that f(z) has simple zeros at the points v « m + nr and simple poles 
at the points v + l2/j — m + nr. But has simple zeros at the points 

v — m + nr> Hence the required complex potential function is given by 

W x =* — 2e\og{d' x (v)ld' x (v + t2fi)} + const., 

and this function arises from the system consisting of the anode and cathode 
in the presence of the electrified grid. On W x we can superpose - — iEz, 
which corresponds to a state of electrification producing a constant electro¬ 
static intensity in the negative direction of the y-axis, without altering 
appreciably the approximate circular form of the equipotentials about the 
wires of the grid. 

$ and ijr being the electrostatic potential and its conjugate function 
respectively, we take as our complex potential function 

(p + ulrzsiW = 2e\og{$ l {v + L2fi)ld' l {v)}--iEz- i rEb li (1) 

where the arbitrary constant Eb x is chosen so as to make the potential of the 
cathode zero. The component of electrostatic intensity in any direction s is 
- 30/3$, We have in ( 1 ) two unknown quantities E and e whose values can 
be adjusted so as to make the potentials of the anode and grid respectively 
equal to their given values v a , v r 
From ( 1 ) we obtain 

0 + 6 ,) + 2 e log hi. ( 2 ) 

At a point of the cathode we have y = — b v v = i — i/i, so that the potential 
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of the cathode is zero, since | i? 1 (| + ty) \ — | &i (£—yO I- At a point of the 
anode we have y = b t , v = £ — iy + $T, so that 


v a - Eb + 2e log exp(2?r//) 
= Eb + ine/i. 


> Vi + w ) 
d 4 (£-t/tj 


df _ dj> dW 2e \d[(v-¥i2/i) _ ^(v )| _ 

dx By dz d \dj(r+t 2 /<) dj(>')l 


Hence (Tannery and Molk 1893 ) 


d(j) d<f> _ j4ne sin h 2ny 

dx 1 dy ~ \d cosh 2n/i — cos 2n(v + ty) 


-jr ^ 2 ,,, 008 2w)tt( t> + iy) sinh 2mvy\—iE. 

d 7/1 = i i ~ v ” ' 

The surface density rr l of the charge on the cathode is given by 

-4 n<r x = 

and therefore, putting y — —b l and v — £ - ty in the last expression, we get 

, „ 4ne sinh 2ny 1 iSve “ r/ 2 " 1 - . , a 

- 477 o', » £+—j-r-K- —-k~> -j— 2 . cos 2m7r £ smh 2mn/t. 

1 d cosh ivy - cos 2ttE, d OT ~iJ -q im 

The mean oharge per unit length on the cathode is given by 

- 4 ^ 0 =! = - (4n/d) (* ar l dx = - in f <r x = E + 4nejd, (4) 

Jo Jo 

. f 1 sinh 2nyd£, 

since —-r;v —r— -x~~ r = 1. 

J 0 cosh ivy + cos int 


In order to obtain the potential v g of the grid it will be necessary to find 
from ( 2 ) an approximate expression for <j> when y is small (| y | <c) and v is 
equal to m + re l x, where m is an integer or zero and r is c/d. Using these values 
of y and v and expanding the d functions in powers of re 1 *, we get 


E(y + b 1 ) + 2elog 


thirty) 

lrdj( 6 ) 


+ 2e log 1 +re'X 


t>[(rty) 

d\{rty) 


+ 0(rV 2 *) 


Obviously v g must be a constant independent of y and y. Thus the diameter 
of the wires, 2 c, must be small enough to ensure that y is small compared 
with b x and that all terms involving re‘x may be neglected. 
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This condition satisfied, we have 

+ ( 5 ) 

Since b/d is approximately equal to 5 , q is approximately equal to exp( — 107 r) 
and may be neglected. This being the case ( 5 ) becomes, with an accuracy 
sufficient for this investigation, 


v 0 « Eb x + 4 neju + 47rea/d, 


(«) 


where 


2 not = ~< 21 og 2 nr — — dlog( 27 rc/d). 


(?) 


Equations ( 3 ), ( 4 ) and (0) may now be used to express the mean charge per 
unit length of the cathode linearly in terms of the potentials v a and v g . We 
have 


— 4 ; kt 1 


b t v g + av a 


( 8 ) 


and, if 0 12 , (7 13 are the capacity coefficients of the grid and anode respectively, 
C 14 (w 1 /4.7rfc 1 ) that of the equivalent diode, we can identify (8) with the 
relation 

= 4 ^( 0 ,,®,+ (?„»«) 

and thus obtain expressions for the capacity coefficients. Moreover, the 
mean charges per unit length on the filaments of the triode and its equi¬ 
valent diode will be equal when 


^U V 0 + ^l3 V a ~ ~ V14:7rb v 

and this relation enables us to express V in terms of v a , v g and the numerical 
constants of the triode. An expression for the electron current in the triode 
may then be obtained by the method explained in § 1. 

The results obtained above are identical with those derived by Maxwell 
except that in the original investigation 2wxjd » — log(2 sin ncjd), whereas 
here 2n(xjd = — log( 27 rc/d). Maxwell's formula suggests an accuracy which 
is not justified by his analysis. In the original work constancy of potential 
over an infinite row of exactly circular contours was obtained by a suitable 
choice of potential function, and two slightly sinuous contours at a great 
distance from this row were identified with the ‘ £ plane ’’ cathode and anode. 
In making this approximation, terms of the order of magnitude greater than 
c/d were neglected, so that to the order of accuracy suggested by his work 
Maxwell^ result should be 2nccjd - -log( 27 rc/d) as in the present work. 
(In the most critical case.occurring in practice, when cjd = 1/10, we note 
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that -log(2ffc/d) = 0-465 and - log(2 sin rrcjd) = 0-481.) Subject to this 
slight alteration, the investigation in this section may be taken as a justifica¬ 
tion of Maxwell’s unexplained assumption that the effect of the image 
charges may be neglected. We therefore note that the characteristics of 
thermionic tubes calculated on the basis of Maxwell’s work can be accepted 
only because the dimensions of the systems usually occurring in practice are 
such that the effect of the image charges can be neglected. 

3 —Two Special Types of Planar Tetrode 

The first type of planar tetrode which we intend to discuss here is such 
that the grids are infinite in extent, are parallel to both the anode and the 
cathode, and the spacing of the wires of the grid O t (see fig. 2) is twice that of 
the wires of the grid O v Fig. 2 represents a section of this tetrode, made by a 
plane perpendicular to the wires of the grids. 


y 



Fio. 2—Planar tetrode (first special type), z-plarie. 


The small diameters of the wires of the grids G 2 and G l are 2c and 2c', the 
wires are spaced at intervals of d and d/2, and the distances of the planes of 
these grids from the cathode and anode are b x , b 2 and b \, b' t respectively, where 
of course 6j + 6 a * + = b. The plane of the normal section shown in 

fig. 2 is taken as the plane of the complex variable z (= x + ly), axes of a: and y 
being as shown, and it is assumed that the centre of the trace O' of one wire 
of the grid Q x lies on the axis of y . Also, in addition to the notation employed 
in § 2, we shall write 

h =■ b x -b[ = b 2 -b t , A = b[jd, and r' = c'jd. 

Let the wires of the grid G a each carry a charge e per unit length. Since 
those of the grid O x need not necessarily each carry the same oharge it will 
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be assumed that those passing through the points z — md — t(b x — b[), where 
m may be any integer or zero, each carry a charge e 1 per unit length, and 
that those passing through the points z = {d + rrid — t(b x ~ b[) each carry a 
charge e[ per unit length. It is clear from the relative positions of, and 
from the charges on, the wires of the grids that the potentials of the 
wires of the grid C? 2 have, to the first order, the same constant value, say 
those of the grid Q x which carry charges e x per unit length have, to the 
first order, the same constant potential, say and those of the grid Q x 
which carry charges e[ per unit length have, to the first order, the same 
constant potential, say v' x . (It will be necessary, of course, to have v x equal to 
, and this is effected below by suitably adjusting the magnitudes of the 
charges e{ and e v ) 

The part w of the complex potential function arising from the charged 
wires of the grid 0 2 is, omitting an arbitrary constant, 

2elog{# 1 (t' + t2/*)/#i(v)}; 

also the parts w v w[ arising from the charged wires of the grid 0 l9 which 
carry charges per unit length e v e[ respectively, are given by 

w x = 2e x log{i\(v + i/i -f tA)/&i(v + t/t — /A)}, 

tv[ = 2e’ x \og{d' 2 (v + ifi + iA)/& z (v + i/i-iA)}, 

these two expressions following from the first after a change of origin. As in 
§2 we introduce into the complete complex potential function a term 
— lEz which represents a constant electrostatic field of intensity E in the 
negative direction of the y-axis. The complete complex potential function 
is therefore given by 


+ W » w + w x + iv' x — tEz + Eb x 




where is the electrostatic potential and where the significance of the 
constant Eb x will appear below. 

From (9) we have 


<j> m E(y + b x ) + 2c log 


■ ft 1 (y + t2/t ) 


+ 2e x log 
+ 2e! x log 


+ +tA )| 

& x (v + t/i-tX) I 

#,(!>+t/t 4-tA) 
# a (y + t/t-tA) 


(10) 
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The potential of the cathode (y = —b v v = £ - ty) is evidently zero. If v w is 
the potential of the anode (y = fc 2 , v = £ — t/4 + Jr), we have after reduction 

- 7J6 4 - 4tt//c + 4nAe v + 4/r AeJ . (11) 

The potential v 2 of the grid 0 2 is obtained from (10) by substituting 
v = m-f re'*, where m is an integer or zero, and r ~ c/d. Thus 




E(y + b i) + 2elog 


$^12/1 + r? **) ] 0 , | + tA + r&x) 

» x (fe‘xj~ | 4 ' “ Cll ° g [ 


+ 2e{ log 


— tA + re l x)\ 

& 2 (t/i + tA + re'*) | 

~ /A-f re.'x) i ‘ 

If r is small compared with // — A (i.e. if c is small compared with h) we 
may expand the $ functions in powers of re 1 * and retain only those terms 
independent of y and re 1 *, as explained in §2. Thus, to the first order, we 
have on reduction 


Eb x + 2c log 


r#i(0) ! 


2 ei log 


-jJyttJ] I + 2e' log 

#i(V»-A)l 


x%( i/t + A) 
# 2 U/' - A) 


( 12 ) 


The potential of those wires of the grid G x each of which carries a charge 
e i P 61 * un lt length will he obtained from (10) by substituting ym — (^x — 
p~m — i// + tA + r'e l x, and retaining only those terms independent of r'e l *. 
We then get 

\&iUti + A)\ 


i\ ™ Eb[ + 2e log! 




+ 2e t log| I + 2 ,; log j j. ( l3 ) 


# 2 ( 0 ) 


r'#;(0)l 

Similarly to evaluate the potential v[ of those wires of the grid O v each of 
whioh carries a charge e[ per unit length, we substitute you -(6 1 -6j), 
v = m + i - i/i + <A + r'e'x and reject terms involving r'e‘x. Thus after 
simplification 

| x\{i/i + A) | 


v[ = Eb[ + 2e log 


+ 2 ei log!^ 

# 2 ( 0 ) 


+ 2ej!og 


HlU) 

/ »;(()) 


# 8 (t/t - A) 

If v{ has to be equal to v v then from (13) and (14) we find 

#i(*2A)*,(0) 


(14) 


0 ass 2elog| 


fjjt/i + A) # 2 ('A-A) 
&i(iy - A) t?,(t/4 + A) 


+ 2(e 1 -ej)log 


r #i(0) # a (t2A) 


Since b/d is approximately equal to 5 and q is therefore approximately equal 
to exp( - 10 tt), this equation beoomes 
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If we take account of the fact that in practice /i 1 0/3, and A m 5/3, we note 
that the factor multiplying e is almost zero while that multiplying e x — ej is 
very large. Hence to our order of approximation e x = We therefore have, 
from (13) or (14), 

« Eb'i + ^nAe + Hne^X + oc'/d), (15) 

where 4na'/d = - log 4 nr' = -log(27rc7Jd). (16) 

We also get from ( 12 ) 

i\ £ — j5fr x 4 - 4;re(// 4 a/ri) 4 8 ^Ae lf (17) 

where, as in § ( 2 ), 2noc/d = — log 27 tt\ 

The mean charge per unit length, cr v on the cathode may be deduced 
directly from (4). The charge densities induced by the grids are additive 
and that induced by the uniform electrostatic field is — E/4n. Hence 

— 477 tx x = E 4 ine/d 4 4ne x jld = E + 4ne/d + Snejd. (18) 

We have now three unknown quantities E , e and c x whose values have 
been adjusted so that the two grids and the anode have potentials v v v 2 and 
v a respectively. The mean charge per unit length of the cathode may be 
expressed, by means of (11), (15), (17) and (18), in terms of these potentials 
and the numerical constants of the tetrode. From these equations we have 
in fact 

OL&'b 4 cd) x b 2 4 a b x b % 4 hb x b 2 

The capacity coefficients C X2 , C X3 , C l4 of the grids O v Q z and anode respec¬ 
tively (see fig. 2 ) follow quite easily by identifying (19) with the relation 

- 4tt(T x = 4n(C X2 v x 4 C 13 v 2 4 C 14 v a ). 


The condition that the grid O x is absent is mathematically c f 0 , a' ->oo, 
and in that case we have 


— 4770 ^ 


b 2 v 2 4 av a 
ab J t b l b z ’ 


a result which was obtained in § 2 . Similarly, if only the grid O x is present 
we have c 0 , a oo and 


— 477(7* x 


b 2 v x 4 a'v a 
ot'b+Jfil 1 


which, as we should expect, is similar in form to the last result. 

With reference to fig. 2 , let all the wires comprising the grid Q x be dis¬ 
placed forwards through a distance \d in a direction parallel to the axis of x . 
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We now propose to discuss briefly the distribution of potential in this seoond 
type of planar tetrode. The notation of the last discussion will be used here; 
also the approximations made above as to the relative magnitudes of the 
numerical constants of the tetrode will still be made during the present 
discussion. 


y 



Fig. 3—Planar tetroclo (second special type), s-plane. 


There are evidently in this case (fig, 3) line charges of e, e 1 and e[ respec¬ 
tively, per unit length, passing through the points v » m, v « £ + m — t{fi — A) 
and v — — m — — A), where m is any integer or zero. It follows quite 

easily that the complex potential function for this case is given by 


and the electrostatic potential is therefore given by 


= E(y + 6 X ) + 2e log 


w~ 


+ 2e, log! 


£ + ifi + iA) I 

— 1 + ift-iX) 


+ 2e[ log M'.r .L+i/fl1 A J 
1 g + 


The potential of the cathode (y = - b lt v =* £ - ifi) is zero, while that of the 
anode (y * 6 a , v =» £ - t/i 4 - £r) is given by 

v a = Eb + 4rr/ie + in\.e x + 4wAeJ. (21) 

The potential v t of the grid 0 2 follows from (20) by substituting 


v — m + re i x, 






The Distribution of Potential in some Thermionic Tubes 393 


expanding the # functions in powers of re 1 * and retaining only those terms 
which are independent of y and as explained above. Thus, assuming that 
c is small as compared to A, we get 

# 2 ( J 4- 4* A) 


v 2 = Eb x + 2e log 


r«fO) 


4 2e x logl 


+ 2e; log 


j + A) 


and this to our order of accuracy becomes 

v z =s JS76 X 4 - 47 tc( / m 4 * ajd) 4- 4zrAe 1 4- ±nAe[. (22) 

The potential ?; x of the wires of the grid O v each of which carries a charge e x 
per unit length, and the potential v[ of those which carry a charge e[ per 
unit length, will be obtained from (20) by substituting 

y^ — (6 X —6 X ), v — l + m — ifi + iA + r'e 1 * 

and y - (b i — b[), v = - J 4- m — t/i 4* tA 4- r'e 1 *, 


respectively. Thus retaining the terms independent of y, we get 


and 

v' x = Eb[ 4-2elog 



+ 2e, log 


+ 2eilog 

#*(t2A) 

Vi(i-^-A) 

4^(<j) 

*.(0) ’ 

#,( - J + t/* + A) 

+ 2e,log 

r *.(*2A) 

+ 2eJlog 

f #,(*2A) 


’ #,(0) 

’ r'#i(0) 


Since | | » | (p + «f) |» the coefficients of 2e in the above expres¬ 

sions are equal to one another. Thus the potentials and v x are equal to one 
another if e[ — e x exactly. Therefore, using this relation, we get from (22) 


t> 2 = Eb x -4 47 re(fi + ajd) 4* 87rAe lt (23) 


and from either of the last two equations 


v x « Eb x 4- 47rAe 4 87re 1 (A 4 a'/d), 


(24) 


since 


# x (£ *4 iji 4- A) 


cosh 7r(/4 4 A) 4 i sinh 7r(/4 + A) 

- 4-A) 

i 

cosh 7r(/i — A) -1 sinh n(/i — A) 


a* exp(2wA), 


The mean charge per unit length on the cathode in this case is obviously 
the same as that on the cathode of the first kind of tetrode discussed above, 
that is 


— 4>nfT x » E 4- 47re/d -4 Snejd. 


(25) 
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By means of (21), (23), (24) and (25) we may now express linearly in terms 
of the potentials v v and v a . It is not necessary, however, to obtain this 
relation, as it will be seen at once that the above-mentioned equations are 
identical with (11), (17), (15) and (18) which apply to the first type of 
tetrode discussed above, and therefore to our order of accuracy the coefficients 
of capacity in these two special types of tetrode are identical. 

4—The Cylindrical Triode 

The theory of the planar triode discussed in § 2 may be extended by means 
of a simple conformal transformation to cover the case of the cylindrical 
triode in which the anode, cathode and grid are coaxial cylinders all of 
infinite length. By applying the same transformation the theories of the 
special types of planar tetrode will yield results for special types of cylindrical 
tetrode (see § 5). 


/N 



9 d R 

Fig. 4—Cylindrical triodo. £-plano. 


With reference to the present problem fig. 4 represents a section of the 
triode, made by a plane perpendicular to the wires of the grid. The plane of 
this section is taken as that of the complex variable £ ( ~pe t0 ) } and the radii 
of the cathode, anode and grid cylinders are respectively le , R and a. As 
before, the small diameters of the grid wires are each equal to 2c. 

Consider the relation 


2nvd « 2nz « mdlog(£/a) 


( 26 ) 
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connecting points in the z-plane (fig. 1) and points in the £-plane. We have 


2nx=*—nd6 and 2ny « ndlog(pja). 

The space between the conductors y = 6 a and y = — b x in the z-plane is 
transformed into the space between the circles p = R and p * k in the 
£-plane, if 

2nbjd = nlog(jR/a) and 2np — nlog(a/k). (27) 


Moreover, corresponding to the line charges through the points z = md in the 
z-plane there are in the £-plane n Line charges equally spaced on the grid 
circle p = a. We assume that each of the line charges in the z-plane has 
density e per unit length. 

We then employ in our treatment of the problem of the cylindrical triode 
the complex potential function 


+ Lijf 


W — 2 elog 


£\* # 1 (i' + i2/4)l 

M . u») r 


(28) 


where v and £ are connected by (26), and as before represents the electro¬ 
static potential. The term 2 ep log(£/&) arises from some radial electrostatic 
field and, following the method employed in § 2 , the unknowns p and e will 
be expressed in terms of the potentials v Ri v g respectively of the anode and 
grid. We have from ( 28 ) 



p d' 1 (i> + i2/i) 


(29) 


and consequently the potential of the cathode (p » k, v = £ - ip) is easily 
found to be zero. The potential of the anode (p « v = £ - ip *f \r) is 
given by 

v 2i ±= 2ep log (Rjk) + 2enlog(a/fc), (30) 


since 2n/i « n\ag{ajk). 

Now «*•— = ^ L + £ ” l ^ + <2/ t) 


2 e T n sinh 2n/i 

p \J } + cosh 2 n/i - cos 2tt(i' + i/i) 

— 4n 2 r —g i , 008 2m1T ( v + </*) 2mir P 

1 f “Sr 


The Burface density o, of the charge on the cathode is given by 


— 4jto-j = (3 


2 t> 


Vol. CLXI—A. 
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and the mean charge per unit length on the cathode is 

r i 

I c r x kdQ y or 2nk\ <r x d!;. 

It follows that -e x = e(p + n). (31) 

The potential v g of the grid is now obtained from (29) by substituting 
aexp(“i 2 m^/n) + cexp(^Y) for £> and, therefore, m + irexp(t#') for v, 
where 

= x + 2mnln and r = ncj2na. (32) 

Thus retaining as before only the terms independent of x we our 

order of approximation, remembering that here q ~ (k/R) n , 

v g a= 2 ep log(a/&) 4 - 2 e^(log(a/fc) 4 * y), (33) 

where ny * log(a/wc). (34) 


Prom (30), (31) and (33) we now get 


i « 5gjggW f I±y^ _ 

1 y log( R/k) 4 - log(o/fc) log( Rja) 


(35) 


as the equation expressing the negative charge on the cathode linearly in 
terms of the potentials of the anode and grid, a relation which was 
obtained by other methods by Abraham and by Laue. 

The capacity coefficients C f 12 » C xz of the grid and anode respectively are 
easily obtained from (35) by identifying that equation with the equation 


— 2(C ia ?; tf 4*(7 13 v n ). 

Obviously the potential V of the anode of the equivalent cylindrical diode 
is given by 

akVj{a — k) » G x %v g 4 - 

where it is assumed that the latter anode has radius a. A formula for the 
electron current follows at once by substituting this value of V in the 
formula applicable to the cylindrical diode (see § 1 ). 


5 —Two Special Types of Cylindrical Tetrode 

The distributions of potential in two special types of cylindrical tetrode 
may be obtained by extensions of the theories of the special types of planar 
tetrode, given in § 3. 
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With reference to figs. 2 and 5 consider again the relation expressed in 
( 20 ). The space between the conductors y » b 2 ai *d y ~ —b x in the 2 -plane is 
transformed into the space between the conductors p — R and p » k in 
the £-plane, it being assumed that the relations expressed in (27) still hold. 
Moreover, corresponding to the two sets of line charges in the 2 -plane, 
passing through the points z = md and z =» —t(b x ~b[) + mdj2 respectively, 
where m is any integer or zero, there are in the £-plane n and 2 n line charges 
passing through points which lie equally spaced on the circles p = a and 
p = a' respectively, if, in addition, 

2n(fi — A) « nlog(a/a'). (36) 



Fig. 5—Cylindrical tetrode (first special type), f-plane. 

We assume that the wires of the grids G v (fig. 5) each have small 
diameters 2 c', 2 c respectively. If, as before, we take 6 to be the argument of £ 
it will be seen that the traces of one wire of each grid lie on the line 0 = 0 . 

The present problem being analogous to that of the first type of planar 
tetrode discussed in § 3, it is evident that here, in order to ensure the con¬ 
stancy of potential (to the first order) on all the wires of the grid G x and also 
on all those of the grid Q v there must be charges per unit length equal to e, 
e x and e[ on each of the n wires through the points £ = aexp(i2mn/n) } 
£« a'exp(* 2 wwr/w), and £ =» a'exp{<( 2 m-b l)n/n}, and also a relation 
between e x and which will ensure that the constant potentials of con¬ 
secutive wires of the grid G x will be equal This relation will appear below. 

Having found the complex potential function appropriate to the first type 
of planar tetrode of §3 the relations expressed in (26), (27) and (36) will 
suffice to solve the problem! of the distribution of potential in this first special 
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type of cylindrical tetrode. This complex function for the present case is 
quite easily found to be given by 


0 + if m 


W « 





+ 2e l log 


|# 1 (v4-i/*-4A)j 



# 2 (yq -ipt + iX) \ 

& 2 (v + ifi-iA)}’ 


(37) 


where v is expressed in terms of £ by means of (26), <j> represents the electro¬ 
static potential and the term 2 eplog(£/£) arises from a uniform radial 
electrostatic field. 

From (37) we have 


(j) = 2e log 



p 


#i(v + t2fi) 


4 * 2 e x log 


#i(y + t/i + iA) 

#i(v + (ft — tA) 


+ log 


fl a (y + ifi + tA) 
& 2 (v + t/i — tA) 


(38) 


and it follows immediately that the potential of the cathode is zero. The 
potential of the anode (p « if, v = £ — t/i 4 - Ar) is, after simplification, found 
to be given by 

v H = 2 e/p log {Rjk) + 4 nfie 4 - 4^Ac x 4 - 47 rAe;. (39) 

The potential v 2 of the grid 0 2 is obtained from (38) by substituting 
£ * aexp(~*^ 2 m 7 r/^) + cexp(t / Y), and, therefore, v * m + <rexp(^ r ). More¬ 
over the i9* functions must be expanded in powers of re 4 *' and only terms 
independent of this quantity must be retained. We assume that r is small as 
compared to p — A, Thus 


v 2 = 2 eplog r 4 2 elog 


i #i(‘_2j») 
i r#J(0) 


4 - 2e x log 


4* A) 


#i(V»-A) 


+ 2e[ log 


— A) 


(40) 


On a wire of the grid G\ which carries a charge e, per unit length we have 
£ = a ' « X P( ~< 2 »i 7 r/n) + c' exp(ix) and,therefore, v ^ m-i/i + tX + tr' exp(tx')* 
where r' = nc'/2na'. If v x is the potential of one of these wires, we have, from 
(38), retaining only the terms independent of x', 




2eplog(~)+ 2e log 


#j(t/t+A) 


* X (V»-A)| 


3 -- + 2 Ci l°g| 


#,(t2A) 


r'^J(O) 


+ 2e i log! 


»,(t2A) 

»,( 0 ) 


(41) 
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Similarly on a wire of the grid G x which carries a charge e x per unit length 
we have h 

£ » a' exp{ - t(2m 4- 1) njn} + c' e^p(i^) 

and v » m + \ + cA - ifi + ir' exp{i(x' + njn)}. 

It will be found quite easily that the potential of such a wire is given by 



4* 2e log 


$ 2 ( 1 /* + A) 
$ 2 (t/i - A) 


+ 2e x log 


*i(0) 


+ 2e£ log 


& x (i2X) 
r’$' x { 0) 

(42) 


In order that v\ may be equal to v x it follows, from a comparison of (41) 
and (42) with (13) and (14) respectively, that to our order of accuracy e[ must 
be equal to e v Thus from (40) and either of the last two equations we have, 
remembering that q is now equal to (kjR) n and is therefore very small, 


v x * 2 ep log (a'/k) + 2 en log (a'jk) + 4 e x n{y r 4 - log(a f /k)} y (43) 

and v 2 = 2 ep log (ajk) + 2en{y 4- log (ajk)} 4- 4 e x n log(a f jk) f (44) 

where ny « log(a/wc), 2 ny f = log(a'/2nc'). (45) 


Since the charge densities induced on the cathode by the charged wires of 
both grids are additive it follows from § 4 that the mean charge per unit 
length on the cathode is given by 


— e x =* ep + en 4- e x 2n. 


(46) 


Evidently the three arbitrary quantities e, e x and p can now be chosen 
so that the potentials of the two grids and the anode have prescribed values 
v v v 2 and v R respectively. The mean charge e x may now be expressed 
linearly in terms of these three potentials; in fact we get from (39), (43), (44) 
and (46) 


■2e, 


«i(y log § + log “log + v 2 y’ log ~ + v R yy' 

R t a'. R ,. R. a . R. a . a' 
yy logj + ylogj\og-, + y log - log ^ + log - log log j- 


(47) 


As a check the result obtained in § 4 can be deduced from the above expres¬ 
sion; thus when y'-*oo the value of — 2e x approaches 

K log( R/a) + v K y}j{y log(R/k) + log{R/a) log (a/k)} 

and the v 2 of this expression is of course the v a of § 4. A similar expression, 
corresponding to the case in which only the grid <?, is present, may be 
obtained by inserting in (47) the mathematical condition y->oo. 
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The coefficients of capacity C 12 , C ia and C u of the grids 0 1 and (? 2 and the 
anode respectively may be obtained immediately By identifying (47) with 
the relation 

— 2^ = 2(C f 12 ^i+ ^3^2 4- 

It is easily seen that the problem analogous to that of the second type of 
planar tetrode (fig. 3) discussed in § 3 is the problem of a cylindrical tetrode 
(fig. 6) in which the radii of the cathode and anode cylinders are k and R and 
the grids O v C? 2 > aB before, lie on cylinders of radii a ' and a respectively. All 
of the wires of the grid O x have now, however, been displaced in the same 
direction through an angle n/2n t so that altogether there are line charges of e t 
e x and e' v per unit length, passing through the points where £ has the values 
aexp( — (2m7rjn), a'exp{~/(m + |) 27r/n} and a'exp{ —t(m — \)2njn) re¬ 
spectively, there being of course some relation connecting e^and e v From the 
results obtained for the cases of the two special types of planar tetrode of 
§ 3 it will be anticipated that the distribution of potential in the cylindrical 
tetrode is to the first order unaffected by this angular displacement of the 
wires of the grid O v It is shown very briefly below that this is actually the 
case. 



Fia. 0—Cylindrical tetrode (second special type), £-plane. 


In this problem of the second type of cylindrical tetrode (fig. 0) the com¬ 
plex potential function is given by 


<j> + t\jr ss W - 2 eIog 


T 

F 




| + 2e, log| 
+ 2eJ log j 


(v—i+ip—tX)) 




The Distribution of Potential in some Thermionic Tubes 401 


so that <p =* 2e log 


&l(v) 


+ 2e x log 
+ 2eJ log 


d^v-j + ifi + iX) 


■d-i(v~i + t/i+iX) 


(48) 


&i( p ~ i + i/t —<A) I 

The potential of the cathode is zero, while that of the anode is given by 

v R = 2ep ]og( Rjk) + 4 n/ie + + 4?rAeJ, (49) 

and that of the grid 0 2 is obtained from (48) by substituting 

£ = aexp( — t2mnjn) + cexp(ix), v = m + irexp(ix') 
and retaining the terms which are independent of x or X - We get 


v 2 = 2eplog|~j+ 2elogj 


rd[(0j 


+ 2e x log 


^T-j_+Vf+tA) 
&i(~l +tfi- tA) 


+ 2«i log 


$a( — J + t/t + fA) 
•^ 2 ( — J + e/t—tA) 


(50) 


Similarly to obtain the potentials v 1 and v[ of alternate wires of the grid 0 1 
we substitute in (48) 


£ = a' exp{ - i(m + £) 2njn) + c' exp(fx), 

v = to + £ - i/i + lA + tr' oxp(iy' + ot/2») 

and £ = o' exp{ - i(m - £) 2njn) + o' exp(tx), 

v = m — 1 — i/i + iA + ir' exp (lx! — wr/2«); 

as before only terms independent of x or x ' are retained. After reduction we 
get 


t>, - 2eplog(j.)+ 2elogj 

+ 2e x log 

& x (i2A) 
r'» i(0) 

+ 2e x log 

& t (i2A) 

U0) 

vi- 2 epU^ h ) + 2 e log 

+ 2e t log 

# 2 (t2A) 

^«(0) 

4- 2e( log 

^(t2A) 

r'^(0) 


Obviously v[ and v x are equal to one another only if e x is equal to e x exactly. 
Consequently we get, to our order of aoouracy, from (50) and either of the 
last two equations 

v x = 2ejo log(a'/fc) + 2en log {a'jk) + 4e 1 n{y'+log {a'Ik)}, (51) 

v t — 2ep log (a/A) + 2 en{y + log (ajk)} + 4e x n log(a'/k). (52) 
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The mean charge per unit length on the cathode is still given by (46). 
Comparison of (49), (61) and (52) with (39), (43) and (44) respectively, now 
show immediately that the coefficients of capacity in the two types of 
cylindrical tetrode discussed in this section are to the first order identical- 


6—The Lines of Force in Representative Cases 


(i) The Planar Triode (fig. 1) 


Along a line of force the function ijr has a constant value. The ^-function 
appropriate to the present case may be found from (1). Thus, to our degree 
of accuracy, we have 


\Jr = 2e tan -1 


sin 27r£ 
e 2ni i - cos 2 ng 


-m, 


or in an equivalent form which is more useful for the present purpose 

.a., = «nftfr' + ( l+g)27rg } 

sii#' + 2«7r£} ’ 

where yV' = t/r/2e, 2 an — Edj'Ie. 

Obviously e 2 *’ is unaltered when \Jr' is increased by an integral multiple of 
it; also, as we should expect, the lines of force repeat themselves at unit 
distances of £ and they are symmetrical about the lines £ = 0 and £ = It 
is therefore sufficient to draw the lines of force in the interval — f 

Equations (3) and (6) enable us to express 8 in terms of v u , v g and the 
numerical constants of the triode ; we have in fact 


E = ( fc i+ «)»«-Mg 4*re = bv g -b l v a 

b 1 b i +ba ’ d bj) 2 + ba ’ 


and therefore 


(b l + ct) v a -b l v g 


At a neutral point in the electrostatic field between the anode and 
cathode we have d<f>jdx - 0, d<j>/dy = 0, and therefore dWjdz - 0. Thus, 
from (1), at a neutral point we have approximately 


e -i2iK£+ii() _ \ +a~l ) 


that is £ == 0, e in ’ 1 = 1 +« _1 , or £ = $, e 2 "’ = - (1 + s->). 

It follows that two neutral points on the same diagram, one on each of the 
lines £ = 0 and £ =» J, is impossible. 
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Figs. 7 a, 6, c and d show the lines of force for the four values — 5, — 1, +1, 
and + 5 respectively, of the ratio vjv gt for a triode in which the numerical 
constants b v b t> c and d are such that 

(b x + b 2 )/d = 5, ii — bjd = 2, c/d = 1/5tt 
and consequently 

2n*ld « 0-92, « = — 2)/(5 — 2vjv g ), 

It will be found quite easily that the neutral points (£, rj) occur in these 
diagrams at (0*5, —0*28), (0*5, — 0*06), (0, 0*48) and (0, —0*13)respectively. 



vjv g = - 6 


w 


It 


m 

fim 


vjv, - - 1 vjv, = + 1 

Fig. 7—Planar triode. 


Anode (?’„) 


Grid (*.'„) 


Cathode (0) 


(ii) The Planar Tetrode (fig. 2) 

In this case we have from (9), remembering that ej = e v 

„r,. , sin 27 t£ e,. . sin 4ng 

ft = - 2sn£ + tan -1 - 5 —- ~i +- tan- 1 -rr—r,- 

T 0 e !,r ’ - cos 2nt e e 4 ’ rt ’ + >‘- A) — cc 


- cos 4 tt£ ’ 


this function being oonstant along a line of force. The quantities a and eje 
may be expressed in terms of v v v t , v a and the numerical constants of the 
tetrode, by means of (11), (16) and (17). 
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In the special type of tetrode considered here the numerical constants are 
such that 

(&i + 6 g )/d = 5, [i - 2A « 10/3, and c/d = c'/d* = 1/5tt, 

whence 2nald ~ 0*92 and 47r<x7<i = 0*22. 

Also it will be found that the neutral points are here, as above, given by 
e -t 2 n(£+t n ) _ i .fari, but the value of s in this case depends of course on the 
values of the three potentials v v % v a , and the above ratios. 


Anode (t; a ) 


Grid (r^ i v i) 


Grid Q x (v x ) 


Cathode (0) 


a 



°»/ V «= J. V ll% = - id- 


Anode (v a ) 


Grid Q % (v 2 ) 


Grid Q x (v x ) 


Cathode (0) 
v *l v a = v ll v a “ — tV 



Fia. 8—Planar tetrode. 


In practical cases the ratio v t /v a lies between 3 and 1/3 and vjv a lies 
between — 1/30 and 1/30. Figs. 8a and 8 b show the lines of force in this 
special type of tetrode having the dimensions whose ratios are given above, 
when Vi/v a has the value —1/40 and vjv a the values 1/3 and 3 respectively. 

The neutral points in these diagrams occur at (0, -0-1) and (0-5, 0-06) 
respectively. 

In a similar way the function t/r may be found and the lines of force may be 
drawn for representative cases of special types of cylindrical triodes and 
cylindrical tetrodes. Thus f may be obtained from (28) in the ease of the 
cylindrical triode and from (37) in the oase of the cylindrical tetrode. In 
addition it will be necessary to make use of (30) and (33) in the former oase 
and of (39), (43) and (44) in the latter. 
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7—Summary 


Maxwell’s formula for the capacity of a triode composed of a row of 
rectilinear cylindrical conductors of small circular section between plane 
anodes and cathodes suggests an accuracy not justified by the analysis. A 
review of the investigation results in a formula which differs only slightly 
from the original one when the dimensions of the triode are those of the 
tubes in current use. The method employed is a general one and can be 
applied to a wide range of cases. A number of these cases have been worked 
out and the coefficients of capacity are for convenience given below. 

(i) The Planar Triode (fig. 1). 

The coefficients of capacity O ia , 0 13 of the grid and anode are given by 
the identity 

4 * T(C 12 v 0 + C n v a ) m {h z v Q + CLV a )l(boL + b y b 2 ). 


(ii) The Planar Tetrode (figs. 2 and 3). 

In this case 0 12 , 0, 3 and 0, 4 are the capacity coefficients of the grids 
O v O z and the anode respectively, and they are to be found from the 
identity 


+ C lit v 2 4* C u v a ) 


(ab 2 + hb 2 ) v x ~f a'b 2 v 2 -f aa f v a 
oca'b + ccb' 1 b 2 + oc'h 1 b 2 + hb{ b 2 * 


(iii) The Cylindrical Triode (fig. 4). 

0,3 and C 13 having the same significance as in (i), we have 


( 12V18 * } ~ y\og(R/k) + iog(a/k)\og(R/ay 

(iv) The Cylindrical Tetrode (figs, o and 6). 

The coefficients of capacity O xa , 0, a and 0 14 of the grids G„ 0 a and the 
anode respectively are given by the identity 

2(0,2 V, + 0,31>2 + 

{y logCgK) ± jog(j/gj lQ g( a K)} y i ± Y iog(fl/a) 4- ry\t 

yy' log (M/k) + y log(a'7&) log(R/d 7 ) + y r log(JR/a) log {a/k) 

+ log (I?/a) log(a/a') log(a f /k) 
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The Two-Dimensional Hydrodynamical Theory 
of Moving Aerofoils—I 
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1 —The two-dimensional hydrodynamical theory of aerofoils has hitherto 
been developed only from the standpoint of the aerofoil at rest in a moving 
liquid. In spite of the many disadvantages attaching to this method (no 
account can be taken in it of the accelerations or the angular velocity of 
the aerofoil), it seems to be the only one which up to the present has been 
found to be capable of development to any serious extent. In an important 
paper Wagner ( 1925 ) seems to have made the first real attempt to deal with 
accelerated aerofoils, but his discussion is limited to a flat plate in motion 
without rotation and in a constant direction to which it is infinitely slightly 
inclined. Later Glauert ( 1929 ) in a paper issued by the Aeronautical 
Research Committee, basing himself on the somewhat artificial concept of 
bound vortices, deals with a more general case, but his formulae still 
require a knowledge of the velocity potential of the fluid motion, which 
he was unable to give, except for the well-known case of the elliptic cylinder. 
Later, Lamb ( 1929 ) gave a revised form of Glauert’s discussion but was still 
unable to derive definite formulae for any specific case beyond those given 
by previous writers. In several papers published about this time Bickley 
( 1929 ) succeeds in framing a more general mode of attack in these problems 
and pursues it to the extent of finding the force and couple on the cylinder 
in uniform motion—including rotation, applying his results in particular 
to the Joukowski aerofoils: but the method of attack employed by him is 
so cumbrous that it is difficult to develop to any extent in more complicated 
cases, and he does not take into account the accelerations of the motion 
in the general case. 

In undertaking a re-examination of two-dimensional potential theory 
in general, a method was discovered which enables the results for the more 
general theory to be developed with considerable ease, and my object in 
this paper is to sketch the application of the method to the general aerofoil¬ 
shaped cylinder moving in any general manner in homogeneous incompres¬ 
sible fluid, including also the case when there is circulation round the 
cylinder. 


t 406 ) 
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The method has something in common with that employed by Bickley 
but it employs another auxiliary variable, the one, in fact, which he uses 
occasionally in his geometrical discussions, but rejects as being unsuitable 
for use in the general hydrodynamic theory. It is the consistent use of this 
new variable that leads to the great simplification which we have been able 
to achieve in these discussions. 

2 —When a cylinder is moving perpendicular to its axis, in a liquid other¬ 
wise at rest, with velocity components u , v along axes ()x> Oy on a normal 
cross-section of the cylinder, and has an angular velocity o> about any 
normal to this section (parallel to the axis), it is well known that the boundary 
condition to be satisfied by the current function ijr is 

}]/ = uy — vx— \(i)(x 2 + y % ). 

It is easy to see that when the curve of cross-section of the cylinder is 
unicursal and is defined by z = x + iy = z(£), then this condition is satisfied 
(Wilton 1916 ) by the imaginary part of the complex potential function 

Q » $ + ii/r = wz(Q - \io)z(Q z(0 + ^(C), 

where (i) f =» £ + so that rj = 0 is the particular curve of the set 
defined by the transformation z = z(£) which corresponds to the cylinder; 

(ii) w = u — iv is the conjugate of the complex velocity vector w = u + iv ; 

(iii) F(£ ) is a real function of £ which has to be chosen so that Q is nowhere 
infinite and vanishes at infinity. 

The problem of finding F(Q in any real case of the type we are considering 
is quite simple. The first and known group of terms in Q usually contains 
two types of terms which we shall for the present call F X {Q and F 2 (Q and 
which are distinguished by their behaviour at infinity. F X (Q is such that it 
reduces to zero at infinity, i.e. y = + 00 , and has a conjugate which tends to 
infinity there, whilst F 2 {Q becomes infinite at infinity and has a conjugate 
which tends to zero there. To satisfy the conditions for Q we must therefore 
take - j? 2 (£) at least as part of jF(£). But F(Q must be a real function of £, 
and to make it so we must in addition subtract the conjugate of F 2 (£) giving 

F(0 = -F 2 (0-F t (Z), 

the extra term P,(£) reduoing to zero at infinity. We then have 

D « F X (Q + F t (£) - [F 2 (0 + F t (Q] 

- F l (0-F 2 (Q. 
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Throughout this paper we use, as above, the standard notation of a bar 
over a complex number to denote the conjugate of that number. 


3 —The unicursal representation of the general thin aerofoil is given by 
Bateman ( 1932 , p. 3 x 3 ) in a form which is equivalent to 


z/2c « cos£ + 



A m 


e ni£~ia n 



This expression can be written in the form 

00 

z/c = e-tz 2 a n en<i > 

n —0 


where the coefficients a n are simple combinations of the coefficients A n 
(Appendix, § 1 ) which, in dealing with aerofoils, are usually taken as being 
so small that their squares and products can be neglected. This form is 
the more convenient for our purpose, and it also exhibits the aerofoils as 
members of a much more comprehensive class of cylinder, which in fact 
includes all the simple cases for which solutions of the present type of 
problem are known. The relation for the aerofoil to be used in the above 
formula for Q is therefore 

z/c - e-« | a n e*«, 

n*» 0 


the signs of the exponentials being chosen consistent with the fact that 
?/ = +00 corresponds to z = 00 and that there the equipotential is a circle. 
With this form for z(£) we can now find F(£) to ensure that it satisfies the 
condition that Q is nowhere infinite and vanishes at infinity. 

Proceeding in the manner suggested above, we get for the first part of Q 

c| — a 0 we*Z + a^d + 2 a n w4 n ^ { ^ j. 

To find the part of Q containing a>, we have first to write 

z(om - cS (i 0 a » en<{ ) (J 0 5 » c ' n<c ) 

- c»( f b r e ri t + f ^«-hc], 

U-0 n»l ) 


00 

“ 2 a n-r a n’ 


2 a n~r*n> 


where 
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the approximate values of these coefficients in terms of the small A’s are 
given in the Appendix (§2). Thus the term in Q we have to deal with is 

l r**Q r-1 

Proceeding then on the lines sketched above, we find the corresponding part 
of Q to be 

— iota 2 2 b r e rl Z. 

r-0 

Thus, finally, 

S3 = cla^w — a 0 we^+ J a n we (n ~ 1H ^\ — lute* V b n e ni t. 

{ 2 ; n — 0 

00 

We write this in the form j Q n e ni £, 

0 

wherein £? 0 = ca x w) — /o>c 2 6 0 , 

I2 X = c(a 2 w — a Q iv) - iw*b v 
Q n « m n+1 w - twc 2 6 n , n > 1. 

4—The main object of our search is, of course, the forces on the aerofoil. 
These can be determined by the usual Lagrangian method once the expres¬ 
sion for the energy is obtained. It is easy to see that the energy of the acyclic 
irrotational motion whose complex velocity potential we have just calculated 
is the imaginary part of the expression 

-Jpj S3dI3, 

integrated round the curve of cross-section C of the cylinder. In forming S3 
and dD we notice that it is only the values on the cylinder that are required, 
so that we can treat £ as real in forming them. 

We get at once from the above value of S3 

n-0 

dfi = — | 2 niS3 n e~ ni ^ d£, 

and then sinoe all the terms in the integrand, except the constant term, give 
zero, we have at onoe that 

T « \np 2 nS3j 3„. 

n~ 1 
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Inserting now the values of the Si y s we can express this result generally in 
terms of the coefficients in the equation of the aerofoil section and the 
velocities of its motion. We get, in fact, as the formula for 2Tjnp the 


following: 


Achtrw - Bchv 2 -Sc 2 w 2 + Cc*a) 2 + cHD<ow - cHBvw, 


oo 

where A = a 0 & 0 + 2 

»«1 

J5 = B ” 

C~2,nb n 6 ni 

n«* 1 

oO 

D = 6 ^ 0 + 2 

»-l 

__ oo 

D = 5ja 0 + 2 tt6„«n+i- 

n«=l 

For the thin aerofoil where the coefficients A n in the formula given in § 3 
are small we can approximate to this expression. I have worked out the 
details (Appendix, § 3) to the first order in these coefficients and get the 
formula for 2Tjnp as 

B x v 2 — 2B z uv + B s co 2 + 2B 4 cou + 2 B h u)v y 

where B x ~ 4c a (l + A 2 sin a 2 ) , 

B 2 * 2c 2 A 2 cob<x 2 > 

B 3 = 2c 4 ( 1 + 2 A 4 sin a 4 ), 

B 4 « 2e 3 (^4 1 cos a t — A B cos a 3 ), 
i? 6 - 4cM 3 sina 3 . 


5 —To calculate the forces on the aerofoil we can now apply the usual 
Lagrangian method but we must remember that our formula gives the 
energy referred to moving axes. Assuming the moving axes to be inclined 
at an angle <j> to the fixed axes and putting u\ v' for the velocities in the 
direction of these fixed axes, we have 

w f = tt' + iv' — wew* = wer^ whilst <o = <f> t 

We substitute these values in T and form the equations for the forces, 
and then after differentiation we can put $ = 0 , thus making our fixed axes 
coincide with the instantaneous position of our moving axes. Or, alter- 
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natively, we can use directly Kirchhoff’s equations for the motion of the 
solid, giving for the components of the forces X, Y and the couple JH as 


<13 ar 


dt \du , 

r = d /dr 
dt \0w 


)- 


dv’ 

dT 


d/dT\ 
dt \ dv j 


+ <i> 


bt 

du’ 


dT 


v ^ + u 'lv 


For the first two we have 

(Y + iX) = i 


d 

dt 


1ST 

\0tt 




which gives in the general case 

( Y + iX ) np = i(Ac z it' — 2 Echb — i(bc 3 D)+ to (A chi' — 2 Echo — uiK 3 D), 
and ir/np as the imaginary part of 

iCc*(b — c 3 Du> — w(AcHf) — 2Bchv — ktK 3 D). 


In the special case of the thin aerofoil we then get the components of the 
forces X, Y, and the couple as under 

X Anp — - c 2 A 2 v cos a 2 + c 3 <!)(A 1 cos a x — A 3 cos a 8 ) 

- 2c 2 v<a( 1+A 2 sin a 2 ) + c 2 A 2 u<o cos a 2 — 2 cM,w ! sin a 3 , 

Y 'lnp ~ - c 2 A 3 u cos a 2 + 2 cH( 1 + ^4 2 sin a 2 ) + 2c 3 (bA 3 sin a 8 

- chxoAt cos a 2 + c 3 <u 2 (A 1 cos oc 1 — A B cos a 8 ), 

r/2np —c 3 u(A 1 cos oq — ..4 3 cos a 3 ) + 2c 3 vA 3 sin a 3 4 - c 4 a»( 1 + 2 ^ 4 4 sin a 4 ) 

+ 2chiv( 1 + ^1 2 sin a 2 ) - c 3 &w(^l 1 cos a x - A 3 cos a 3 ) 

+ 2c 3 a>w A 3 sin a 8 - (u 2 - V s ) c l A 2 cos a 2 . 

6 —The inclusion of circulation round the cylinder iB formally possible, 
but it leads at once to difficulties in view of the fact that the energy of any 
Buch simple two-dimensional circulation is always infinite. It is, however, 
possible to calculate the forces directly, and although we shall ultimately 
reject the idea of circulation existing by itself it may be of some interest, 
in view of the familiar results of the statical theory, to see whether accelera¬ 
tion of the motion has any effect on the lift forces which arise direotly from 
such circulation. 


a s 
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To calculate the forces directly we want the normal pressure p at the 
surface of the cylinder. If we know this then the components X , Y of the 
resultant force on the cylinder are 


so that obviously 



integrated round C the curve of cross-section of the cylinder. 
The pressure at any point in the fluid is given by 


V~lh-P 


dt 




where $ is the real velocity potential chosen so that its positive gradients 
determine the velocities and q is the velocity of the fluid at the point. In 
terms of the complex potential function this is 


. \dQ W dQ^Q | 

r-P>-y\u*-S t + Sid,\- 


If there is no acceleration the conditions relative to the moving axes are 
steady, so that we get 


dQ 

~dt 


(w + iwz) 


dQ 
dz ' 


Taking into account accelerations, we have 


dQ 

dt 


— (w.> -f i(oz) 


dQ dQ . dQ * dQ . dQ ^ 

-7T- + -5 - + -Z' - W + w— OJ + ~^ K 

dz dw dw d(o dK 


Thus the terms in the expression for p divide themselves into two sections; 
those involving the accelerations of the velocities and those which arise 
when these accelerations are zero and the conditions of motion steady. 
Taking these latter terms first they contribute to p the amount 

, r . ^Q . m ?q $ni 

ipi_(» + »«) S+ (»-» S ) S - 5W j, 

which is the same as 

(w + icoz) (w — ii))z) — 
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so that the corresponding contribution to the force components is given by 

2(7 + iX)jp = J (w^-iojz) (w-iojz)dz 




Now the relative motion at the boundary is tangential and therefore 
w + uoz — SHjdz __ w — iojz — dQjdz 

so that we have 

I) 1 *. 


. _ dQ\ 2 
w — uoz - — - 
dz 


dz dz 

2(74* iX)/p ~ J (w + iojz) {id - iws) dz — J ^ 

In a similar manner we see that the couple r is given by 

F = jp(xdx + ydy), 

which is the real part of 




pz dz ; 


and arguing as above this integral is 

£pj (w + i(oz)(w-’i<oz)zdz’-bpj ~ j aids. 

These appear to be the general forms of the familiar statical formulae due 
to Blasius. 


7—We can evaluate the integrals involved in this last expression directly 
by inserting the appropriate values for z and Q, viz. 

z/c « e-<C f a n e*K, 

0 

n**0 ^ 

where we have included in the liquid motion also a circulation round the 
cylinder of strength K. It seems hardly necessary, however, at this stage to 
insert these calculations, as the results, as we have verified, are identical 
so far as the separate terms independent of K are concerned, with those 
already obtained by the Lagrangian method, and this remark also applies 


2E2 
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to all the terms involving the accelerations. We will, however, notice the 
values of the two integrals 


whilst 


/, 


0 fi 

02 


dz — K, 




so long as the zeros of dzjd the singular points of the transformation, are 
all inside the original aerofoil contour; if one of them is on the contour the 
value of the integral is still zero if the circulation is so chosen as to make 
dQjd£ zero at this point (Appendix, §4). The only terms we need calculate 
then are those additional ones introduced by the circulation K . In the 
integral for the components of the force these are (Appendix, § 5) 


”pic 2 wRa x +{)wK-~pRcla 0 + J d 


w«2 


and in the integral for the couple there are terms 

— pic 2 ojKb 0 + pcwKa x , 

and a term in R whose real part, which alone is required, is 


- I iK+K ))• 

ir~l J 

These terms must be added as additional terms in the expression for the 
components of the force and couple obtained in § 5. In the case of the thin 
aerofoil they assume the approximate forms 

XIp s= - Kv - cKcoA x sin a x - RcA x cos a x - 2ttc 2 vA 2 cos a 2 
4 2nc 3 d)(A 1 cos x x — A s cos a 3 ) — 47 tc%i>(1 4 A 2 sin a 2 ) 

4 2nc z ua)A 2 cos a 2 - 4 sin a 3 , 

YIp = Ku — cKo)A x cos a x - Rc(2 - A x sin a x ) - 2ttc 2 uA 2 cos a 2 
4- 4nc 2 v(l 4- A 2 sin a 2 ) 4- 4nc 3 lbA 8 sin a 3 — 2nc 2 vo)A % cos a 2 
4- 2nc z (u 2 (A x cos oc x — ^4 3 cos a B ), 

r ! t p = c KA x (u sin x x 4- v cos a x ) - R c 2 ( l - ^4 2 sin a 2 ) 

4 27rc 3 ii(^4 1 cob — ^4 3 cos a 3 ) 4 47rc 8 £^4 3 sin a 3 
4* 27tc 4 w( l 4 2^4 4 sin a 4 ) 4 4nchcv(l 4 -4 2 rina 2 ) 

— 2ttc b <ov(A x cos a x - ^4 3 cos a 8 ) 4 4nc 3 o)uA 8 sin a 3 

- 2 nc 2 (u 2 — v 2 ) ^4 2 cos a 2 . 
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These general results can be seen to reduce to the results obtained by 
previous writers for the restricted cases they have examined which corre¬ 
spond to the above formulae with all the A'a zero. They apply now without 
any restrictions whatever, except such as are involved in the fundamental 
hydrodynamical assumptions, to any thin aerofoil of the type indicated and 
undergoing the most general type of two-dimensional motion. 

Although we have extended our discussion to include the effect of circula¬ 
tion round the cylinder we have neglected the effect of surfaces of discon¬ 
tinuity extending from the trailing edge or other part of the cylinder surface 
and the consequent vortical motion in the surrounding fluid. We have 
already found that it is quite possible to extend the theory to include all 
these effects, and in a subsequent note it is hoped to be able to give a detailed 
account of the method and its results in this generalization. Pending this 
further extension of the theory which is essential to a discussion of the 
physical aspects of the problem we will reserve detailed analysis of the 
significance of the results just obtained. 

Appendix 

1 — The formulae expressing the a’s in terms of the A's are 

d/Q = 1 ciq = 2 * iA x e dg — l — %A^e iA%e 

a n = -i(A n _ t e- ic, n->- A n e~ ia n), n> 2. 

2 — Neglecting squares and produots of the coefficients A , the approximate 
values of the coefficients b introduced in § 3 and used in the later calculations 
are 

6 0 = a 0 <i 0 +a 1 a 1 + a 2 a 2 + ...= 2(1 + ^ 4 2 sina 2 ), 

&! = a 1 a 0 + a 2 a 1 + a 3 a 2 + ... = 2A X sin a t - i(A 1 e~ ix i - A 3 e- {a »), 
b t =* a 2 a 0 + a 3 dj +a 4 a 2 +... = 1 — 2 iA 0 cos a„ + i A 4 e~ ia >, 
and for r > 2 

b T * o r a 0 + a r+ 1 a 1 +... = - i(A T _ i e~ ia '-'- A r+i e~ ia r+»). 

3— The approximate values of the coefficients A, B, C, ... in the first 
expression for the kinetic energy are as follows: 

00 

A « a 0 a 0 + 2 na n+1 a n+1 « 2(1 +^ 2 sina 2 ), 

JB * a 0 a 2 1 + S = a 0 U 2 — 1 — iA^e***, 



416 


R. M. Morris 


ao 

C =* nb n &n — 2(1+ 2 ^ 4 sina 4 ), 

n«*l 

00 

D “ a 0 6 1 -h J ^n a «+i = 4i4 8 Bina a -"2i(-4 1 <308a 1 —-4 a coaa 8 ) > 

n 1 


D = a 0 6 x 4- 2 w6 n a n+1 = sin a 3 + 21(^4 cos — ^ cos a 8 ). 

n=^l 

These then give for the coefficients in the second expression for the kinetic 
energy: 

Coeff. of u 2 - c 2 (,4 - B - B) » 0, 

B x = c 2 (J -f B + B) = 4c 2 (l+ ^4 2 sina 2 ), 

74 a* -ic 2 (J8+.S) = 2c 2 J 2 cosa 2 , 

74 ** c 4 £7 = 2c 4 (l 4* 2^4 4 sina 4 ), 

74 » \ic\D-D) « 2c 3 (^4 1 cos a r — -4 3 cosa 3 ), 

74 * ic s (Z>4-I)) *» 4cM 3 sina 3 . 

4—In the integrals involved in the calculation of the force and couple the 
only term in the integrand which becomes infinite in the region of integra¬ 
tion is 

jo^-jsra- 

which has poles at the zeros of dz/d£. To evaluate this integral we must 
remember that in all these cases the zeros concerned are all inside the curve 
of the cylinder—one only, at the trailing edge, may occur on the curve of the 
cylinder. In the f-plane the integral for £ from 0 to 2zr on the real axis may 
be replaced by a contour round the rectangle with its comers at (0, 2n , 
2n 4- ioo, 0 4 * too, 0), the values along the two lines parallel to the imaginary 
axis cutting one another out. This contour does not include any poles of 
the integrand, so that if there is no pole on the curve, the integral is zero* 
If there is one pole of the integrand on the curve, then the integral round the 
curve will be equal to a partial residue at this pole. If the circulation is then 
so chosen that dQjdfc is zero at this point, that is, so that the infinite velocity 
at the pole is eliminated, the residue for the pole in the circulation function 
will cancel that for the rest of the function and the total result will still be 
zero. 
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Then 


6 —The integrals involved in these calculations are evaluated as follows, 
it being remembered that each integral is taken round the boundary of the 
cylinder or when interpreted in terms of £ which is real there, between the 
limits 0 and 2n. We notice further that all terms like e+ ni Z in an integral give 
zero except when n = 0 and then it gives 2n. 

| dz sa 0 , f dz = 0 , f zdz •« | z 2 \ c = 0 , 

J C J c J c 

zdz 4- zdz - d(zz) — 0. 

J c J c J c 

r /* 2jr / oo \ / oo \ 00 

2 dz = ic 2 ( J (ft- l)a n J d£ = 2 ffic* 2 ( w ~ 1 ) a„a„. 

Jo Jo Wo / Wo / ft ™0 

Also zzdz-f z 2 dz = dis-h \z 2 z\ c — 2 zzdz = - \ zzdz , 

Jc Jc Jc Jc J c 

and the value of this last integral is 

{* (*2n (oo oo W oo \ 

= -«») 2 &■.«*« + 2 5„e-« 2 (ft- l)a n e-<»-«« <*£ 

Jc Jo ln~0 »=» 1 j Wo 1 

= 2ftic 3 |a 0 5i - 2 i n 6 »«n+i|- 


Next we have 


J.S--J. 


*"dQ 

% 


zdi. 


Leaving out the term in K this integral is 

ic JT (j>^ en<c ) (J 0 ^—)^ 

= 27ric|fl2 j "l - "1* ...| 

(00 00 \ 

« Zniclw 2 na n+l a n+l -wcisa 0 -ia) J «*»«»+i 
l »=1 n**l 1 

The term in Jt in the force is 
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The steady motion terms in K are 

pj(w-uoz)™dz = pwK-^j^zdZ 
“ pwK — pica)Ka x . 


The term in K in the couple is the real part of 



The real part of the integral is 

^Lf ^ zdi+= ^j &(**) 

/*2/r 

= ll z 2^le-|j o zzd £ 

= "»*( f b n + f h„| — nc*6 0 

ln«-*0 n«=l / 


= ™ 2 J (b n + b„). 

»“ 1 

The term in R is therefore - \pc?R J (6 n +S n ). 

»-i 

In the case of the thin aerofoil this becomes 

-pc*R( 1 — ^4 2 sina 2 ). 

The steady motions terms in if in the couple are 

= pcttJjffaj - pic*(i)Kb Q . 
Again for the thin aerofoil this is 

picwKAx t~ ia ' — 2pic 2 <oK( 1 + ain a a)> 

the real part of which is 


pcKA x (v cos a x + u sin a t ). 
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SUMMARY 

In this paper a complete solution is given to the two-dimensional hydro- 
dynamical problem of the motion in incompressible and inviscid fluid of 
a cylinder of a general type, which includes all those for which solutions 
are known, and also the most general type of cylinder which is used in the 
discussions of aerofoil theory. The potential and stream function of the 
fluid motion are determined, and thence the energy and forces exerted by 
the liquid on the cylinder. The latter are determined both by the Lagrange- 
Kirchhoff method and by direct integration of the pressure, the latter 
determination being rendered tractable by the discovery of generalized 
forms of the Blasitfa contour integral expressions applicable when the sur¬ 
faces are in motion. 

The effect of variable circulation has been considered but the discussion 
of the effect of surfaces of discontinuity is postponed for a further note. 
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Fine-Structure of Soft X-Ray Absorption Edges 
I—Li, Mg, Ni, Cu Metals 
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[Plates 13, 14] 

1—Introduction 

The borderland region between ultra-violet light and X-rays, particularly 
from about 100 to 300 A, is very suitable for obtaining spectroscopio in¬ 
formation regarding the electronic structure of metals, or solids generally. 
The first step towards this problem consists in the determination of the 
intensity distribution in the soft X-ray emission bands, which represent 
transitions from the filled conduction-electron levels of a metal into a vacant 
inner shell. We thus obtain information relating to the distribution with 
energy of these filled levels. The most complete experimental investigations 
of the emission bands are those of Siegbahn and Magnusson ( 1934 ) and of 
O’Bryan and Skinner ( 1934 ) for the metals Li, Be, Na, Mg, Al, Si. Subse¬ 
quent work showed that the extension of these results to heavier metals is 
very difficult, because the Auger effect reduces the intensity of the emission 
by a large factor. 

The complementary problem is that of absorption, in which we are dealing 
with transitions from an inner shell of the metal into one of the unoccupied 
conduction-electron levels of the metal. The probability of such an ab¬ 
sorption process is closely connected with the density of the unoccupied 
levels as a function of energy. The experimental problem therefore consists 
of the determination of the variation in the absorption coefficient of radiation 
by electrons of a given inner shell as a function of wave-length; or, as it may 
be called, the determination of the fine-structure on the short wave-length 
side of an X-ray absorption edge of a metal. 

In the region of ordinary X-rays (about 1 A), the fine-structures of many 
absorption edges have been determined, especially by the group of workers at 
Gronigen (see e.g. Kronig 1933 ), and interesting applications to the theory of 
metals have been made. But by working in the region of long wave-lengths, 
the resolving power of the method is much improved. The information 

[ 420 ] 
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obtainable regarding the distribution of the unoccupied levels in a metal is 
therefore correspondingly more precise; indeed, we are able to determine the 
density of these levels as a function of energy even in the complex region 
where the first two Brillouin zones overlap. 

In our soft X-ray region (100-300 A), the L n edges of Mg and A1 and the 
Jf 46 edge of Se have already been observed by Sanner ( 1935 ). Although, in 
the case of Se, he found an intense transmission band just to the short wave¬ 
length side of the absorption edge, his foils of Mg and A1 were too thick to 
allow any appreciable quantity of radiation beyond the edge to pass through 
them. Subsequently, we have published in a note (Skinner and Johnston 
1936) the complete fine-structure of the Mg L 23 edge; and O’Bryan (1936) has 
given a qualitative survey of the absorption of several metals and insulators 
in this region of the spectrum. 

We now proceed to describe the methods we have used for determining 
the variations of the absorption coefficient of metal foils for radiation between 
100 and 300 A. We shall give finally the results obtained with the metals Li, 
Mg, Ni, and Cu; and shall leave over to another paper the application to the 
theory of metals. 


2—Spectrograph and Light Source 

The methods of spectroscopy in the region 50-500 A are too well known to 
require any detailed description. The only method available is to allow the 
radiation to fall at a small grazing angle (in our case about 0 °) on to a ruled 
grating. The concave grating which allows a definite focusing of the dif¬ 
fracted radiation on to the photographic plate has considerable advantages 
over a plane grating, where the focusing is entirely geometrical. For our 
purpose, a high resolving power or dispersion is not required; our needs in 
this direction are adequately fulfilled by a grating of 1 m. radius ruled with 
15,000 lines/in., which gives a dispersion of 30 A/cm. between 150 and 250 A. 
The general design of the spectrograph is very similar to that described by 
Siegbahn and Magnusson ( 1935 ), but the construction is somewhat different 
and does not possess all of their refinements. The pumping system is, how¬ 
ever, faster than that which they use, and consists of three oil diffusion 
pumps in series, giving a speed of about 20 l./sec. 

For absorption measurements, it would be very desirable to have a source 
of light giving a continuous spectrum. However, since the ordinary con¬ 
tinuous X-ray spectrum is too faint to observe in this region, no such source 
is available (if we except the condenser discharge down a glass capillary, 
which gives lines as well as continuous spectrum and therefore from our 
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point of view, has probably no advantage over a line spectrum). The most 
intense and satisfactory source of radiation in this region is a heavy con¬ 
denser discharge between metal electrodes in a vacuum. This gives a 
spectrum of many lines and so forms a fair approximation to a continuous 
spectrum. 

The electrodes, made of various metals, are fitted into the ends of copper 
rods, drilled for water cooling. The copper rods are inserted by means of 
cones to arms attached to a glass bulb of about 2 1. capacity, which is 
attached by means of a flange seal to the metal disk which holds the spectro¬ 



graph slit. The electrodes are distant only about 1*5 cm. from the slit in 
order to obtain as high an intensity as possible. The glass bulb is evacuated 
by a similar set of three oil diffusion pumps to that used for the spectrograph. 
We also tried the use of a metal spark chamber, but reverted to the glass 
bulb as more convenient and less likely to give off gas from the walls when the 
spark passes. The electrode rods are mounted on screws for which the corre¬ 
sponding nuts are the metal cones which fit into the arms of the spark bulb. 
Using Apiezon Q as a seal for these screws, the adjustment of the electrodes 
can easily be carried out without disturbing the vacuum. A general diagram 
of the apparatus is given in fig. 1. 
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The sparking arrangement consists of a condenser 02/^F capacity which is 
charged up by a transformer and rectifier at an appropriately controlled 
rate, and allowed to discharge through the vacuum gap after breaking down 
an air gap consisting of iron spheres 3 cm. in diameter, set for 35,000 V. The 
voltage required to break the two gaps in seiies depends on the characteristic 
of the vacuum gap which is apt to vary slightly but, as measured by the 
alternative “ safety 99 air-gap in parallel, is about 45,000 V. The series air-gap 
is important in steadying down the rate of sparking, and so in maintaining 
the intensity of the sparks as nearly constant as possible. Ordinarily we 
have used a sparking rate of about 100 sparks/min. The resistance and in¬ 
ductance in the spark circuit are kept to the minimum to ensure as high a 
current in the spark as possible. This current is difficult to calculate exactly 
but is probably of the order of 10,000 amp. For steadiness of sparking, it was 
found better to allow the spectrograph to remain approximately insulated 
(apart from connexions, e.g. through the floor) from both electrodes. If the 
spectroscope is connected to earth, and so to one electrode, flashes, inside the 
sparking bulb, from the other electrode to the slit system are apt to occur. 

The metal foils, less than 10~ 4 cm. thick, are mounted on a frame with 
suitably shaped holes (8x3 mm.) cut in it. This can be lowered by means of 
a windlass into a position a few millimetres on the grating side of the spectro¬ 
graph slit. It is important to place the absorbing foil as near to the slit as 
possible; otherwise the light scattered by the foil is diffracted on to the plate 
out of focus, and causes the appearance of a heavy background fogging. In 
the position in which we have used the foils, the spectra are at least as clean 
as those taken without the foils in position. The foils cannot, of course, be 
placed on the spark side of the slit; they would be shot to pieces by the rain of 
particles from the spark. Also, they would be quite unable to stand the 
electrostatic forces which are generated when the spark breaks. We have 
sometimes lost foils situated behind the slit. When so placed they are in a 
space completely surrounded by metal, except for the narrow area of the 
slit itself; yet they seemed to be broken by electrostatic forces generated by 
steep wave-front pulses for which the metal tubes, etc., of the slit system do 
not behave as an equipotential surface. This trouble was cured by placing a 
second earthed slit 1 mm. wide in front of the actual spectrograph slit to act 
as a shield. With this arrangement the foils are only broken when the 
vacuum in the spectrograph is not sufficiently good, and parasitic discharges 
occur inside it. For this reason we have to be very careful about the pressure 
in the spectrograph, and it is actually run with a bulb inside filled with liquid 
air, which, owing to the very high pumping speed for moisture and vapours 
liberated from the walls and from the photographic plate, reduces the 
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pressure in the spectrograph to below 10~ 5 mm. much more quickly than the 
pumps alone can do. 

As spark electrodes, we have tried the metals Al, Cr, Fe, Ni, Cu, Mo, Ag. 
Two factors are of importance: (1) intensity distribution of the lines, and 
(2) steadiness of sparking. The spectra of these metals, taken with a fairly 
wide slit, 0*03 mm., so as to be more suitable for accurate photometry, are 
shown in tig. 2, Plate 13. It will be seen that from the point of view of even 
distribution of the lines, Ag is considerably the best, with a band of lines, 
almost continuous, from 150 to 300 A. The short wave-lengths, 70-170 A, 
are best provided by Cu; but in the long wave-length region they render it 
unsuitable, since owing to second order diffraction, short wave-lengths 
overlie the long wave-length spectrum, and, being differently absorbed by 
the foil, distort the absorption curve. The best technique is to photograph 
every metal foil with Ag and Cu sparks: if the absorption edge is below 
170 A, possibly the Ag spark may be dispensed with. Before the advantage 
of this technique was realized, a good many exposures had been made with 
the Fe spark, which gives a fairly good band of lines from 250 to 150 A, and 
some lines down to 120 A, and it has not always been thought necessary to 
repeat this work. The objections to the Fe spark are that there is not a 
sufficient density of lines for high accuracy, and also that the spark has a 
tendency not to run steadily. In general, elements of low melting-point are 
unsatisfactory as spark electrodes, because they produce too much vapour 
when the spark passes, and elements of high melting-point (e.g. W and Mo) 
produce a shower of white-hot particles instead of vapour. These not only 
inhibit a high spark intensity, but also are liable to puncture the metal foils. 
Ag and Cu are best for steady sparking too: the electrodes should be vacuum- 
melted for the most satisfactory results. 

Owing to the essential astigmatism of the grating spectrograph, it is very 
difficult to arrange to divide the beam of light from the spark so that part of 
it goes direct on to the photograpiuc plate, and part goes through an 
absorbing foil. We are therefore almost obliged to work w ith two separate 
exposures, one photographed directly, and one filtered through the absorb¬ 
ing foil. The consideration of constancy of the line intensities in separate 
exposures of equal numbers of sparks is therefore necessary for our type of 
photometry. It may be divided into two types: (a) constancy of the absolute 
intensities of the lines for an equal number of sparks, and ( b) constancy of the 
relative intensities of the lines. The first factor, which affects only the 
absolute absorption coefficient of the metal of the foil, is of minor import¬ 
ance; the second is essential. Many experiments, chiefly with the Fe spark, 
have shown that such constancy can be attained by adopting a standard 



425 


Fine-Structure of Soft X-Ray Absorption Edges 

technique of pumping and by keeping the electrodes at a fairly constant 
distance (about £ mm.) apart. The gas pressure is the main factor, and it has 
been found that, with the fast diffusion pumps in action, a reliable pressure 
can be attained with about 2 hr. pumping after inserting the photographic 
plate, with the previously mentioned bulb filled with liquid air within the 
body of the spectrograph. A few lines of the Fe spark are apt to show ir¬ 
regular intensities, but these are soon discovered and can be disregarded. In 
general the relative intensities appeared to be constant at least to within 
5 %. It was found also that the absolute intensities could be relied on to 
about 10 %. We have had rather less experience with the Ag and Cu sparks, 
but the indications are that they are considerably better than the Fe spark 
from this point of view also. 


3—Methods of Preparation of Metal Foils 

For this work we require metal foils from 10“ 4 to 10 5 cm. thick, which, of 
course, must be free from any backing causing an appreciable absorption of 
the radiation. The foils must be made by evaporation on to some support. 
Two methods present themselves: (a) the backing must be dissolved away or 
otherwise got rid of, or ( 6 ) it must be too thin to matter. In the second 
category, celluloid may be used. Owing to its chemical constitution, it has 
no selective absorption bands in our region; the absorption simply decreases 
with the wave-length. Since experiment showed a 70 A film to absorb 
slightly at around 250 A though not noticeably around 150 A, we decided 
that 40 A films should be used if we wished to make any correction un¬ 
necessary. Trial showed the absorption of such a film to be practically 
negligible. 

However, after many attempts and a few half successes with metals of low 
melting-point, the method of direct evaporation on to such thin celluloid 
was abandoned. Films 30-100 A thick seem always to break before any 
visible quantity of a fairly refractory metal has condensed on them. Since 
the broken films can be thickened up to any desired extent, it seems that the 
breaking is connected with the state of tension into which the films dry. 

Of the methods (a) in which the support is removed, the most convenient 
would seem to be that of Lark-Horowitz, Howe and Purcell ( 1935 ), who use 
as the support naphthalene or ammonium chloride, frozen in liquid air, 
which can subsequently be allowed to warm up and sublime away in the 
vacuum. We have used naphthalene, but since we found that a better 
surface was so obtained, we have covered the naphthalene with a 40 A 
oelluloid film. We used a frame of thin steel with four holes each 8x3 mm. 
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out in it. This being clamped down to a sheet of glass, naphthalene was run 
over the back, and after removing the glass the celluloid film (made by 
allowing a drop of amyl acetate solution to spread over water and then 
evaporate) was applied on the face. 

The evaporation was carried out in a vacuum apparatus pumped out to a 
pressure lower than 10~ 6 mm. The actual methods varied from metal to 
metal. Magnesium was satisfactorily evaporated from a small lump, hung 
up with a tungsten wire and heated by radiation from a nearby filament. 
Lithium can be evaporated by the same method, but since the “bag M of 
oxide, etc., which encloses it is exceptionally liable to give rise to contami¬ 
nated evaporation, we also resorted to a device for extruding the metal in 
vacuo before evaporation, and this gave somewhat better foils. Copper was 
simply evaporated from a small magnesite crucible, the method of evapora¬ 
tion from a tungsten spiral being rejected as liable to give tungsten as an im¬ 
purity. With nickel we had considerable difficulty. Tungsten dissolves very 
rapidly in molten nickel and seemed certain to evaporate to some unknown 
extent, especially in view of the rather high temperature necessary (Ni melts 
at 1450 ° C.). On the other hand, pure magnesite crucibles were found just 
unable to stand the temperature necessary for a reasonable rate of evapora¬ 
tion (considerably above the melting-point). O’Bryan (1934) used a graphite 
crucible; though this is suitable for a slow rate of evaporation, we found 
we could not obtain a sufficient rate without the graphite dissolving. The 
difficulty was finally overcome by evaporating from a drop suspended on a 
magnesite cylinder with a small hole bored through it, through which passes 
a nickel wire. The heating being by electron bombardment at 500 V direct 
on to the drop, the temperature gradient is sufficient to prevent melting of 
the nickel wire as well as overheating of the magnesite. In evaporation of 
refractory metals, it is important to screen so that no unnecessary heat 
reaches the naphthalene, and of course the latter cannot be placed too 
near to the evaporating source. In our apparatus, the distance was 5 cm. 

The rates of evaporation used to make films of the order of 10~ 4 cm. thick 
varied considerably, from about 30 sec. (for Li) to 30 min. for nickel. In 
general, owing to the possibility of contamination due to residual vapours in 
the apparatus, the quicker the evaporation the better for the cleanliness of 
the foil. In the cases of Cu and Ni, where a quick rate of evaporation breaks 
up the foil, we made very thin foils with naphthalene backing, pumped off 
the naphthalene, and finally thickened up the foils to the required extent. 
In this way, less than 10% of the thickness of a foil was made with the 
naphthalene in place; the remainder was made in a better vacuum, and, as a * 
result, brighter foils were obtained. All the foils actually used looked defi- 
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nitely “metallic” on both sides. The lithium foilB, of course, could not be 
exposed to the air; they were transferred in an evacuated apparatus (com¬ 
plete with a liquid air trap to keep it free from water vapour) into position cm. 
the spectrograph. In the other cases there was a short exposure to the air 
before the spectra were actually taken. This, indeed, was often essential to 
allow patching with tinfoil of the parts of the foil which had broken away 
from the frame; without this they would have dropped out. 


4—Photographic Photometry 

The first experiments with Mg foils were carried out using ordinary 
photographic plates smeared with oil, and Mo electrodes. The Mo spark, 
which provides a particularly intense narrow band of lines in the region of 
250 A, gave a satisfactory direct exposure with 5 min. sparking (about 500 
sparks). Using Fe or Cu electrodes, the spread of the spectrum over winch 
the lines are dense is greater, and an exposure of two to three times this 
amount is necessary for comparable densities. Owing to the high factor 
(from 10 to 200 times) by which it is necessary to multiply this time to 
obtain a satisfactory photograph with the metal foil in place, the speed of 
the oiled plates is inconveniently low, and this disadvantage is serious be¬ 
cause of the disintegrating effect of the spark on the foils. In fact it is very 
doubtful if most of our experiments could have been done using oiled plates. 
On the other hand, Schumann plates with an even sensitivity over the plate 
surface seem difficult to make satisfactorily. The Ilford ”Q plate”,* which 
is intermediate between an ordinary plate and a Schumann plate in that it 
has only a very thin layer of covering gelatine, supplies just what is needed 
in the short wave-length region. At 200 A, it is about 100 times as fast as an 
oiled plate and has a sensitivity comparable with a Schumann plate. At 
400 A the gelatine absorption is already appreciable and the sensitivity is 
only about ten times that of the oiled plate. The sensitivity of the Q plates is 
very even, and they are easy to work with. The only disadvantage is that the 
maximum attainable density is rather low (in fact about 1). This imposes 
some limitation on the accuracy of the photometry; but this is unimportant 
in our case, since other factors (such as the constancy of the light source) 
cause greater errors. Four photographs of the Ag spark, with and without a 
foil of magnesium metal interposed, are shown in fig. 3 , Plate 14 . The 

* We are very deeply indebted to Dr, O. Bloch of Messrs. Ilford, Ltd., not only for 
supplying us with samples of the three standard Q emulsions, and for coating specially 
our thin glass (suitable for bending into a 1 m. radius), but also for experimenting 
with special emulsions for'us to test. 
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'‘direct” exposures were of thirty sparks, the absorbed of 1200 and 3000 
respectively. It is seen that the transparency of the Mg increases consider¬ 
ably between 400 and 250 A. At 250 A, the L absorption of Mg begins, and 
just below this wave-length the transmitted intensity shows a set of rather 
complicated fluctuations which can be more easily traced out on the corre¬ 
sponding microphotometer records.* Our problem is to interpret the photo¬ 
meter records quantitatively in terms of the actual intensity transmitted 
through the foil. To do so we need a calibration curve for translating the 
microphotometer deflexion x in terms of log 1 , the logarithm of the intensity 
producing the corresponding blackening on the plate. It is of considerable 
importance to have a fairly accurate plate curve, since the use of a wrong 
calibration can easily result in the general intensity distribution of the spark 
spectrum being transferred on to the final absorption curve. 

Owing to various causes (e.g. the comparative unreliability of the ab¬ 
solute spark intensities for equal numbers of sparks, and to the astigmatism 
of the spectrograph) the usual methods of plate calibration are not open to 
us. But, as we have seen, the relative intensities of the lines can be relied 
upon to a fairly high degree of accuracy. This is important, since without it 
any attempt at quantitative photometry would obviously be impossible. 
With it, we are able to obtain a plate curve by a method which is perhaps 
novel. It is best illustrated by an idealized example. Suppose we have two 
exposures (6) and (c) of the same spark spectrum taken with different 
numbers of sparks. We then know that the ratio of the intensities of (6) and 
(c) measured at every point in the spectrum is a constant. Thus we obtain a 
large number of microphotometer deflexions x b and x c corresponding to light 
intensities I b and / c which caused the corresponding blackening. Therefore 
the pairs of values x b and x c (measured at the same wave-length) correspond 
to a constant value of (log I b - log I c ). Using such values, with a little mani¬ 
pulation, a curve expressing the relation between x and log / (in arbitrary 
units) can be built up. The absolute values (which as we have said are 
relatively unimportant) can be inserted by assuming that the light intensity 
is proportional to the number of sparks. Thus a calibration curve is obtained. 

In practice, experience has shown that it is best to build up the curve from 
the actual exposures, those of the direct source ( d) and of the source trans¬ 
mitted through the metal foil (a). This is partly due to variation of charac¬ 
teristics as between individual plates; but also because some correction 
must be inserted for “background” intensity, which is caused mainly by 

* This was obtained with the photoelectric microphotometer described by Lees 
(193U somewhat modified so as to give deflexions almost proportional to the plate 
density. 
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light scattered diffusely from the grating, and therefore may be of all wave¬ 
lengths, from the visible downwards. Usually the metal foil cuts out most of 
this, while it appears in the direct spectrum. So the background intensity is 
not proportional to the spectrum intensity at the corresponding wave¬ 
length: on the contrary, it has been found that the “background” density is 
almost a constant over the region of the spectrum in which we have worked. 
It can therefore be determined from the short wave-length end of the 
spectrum where there are no lines at all. 

Since we must increase the exposure by a factor k (which varies from about 
10 to 200 in different cases) to make the blackening in the absorbed spectrum 
comparable with that in the direct spectrum, the ratio directly measured 
is kIJI d) where I d and I a are the intensities falling on, and transmitted 
through the foil. We have now two spectra for which this ratio is not a 
constant but can be assumed (except in certain limited regions correspond¬ 
ing to the absorption edges) to be a function of wave-length which varies 
only slowly compared with the intensity variations along a single line 
spectrum. We therefore obtain a series of values x a and x d which must lead to 
mutually consistent values of (log kl a — log / d ), that is, to values which do 
not vary at random from line to line in the spectrum. In this way, by trial, a 
calibration curve oan be built up. In practice, a rough system of background 
correction was employed which enabled us to use the same, or very nearly the 
same, plate calibration on a number of exposures. We found no evidence that 
the curve so obtained varied with wave-length in our region. The whole 
process of interpreting the photometer curves is unfortunately laborious, 
and is open to obvious objection on the ground of multiplication of “grain ” 
errors, Unavoidable in photographic photometry (which imply that every 
pair of values of x a and x d is only an approximation). But, as will be seen, it 
leads to fairly satisfactory results. For our purpose it is almost sufficient that 
the general variation of the line Bpectrum does not show itself in the ab¬ 
sorption curve, and this has been carefully tested. In fact, nearly all the 
kinks which are found can be “seen” qualitatively on the microphotometer 
curves by tracing points of equal deflexion x d on the direct spectrum and 
noting what happens to the corresponding values x a . By carefully checking 
in this way, the chance is negligible that any reasonably large kink in the 
absorption curve is spurious. Fig. 3, Plate 14, in which the original photo¬ 
graphs (d) and (a), the photometer curves, and the final absorption curves 
are all given on approximately the same scale, illustrates the process. In 
this case it was found to be preferable not to attempt to deduce the whole 
absorption curve from a single pair of exposures, but to use two pairs 
marked (1) and (2). As will be seen, the results of the two sets overlap, but 
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owing to the over-exposure of (2), (1) is more accurate in the long wave¬ 
length region, while, owing to the under-exposure of (1), only (2) gives any 
results in the short wave-length region. To give an idea of the accuracy, we 
may say that the small kink marked X is only a little outside the errors 
likely in a curve drawn from a single exposure. The reality of this kink is, 
however, rendered almost certain from the fact that it has been found on 
the curves obtained from five independent exposures, two with the Ag spark, 
two with the Fe spark and one with the Cu spark. 

In the absorption curve of fig. 3 we have plotted as ordinates, values of 
log 10 kljld * Dots indicate more accurate, circles less accurate points. In § 5 
we give the final curves for all the metals investigated. 

The ordinates of such curves give directly in arbitrary units values of the 
absorption coefficient fi{ A) defined by 

-fit m log e IJI d , 

where t is the thickness of the foil, whioh, in many cases, has been determined 
by direct weighing on a microbalance. The differences in the values of ji for 
different points on the absorption curve of a metal were found to agree 
within the limits of error for curves obtained using different foils and 
different exposures; for example, the absorption jumps at the edges were 
found to be proportional to t. But, inserting the values of k , the absolute 
values of fi obtained from two foils with a thickness ratio of about 2 : 1 
always seem to differ by a factor of the order of 2, the value of /i for the thinner 
foil being apparently much too great. The cause of this discrepancy is not 
quite certain; possible errors due to irregular sparking, and photographic 
errors, seem quite inadequate as explanation. It is most likely that it is due 
to a heavy diffuse scattering of the radiation on the surfaces of the foils; this 
might make the real value of k many times less than the actual ratio of the 
exposure times, especially for the thinner foils. In view of this error it seems 
scarcely worth while to give the absolute values of fi (the order of this 
quantity is from 10 4 to 10 6 , and it increases with the atomic weight of the 
foil). Only the differences Afi in the values of (i at different wave-lengths are 
therefore given on the curves. 

5 — Absorption Curves 
(a) Magnesium 

The first metal with which we were successful in observing absorption 
edge fine-structure was Mg (Skinner and Johnston 1936). We used oiled 
plates and a Mo spark, which happens to have a very high intensity just in 
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the neighbourhood of the edge. The L 2 and L z edges were resolved, and the 
fine-structure to the short wave-length side of the edges agrees nearly, but 
not exactly, with the curves we have obtained since* The plate was re- 
analysed, but some discrepancy was still found to exist. The spectrum 
intensity of the Mo spark falls off rather sharply somewhat to the short wave¬ 
length side of the edge and the disagreement is just in this region. We think 
that it is probably connected with the fact that the oiled plate works by a 
strong fluorescence, and this may spread laterally on the plate. 

In the case of Mg, all three absorption edges L z , L % and L x appear. Many 
plates were taken using several foils (all quite opaque to visible light); of 
these, two plates with the Fe spark were very good; the result of one of them 
is shown in fig. 4 , curve I (exposure increase factor = 35 ). A better curve, 
curve II, is actually composite, since it was taken from two exposures with 
the Ag spark and one with the Cu spark to give the short wave-lengths. The 
exposure increase factors varied from 40 : 1 to 120 : 1. It is seen that the 
agreement is very good, and this is true also of the second Fe spark exposure, 
not reproduced. The Fe spark is not very accurate in the region on the long 
wave-length side of the edge owing to the appearance of lines in the second 
order, and to the fact that the line intensity is rather low in this region. 

The absorption edge at 250*7 A is obviously double, showing the L Q and 
L 2 absorptions separated by about £ V. The ratio of the absorption jumps 
agrees reasonably with the expected 2:1. The sharpness of these edges is 
just about on the limit of experimental resolution. 

A pronounced fine-structure is seen in the region of about 10 A from the 
L 23 edges. Since this is only due to an ordinary spin doublet, the edges 
must have the same fine-structure, and the distortion due to the small 
separation is inappreciable, except at the edge itself. 

Passing into the region of shorter wave-lengths, it is seen that the stretch 
from 225 A to about 200 A is comparatively smooth. Then, between 200 
and 160 A, there appears a rather diffuse band of absorption. An extra¬ 
polation by an ordinary “screening doublet” formula, from observations 
on elements in the neighbourhood of Fe, shows that we are coming into 
the region of L x absorption. Since it must be placed somewhere, it seems 
reasonable to assume that the above band represents this absorption. If 
so, the L x edge is extremely diffuse. The corresponding L x emission band 
has not been observed, since it is heavily suppressed by the Auger effect; 
and we think that this effect may also be resppnsible for the diffuseness of 
the L x absorption, since it will certainly cause a broadening of the excited 
state. 

Passing finally to the long wave-length side of the absorption edge, we see 
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that the transmission decreases fairly regularly with wave-length. As the 
exposures when the metal foil is in place are increased by a factor of about 
100 over the direct exposure, it is evident that the absorption coefficient 
here is still high. At 500 A, no appreciable intensity is transmitted through 
the foil. The long wave-length absorption is evidently due to a photoelectric 
process on the conduction electrons, and its main feature is a general de¬ 
crease in the absorption coefficient with decreasing wave-length. But there 
is a definite kink at around 285 A. It is perhaps possible that this may be 
due to an absorption edge structure of MgO, or some similar compound, 
present in small quantities in the foil. But, on the other hand, it is also 
possible that the kink may be due to some peculiarity in the conduction- 
electron absorption of Mg. Similar kinks will be noted in the absorption 
spectra of other metals. Unfortunately, of course, if they are due to ab¬ 
sorption by the conduction electrons, they make it impossible to be quite 
certain w r hether minor kinks on the short wave-length side of the edges are 
due to genuine K , L or M absorption. We shall, however, assume this to be 
the case. 


( 5 ) Lithium 

Many plates were taken with several Li foils using the Fe spark and several 
using the Ag spark. The foils are easily transparent to visible light. Fig. 5 
showB a curve using the Fe spark, curve I (exposure increase 42 : 1), and a 
curve with an Ag spark as souroe, curve II (15 : 1). The latter is much the 
more accurate. 

The K edge of Li can be placed at 228 A. It is not so sharp as the Mg L 9 
edge; in fact its diffusion is definitely more than the experimental resolution 
can account for. In the region just on the short wave-length side of the edge, 
the absorption is much heavier, and the fluctuations more violent than with 
any other element investigated. In particular, there are two sudden falls, 
comparable in sharpness almost with the K edge itself, and three sharp 
minima. The much smaller kinks in the shorter wave-length region have also 
been carefully checked. The long wave-length region appears to be fairly 
smooth and free from kinks. 

As has been observed by O'Bryan (1936) the general characteristics of the 
absorption show a oertain correspondence with the characteristics of the 
excitation curves for Li metal subjected to electron impact, obtained by 
Skinner (1932), using the Richardson method of soft X-ray investigation. 
A u differentiated ” excitation ourve (in which for convenience the abscissae 
have been converted from energies in volts to wave-lengths) is reproduced as 
curve III, fig. 5. It is'shown in the original paper that such a ourve gives 
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roughly the probability that an electron will be removed with a definite 
energy from the K level by electron impact. In drawing curve III, a slight 
shift of 2 A in the abscissa scale has been made; this can easily be accounted 
for as an incorrect allowance for oontact potential in the experiment. It is 
seen that there is a definite correspondence in the positions of the inflexions; 
the problem of excitation by electron impact is different from that of the 
absorption of radiation, and of oourse no exact correspondence in the shapes 
of the two curves is to be expected. 



Curve IV, fig. 5, shows the absorption of radiation by LiOH. The foil was 
prepared by simply letting a Li foil out into the air. Owing to the fact that 
the light scattering by the foil is considerably worse than for the metals, the 
acouraoy is not so high. It will be observed that the Li K absorption system 
is different from that for the metal; the main feature is an increase in ab¬ 
sorption at 217 A, which may be compared with the metal edge at 228 A. 
Also, at 255 A, there appears to be a quite sharp line absorption, as may 
perhaps be expected for an insulator. In curve IV, taken with the Ag spark. 


Curve I 



lOM/f 
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its intensity is probably considerably reduced on account of light scattering ; 
two plates taken with the Fe spark, which happens to have a small line density 
near 255 A, showed the line absorption of LiOH as a rather striking inversion 
of the intensities of a pair of the Fe lines. 

(c) Copper 

We have two successful exposures of a Cu foil, taken with a Cu spark. 
The exposure increase factors were 200 : land 225 : 1. In the case of heavier 
elements such as Cu, a larger exposure increase has to be used owing to the 
fact that the photoelectric absorption by the loosely bound electrons is 
greater, since the atoms contain a larger number of such electrpns (in the case 
of Cu ten d electrons and one 8 electron as against one 8 electron only for Li). 



80 100 120 140 160 180 200 220 240 A 


Fig. 6—Absorption ourve for copper. Cu t = 7170 A, & = 200. 

An absorption ourve is shown in fig. 6. The M M edge, not very well marked, 
is at 168 A. At this point the curve begins to fall until 156 A. This result, and 
the existence of the minor kinks between 150 and 160 A, have been checked 
using a Fe spark exposure, for which, however, accuracy could not be 
claimed. The edge is seen to be very diffuse. The separation (if a - if 3 ) is 
obtained, by extrapolation from heavy elements, as about 2 V or 5 A. It 
is therefore of a magnitude to show on the curve. But it is not possible to 
state definitely which feature of the curve corresponds to the M % edge. As 
for the Mg L x edge, the diffuseness of the Cu if 23 edge is probably due to 
an Auger broadening of the excited state. 
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Towards shorter wave-lengths another absorption system appears, 
starting at 130 A. This is the region of M x absorption, and on the basis of our 
curves alone one cannot fix the M x edge. Values of the M x and M 23 edges of 
Cu derived from ordinary X-ray spectra are given in tables (Siegbahn 1931 * 
p. 348 ). The absolute values are doubtful, since they involve an accurate 
fixing of the K absorption edge; but the differences should be fairly reliable. 
According to these values the Cu if 28 edge should be at 160 A and this is as 
near as could be expected to our value, 168*5 A. Taking the (M X ~~M 28 ) 
difference as correcjt, the M x edge should be found at 106*5 A. No feature 
occurs on our curves in this place; but the evidence is perhaps sufficient to 
exclude the identification of our kink at 130 A as the M x edge and to make it 
likely that a kink near 111*5 A is really this edge. The features at 130 A 
therefore probably belong to the Jf 28 absorption system. The structure- 
details in the neighbourhood of 110 A are not quite certain. 

A long wave-length kink at 200 A has been checked with an Fe spark 
exposure. At still longer wave-lengths, the curve is very unreliable owing to 
serious second order distortion. 


(d) Nickel 

We have two good plates with different foils taken with the Fe spark. 
These are shown in fig. 7. The exposure increase faotors are 47 : 1 and 160 : 1 
respectively. The if a3 edge at 190*5 A is a pronounced feature, and com¬ 
pared with Cu is considerably deeper. A single point, high in both curves, 
may indicate a doubling of the absorption maximum just on the short wave¬ 
length side of the edge, but it is not certain whether this is of any significance. 
As for Cu, there is no definite sign of a resolution of the M 2 and M 3 com¬ 
ponents. 

Passing to shorter wave-lengths, a system appears at 150 A, somewhat 
similar to the corresponding system for Cu. The tabulated value of Ni M is 
disagrees seriously with ours; according to this the edge should be at 170 A 
instead of at 190*5 A. Assuming the tabulated relative values correct and 
adjusting the absolute value, we find the M x edge should be at about 120 A. 
Although our points in this neighbourhood are not of the highest accuracy, 
they certainly do not contain any feature of the expected order of magnitude. 
Between 130 and 150 A there are several kinks each of which might be the 
L x edge, but in view of the disagreement with the tabulated value it is not 
possible to fix on any one of them with confidence. But it is probable that at 
least those of longer wave-length belong to the if 23 absorption Bystem, 

In the long wave-length region, several minor kinks are found, and in 
particular a kink at 210 A which looks like a small absorption edge. We 
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thought this might be due to cobalt as an impurity, but a chemical test of the 
metal used was negative. 

A striking fact is the large change of A/i in the neighbourhood of the main 
edge, compared with Cu. Since we are dealing with the same absorption 
edge of neighbouring elements, a difference of this kind is rather surprising. 
The only possibility seems to be that the Cu foils were, slightly defective and 
had an appreciable fraction of their area transmitting radiation compara¬ 
tively easily. 



6—Numerical Data 

In Table I we give numerical data relating to the observed absorption 
edges. The exact point at which absorption begins is hard to define, since, 
from inherent or experimental causes, the edges are diffused to some extent. 
Even when, as in the case of Mg L t and L t , the edges are relatively sharp, 
there might exist a small cut in intensity, of the order of 5 % of the total drop 
at the edge, at wave-lengths slightly longer than those for which any ab¬ 
sorption can be detected experimentally. It is therefore more precise to 
define a mean edge wave-length A m as that at which the extra absorption 
is half of the total extra absorption at the edge. This is given in column 2; 
in column 1 we give A m .„, a probable value of the wave-length at which 
.absorption begins. All wave-lengths are ultimately based on Cu-spark 
wave-lengths (Kruger'and Cooper 1933 ), identified with the aid of A1 
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spark lines. Owing to the very different dispersions and intensity dis¬ 
tributions in Kruger’s and our photographs, this is not always easy, but 
we do not think any mistakes have been made. 


Table I 


Edge 

Tabu- energy and 

Absorption edge data Emission band data lated breadth 








data 

1 *- 

—N 

A 11 

Metal Edge 

Amax 


Am 

Amin 

Am 

v* 

AV 

x 10"* 

Li 

K 

228*4 ± 1 

226*5 ±0*2 

227*2(o) 

225*3(0) 

— 

54*5 

1*0 

3 

Mg 

L t 

251*1 ±0*3 

250*7 ± 0*2 

251*4(o) 

251*0(o) 

247 

49*2 

0*2^ 

f 




— 

250*25 (b) 

250*6(6) 

250*2(6) 



1*8 


L t 

249*7 ±0*3 

249*3 + 0*2 

— 

— 

— 

49-5 

0*2 j 



Lx 

— 

-200 

— 

— 

— 

62-0 

— 

1*8 

Ni 

Afu 

190*6±0*6 

188*4 + 0*3 

— 

— 

169 

65-5 

1*6 

8 

Cu 


168-1 ± 1 

165*8 ±0-5{?) — 

— 

160 

74*0 

>2 

1*0 


T) 111*5 ± 1 

110*7 ± 1(?) 

— 

— 

103 

110*7 

> 1*5 

0*2 


In the case of the L s edge of Mg, a wave-length has been given by Banner 
(1935) and is entered as (6). It is doubtful to what edge-point his figure 
applies; the Cu spark line at 250-4 A is definitely considerably out on our 
plates and also, apparently, on the published reproduction of his. His 
value 250-25 is therefore too small to correspond with either of our edge 
definitions. 

The values of the edge wave-lengths from the corresponding emission 
bands ((a) O’Bryan and Skinner 1934; (6) Siegbahn and Magnusson 1934) are 
entered in Table I, columns 3 and 4 , where available. As calculated in the 
original papers, these should not correspond exactly with either A ^.. or A*,. 
They represent a third quantity, A mln . The values A„ of column 3 have been 
calculated by adding to A^,, half the edge diffusion, obtained from the ab¬ 
sorption experiments of the present paper. It will be seen that the agreement 
is fairly good. 

It may be worth while to point out here that our (L 3 —L t ) separation for 
Mg is inconsistent with the A 1 (L s — L % ) separation given by Siegbahn and 
Magnusson (1934) from the emission band; in fact, the energy separations 
given are nearly equal, instead of that for A1 being about twice that for Mg, 
as one would expect. Our value of Mg is not inconsistent with the rather 
unresolved separations indicated on emission-band plates (O’Bryan and 
Skinner 1934) of Mg and Al. It also agrees well with the value expected if 
one extrapolates, using the general formula for L doublets, a (Z-3-5) 4 law, 
from the first elements for which this doublet is given with any aocuracy in 
tables (Siegbahn 1931, p. 348), namely those of the Fe group. 
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In column 5, the data from X-ray line spectra, based on the absolute 
determination of the K edges, are given where available (Siegbahn 1931 , p. 
348 ). As will be noted, these wave-lengths tend to be too low; this may be 
due to the considerable energy spread of the low-lying K levels, combined 
with the possibility (of. Li K absorption) that the largest jump in absorption 
may not lie at the real edge, but may be some volts above it. 

In column 6 our values A m are converted into electron volts, V m , and in 
column 7 the edge diffusions in volts are given. In the cases of Mg JD a , L % , 
the diffuseness is only slightly greater than the experimental resolving power, 
and hence we give only an upper limit for the true edge breadth. In the cases 
of Mg L x , and Cu M x , the values given do not have much meaning owing to 
the indistinctness of the edges. But in the cases of Li K f Cu and Ni M 23 , the 
edge breadths are considerably in excess of the experimental errors. In the 
latter cases this is partly due to the {M % -~ M z ) separation, which extra¬ 
polation indicates as of the order of magnitude of 1 or 2 V, but these edges 
are not resolved, and therefore the true breadth of each separately must be 
of the order of 1 V. 

In column 8 the maximum variations in the absorption coefficients in the 
neighbourhood of the edges are given. 

In conclusion, we wish to express our gratitude to Professor A. M. 
Tyndall, F.R.S., for his constant interest and encouragement during the 
progress of the work. One of us (J. E. J.) is also indebted to the Ministry of 
Education of Northern Ireland for a Senior Research Award. 


Summary 

Methods are described for the determination of the X-ray absorption 
edge fine-structure of metals in the wave-length region 100*300 A. As source 
of light, a vacuum spark between metal electrodes is used, and the line 
character of the spectrum makes it necessary to develop a technique of 
photographic photometry in order to interpret the absorption photographs 
in terms of variations of the absorption coeffi cient of the metal foils with the 
wave-length of the incident radiation. 

The fine-structure of the following metallic absorption edges is given in 
detail: Li K t Mg L % , L % and L x , Cu , Ni . In addition the structure 
of the Li K edge in LiOH has been investigated. Numerical data relating to 
these absorption edges are added. 
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The Superlattice in (3 Brass 

By F. W. Jones, B.Sc. and 0. Sykes, D.Sc. 

(Communicated by W. L. Bragg, F.R.S.—Received 3 May 1937) 

The transformation in /? brass (CuZn) has formed the subject of much 
experimental work, and a considerable amount of speculation due to the 
fact that it differs in certain essential characteristics from the more general 
type of transformation associated with a change of phase. Tammann and 
Heusler ( 1926 ), in a review of the experimental data available in 1926, 
pointed out that the transformation was accompanied by changes in heat 
content, thermal expansion and electrical resistance, which were very similar 
to those occurring in pure iron during the magnetic transformation. They 
concluded that the /?-/?' transformation was not a. change in phase, and 
suggested that it was caused by a rearrangement of the atoms in the alloy 
without a change in lattioe type. In the y? or high-temperature modification 
the zinc and copper atoms were supposed to be distributed at random 
amongst the atomic sites of the body-centred lattice, whereas in the /?' or 
low-temperature modification a more or less perfectly ordered arrangement, 
with say copper atoms at the cube comers and zinc atoms at cube centres, 
was supposed to exist. 

This view is now generally accepted, and the transformation is often 
quoted as being typical of order-disorder transformations in general. More 
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recently the thermodynamics of such atomic rearrangement processes have 
been considered in some detail (Bragg and Williams 1934; Bethe 1935) and 
the change in energy content calculated. The result obtained is in reasonable 
agreement with that found experimentally in the case of ft brass (Sykes 1935), 
thus confirming the original suggestion of Tammann and Heualer. 

When the distribution of atoms amongst the atomic sites in an alloy 
structure changes from a random to an ordered distribution, a difference in 
the X-ray powder spectrogram is to be expected. Extra lines, the so-called 
superlattice lines, should be produced by the ordered structure. No super¬ 
lattice lines have been observed in the case of brass, due to the fact that the 
copper and zinc atoms (which differ by only one unit in atomic number) 
have practically the same scattering power for X-rays. Consequently it has 
never been possible to demonstrate directly that the ft f modification has an 
ordered distribution of atoms. In view of the importance of the trans¬ 
formation, it appeared desirable to make further efforts to demonstrate 
directly that a superlattice exists in ft brass at room temperature. 

Bradley and Rodgers 1934 , in an investigation of the crystal structure of 
the Heusler alloys, solved a similar problem by making use of the anomaly 
in X-ray scattering power which occurs when an atom is irradiated by 
radiation of a wave-length very nearly equal to that corresponding to its 
own absorption edge. In this way they were able to distinguish between 
manganese atoms (atomic number 25) and copper (atomic number 29). 
We have used this same property of anomalous scattering and have suc¬ 
ceeded in obtaining superlattice lines on powder photographs of ft brass. 
The intensity and position of the lines are in good agreement with those 
expected on theoretical grounds. The existence of a superlattice in brass at 
room temperature has thus been confirmed by direct experiment. 

Preparation of the Specimen 

The ft phase in the copper-zinc alloys stretches from 40 to 49*6 % Zn by 
weight, the composition corresponding to the alloy CuZn and containing 
50*7 % Zn by weight falling inside the two-phase region ft -f y. The specimen 
used in these experiments was made from an ingot containing 49-7 % Zn 
by weight, i.e. 49 % Zn by atoms. 

The ingot, 1 J in. diameter and 2 in. long, was prepared from zinc and 
copper of high purity and heat-treated to remove coring.* After the surface 
layers had been removed by machining, some fine filings were obtained. 
These were then reannealed in vacuo at 425° C. in a closed cavity in the 
* For Ml particulars see Sykes and Wilkinson (1937). 
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original ingot. In this way any serious loss of zinc by evaporation was 
eliminated and the filings were freed from lattice distortion caused by the 
filing operation. The lattice spacing was found to be 2*9480 ± 0*0002 A, and 
Owen and Pickup (1934) give 2*949 g A and 2944 6 A for the limiting com¬ 
positions of the phase in the mixed (fi + y) and (a + /?) regions respectively. 
This suggests that our final powder specimen contained 49*0% Zn, i.e. 
48 % by atoms. 

The filings were mounted on a hair in the usual way and photographs 
taken in a 19 cm. diameter camera kindly placed at our disposal by Professor 
W. L. Bragg, F.R.S. 


Choice of Radiation 


The theoretical intensity / of a line on a Debye-Scherrer powder photo¬ 
graph is given by 


Joe 


1 4 * cos 8 2 0 2 

sin* 0 cos 0 JJm 


6 is the Bragg angle, F hkl the structure factor at room temperature for the 
planes of indices A, k , l , and p the number of co-operating planes. 

/i brass is body-centred cubic, and in our particular specimen we may 
assume that there are equal numbers of copper and zinc atoms, so that if 
a completely ordered structure exists 

^hkl sss fzn — /Cu > 

f Zn and /cu being the atomic scattering factors for zinc and copper. The 
positive sign is to be taken when h + k + l is even (normal lattice lines), and 
the negative sign when h + k + l is odd. [F^, the structure factor at absolute 
zero, is related to Fhkl by the Debye temperature factor. This diminishes as 
sin 6 increases and causes the calculated intensities to diminish with 
increasing angle. For the purpose of the present discussion we shall neglect 
this Debye factor and assume F% kl — F hkI .] 

When the wave-length used (A) is substantially different from that corre¬ 
sponding to the absorption edge of copper and zinc, the values of/ Zn and 
/cu may be taken from the tables worked out by Thomas. (Bragg, W. H. 

and W. L. 1933 .) The value of/ Zn varies from 10 to 0-5 with ^r~, 

A. 

whilst the corresponding value of/ 2n +f Cn varies from 55 to 20 . The intensity 
of the superlattice lines under such circumstances is therefore about 1000 
times smaller than that of the main lattioe and would be indi« tingiiinha.b l« 
in the general background. 
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Fig. 1 (Bradley and Rodgers 1934 ) shows the depression in atomic scat¬ 
tering power as a function of A/A f , A* being the wave-length of the absorp¬ 
tion edge of element concerned, and A the wave-length of the radiation used. 



Flo. 1—Depression of / curve near the absorption edge. 

This curve was originally obtained using iron radiation, but theory in¬ 
dicates that it should be of universal application. Using zinc radiation, a 
depression of 2-8 units is given for copper and 1-3 units for zinc; and an 
additional difference of 1 -5 units in/ Zn —f Cu is thus obtained. This leads to 
the expectation that the intensity of the superlattice lines will be about 
one-hundredth that of the main lattice lines and capable of observation. 
The calculated intensities neglecting the Debye effect are given in Table I. 


Reflexion 

100 

110 

111 

Table I 

200 210 

211 

220 

221 

310 


1 

2 

3 

4 5 

6 

$ 

9 

10 

Intensity 

11 

2320 

4 

313 5 

672 

207 

4 

314 


Experimental Results 

Using a zinc anticathode and a copper filter, photographs were obtained 
which showed quite plainly the superlattice lines corresponding to 
h* ** 1 , 8 , S, 9. Lines 11 and 13 were not easily visible, the intensity of these 
lines, like the main lattice lines in this portion of the film, being reduced by 
the temperature factor. Microphotometer curves through the superlattice 
lines 100 and 111 are shown in fig. 2 . 
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Lines having intensity ratios of the order of 100 ; 1 cannot be compared 
accurately by means of microphotometer measurements, so that no syste¬ 
matic measurements have been made on the films obtained. All that can be 
said of the intensities is that they are of the right order. 



25 2*4 2*3 2*2 2*1 20 19 

Distance along film 


Fig. 2 

The positions of the lines can be determined fairly easily and the corre¬ 
sponding glancing angle 6 obtained. The experimental values of sin 2 6 are 
plotted against Eh 2 in fig. 3. This figure shows that the superlattioe lines 
1, 3, 5 and 9 occur in exactly the right positions and that no lines are missing. 

Conclusions 

In our opinion the above results are as satisfactory as can be expected 
from the theoretical considerations. They provide definite experimental 
evidence for the existence of a superlattioe in /? brass at room temperature. 
The intensity of the superlattioe lines is not sufficient to make any accurate 
determination of the degree of order, but the fact that the lines are visible 
at all indicates that the degree of order is quite large. 
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We are indebted to Dr. A. J. Bradley for his expert advice on this problem. 

Our thanks are also due to the Metropolitan-Vickers Electrical Co., Ltd., 
for kindly providing the necessary facilities for this work, and to Dr. A. P. M, 
Fleming, C.B.E., M.Sc., Director and Manager of Research and Education 
Departments, Metropolitan-Vickers Electrical Co., Ltd., for permission to 
publish this paper. 

We thank Professor W. L, Bragg, F.R.vS., for his kind interest. 



Fig. 3—sin* 0 (observed) and £h % . <*) Main lattice lines ; x Super lattice lines. 


Summary 

X-ray photographs of ft brass taken with zinc radiation show superlattice 
lines. The intensity and position of the lines are in agreement with the 
conclusion that brass has an ordered distribution of atoms at room tem¬ 
perature. 
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A Discussion 


on 

/3-Type of Nuclear Transmutations 

4 March 1937 
Opening Address 
By C. D. ELLIS, F.R.S. 

The most important and interesting feature of the /?-ray disintegration is 
the energy distribution of the emitted electrons. It is now well established 
that these electrons form a continuous energy spectrum and that this fact is 
irreconcilable with the simultaneous validity of the conservation of energy 
and the principle of identity of atoms of the same species. Further, it seems 
highly probable, although it has not been conclusively proved, that the 
energy difference between the parent and product nucleus is determined by 
the upper energy limit of the continuous spectrum. No progress has yet 
been made by adopting either of the hypotheses that the conservation of 
energy or the principle of identity are not universally valid, although such 
would appear to be the natural interpretation of the experimental facts. 
Instead, a particle, the neutrino, has been invented which is thought to he 
emitted simultaneously with the /^-particle. Whenever the /7-particle is 
emitted with less than its maximum energy the neutrino carries away the re¬ 
mainder of the energy, allowing the total energy of disintegration in each case 
to be the same. Besides having no charge the neutrino is supposed to have 
the same spin as the electron, as this helps to conserve angular momentum 
in the disintegration. The detailed theory ascribes to it zero rest mass and 
a free path in matter so great that failure to detect any evidence of interac¬ 
tion between neutrino and matter is no argument against its existence. 

It is certainly true that if the principles of the conservation of energy and 
of identity be accepted as universally valid that the evidence, although 
circumstantial, for the existence of the neutrino is strong. Yet it must be 
remembered that it is precisely the validity of these principles which is in 
question. If clear experimental evidence for the existence of the neutrino 
could be obtained, then we should have conclusive proof of the validity of 
these principles; but until this happens the neutrino must remain purely 
hypothetical. It should also be emphasized that no amount of agreement 
between the resulting theory of ft disintegration and experiment can help 
to a decision, since the properties of the neutrino are arbitrary. 
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However, there can be no two opinions about the practical utility of the 
neutrino hypothesis, since it has led to the development of a mathematical 
theory of the disintegration which has both served as a valuable guide in 
directing experiments and also shown the connexion between many different 
nuclear phenomena. The basis for any present theory is to consider the 
nucleus to consist only of neutrons and protons, which are however not 
entirely distinct particles but rather different states of the same particle. 

When it is energetically possible a switch between these two states may 
occur accompanied by the emission of either an electron or positron and 
the neutrino, included in order to satisfy the conservation laws. The tran¬ 
sition between these two states, neutron and proton, of a fundamental 
particle with emission of corpuscular energy is in some respects analogous 
to a normal transition in the atom with the emission of a quantum of 
radiation. There is in principle little difference between the emission of a 
negative or positive electron, the one involves the transition n p, the 
other p n, and such differences as there are seem to depend mainly on the 
interaction of the external coulomb field of the nucleus with the charge of 
the electron or positron. 

Theories have been developed on this basis which relate the probability 
of the disintegration with the energy and also suggest a specific shape for 
the continuous spectrum. One important point may be mentioned. The 
probability of this transition between a neutron and a proton can be related 
to the exchange forces which are largely responsible for nuclear binding, 
and it is doubtful whether the two phenomena can be represented even as 
regards order of magnitude by the same values of the relevant constants. 
However, these theories have undoubtedly performed a most valuable 
function in directing attention to the effect of the spin of the disintegrating 
nuclei. Briefly, if the spin of the final nucleus differs from that of the parent 
nucleus the transition is less probable than if there were no spin change, and 
the greater the spin change the less probable the transition. This idea is 
important as it permits the disintegration process to be connected with the 
resultant excitation of the product nucleus and its a-ray emission. We shall 
suppose that from a suitable analysis of the a-rays we know the set of the 
excited stationary states of the product nucleus as shown in the figure. 

A Relative 

-Excitation spin 
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This also includes illustrative values for the relative spins of the states and 
also the percentage excitation, or the probability of the nucleus being left 
in any particular state. All this information can in principle be deduced 
from the y-rays, and in fact in many cases is so obtained. On the left of the 
diagram is indicated the ground state of the parent nucleus placed in such a 
position that the energy separation A-a 0 represents, on an energy scale, the 
mass difference of the two nuclei. The total disintegration may now be 
divided into four partial disintegrations of relative intensities i 3 , i a , i v i Q} 
each associated with a continuous spectrum of upper energy limit A-a 8 , 
A-a 2 , A ~a v and A-a 0 . It is clear that the partial disintegration constants for 
the four modes are Ai 3 , Ai g , A i v Ai 0 , where A is the measured disintegration 
constant for the whole process. Now each of these partial disintegration 
constants can be considered to a first approximation as proportional to the 
product of two factors, the one increasing with the energy difference being 
greatest for the disintegration to a 0 and least for that to a 3 , the other de¬ 
pending on the spin difference between the parent nucleus and the excited 
product nucleus. If, for example, i 2 > i 0 , then the effect of the spins not only 
counteracts the tendency of the energy term to make the disintegration go 
to a 0 , but actually overcomes it. To the present approximation we should 
therefore give to the ground state of the parent nucleus a spin differing from 
that of a 0 but similar to that of a 2 . It is a striking and important point that 
the available evidence appears to be in agreement with these simple views. 
We may therefore with reasonable certainty consider that the fundamental 
phenomenon from which the complete /?-ray disintegration is to be dis¬ 
cussed is wdiat has been termed a partial disintegration, a transition from 
some state of the parent nucleus, usually the ground state, to some energeti¬ 
cally possible state of the product nucleus. We have assumed, and it is a 
point which requires the most careful examination, that the upper limit of 
the corresponding continuous spectrum corresponds exactly to the energy 
difference of the two nuclei in these states. Of equal interest is to consider 
how the details of the disintegration depend upon the two quantities, the 
energy difference and the spin change. There is already sufficient evidence 
to show that these two parameters are not sufficient to specify completely 
the details of the disintegration, in fact such a crude picture would scarcely 
be expected to suffice. The points on which attention first falls are the 
dependance of the disintegration constant on the energy emitted and what, 
for brevity, has been termed the “spin change”, and further how the form 
of the continuous spectrum depends on these quantities. The form of the 
curve seems to be sensitive to the “spin change”, but this is a point on 
which further evidence is urgently needed. It also appears likely that the 
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shape of the lower energy end of the spectrum depends characteristically 
on the “spin change ”, but here the experimental investigation is peculiarly 
difficult. This is a feature of the disintegration worthy of the most careful 
study. 

A few years ago, our information about the /?-ray type of disintegration 
was drawn from a few naturally occurring bodies of high atomic number, 
but with the discovery that it was possible to make radioactive bodies of 
low atomic number the field available for investigation has been greatly 
increased. In connexion with most of the points that have been referred to 
the most forceful evidence is found from the study of these artificially 
created radioactive bodies. 


J. D. Cockcroft, F.R.S.—The experimental result that the /?-rays 
have a continuous and not a line spectrum has for long provided one of the 
most interesting problems in nuclear physics. One may ask first, whether 
the energy difference between nuclei before and after electron emission 
corresponds to the upper limit of the electron spectrum or to its mean. 

The best evidence on this point is obtained from a study of various branch¬ 
ing transmutations of the lighter elements. The first and best studied of 
these is the transmutation of carbon by deuterons. In this case 13 C can be 
formed either by emission of a proton or by the successive emission of a 
neutron and positron as shown below 

120 + 2 ^ 130 + 111 +^ ( 1 ) 

or -* 13 N + n + Q 2 ( 2 ) 

13 C + +e + Q z + v (neutrino mass) (3) 

The energy of the proton group emitted in the first reaction has been 
measured by three groups of workers and values of 2-66 ± 0*06 mV (Cockcroft 
and Lewis 1935); 2 * 65 ± 0 * 07 mV (Fowler, Delsasso and Lauritsen 1936); 
2*66mV (Newson 1935) have been obtained for Q v Mass spectrograph 
brackets give a value of 2*76 ± 0*10mV (Bainbridge and Jordan 1936) and 
exclude the possibility of any additional energy loss by y-radiation. The 
energy of the neutrons in reaction (2) has been measured by Bonner and 
Brubaker (1936), who find « - 0*37 ± 0*05 mV. Lewis and Burcham 
(Unpublished 1936) have, however, observed that 13 N can be produced by 
deuterons of 0*32 mV energy from which it follows that - 0*28 mV, 
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We find then that the kinetic energy release, Q 9) in the transmutation 
of W N to 18 C is given by 


Qz < Qi - Qz ~ ( n “ X H) - (“e + + v) % 


the negative electron mass appearing since we use masses of neutral atoms. 

Using the most recent value, 0*84 ± 0*05 mV (Feather and Bretscher 
1936), for the neutron-proton mass difference, we find that 

Qz + v - 1 * 08 ± 0 * 10 mV. 

The best values for the upper limit of the positron spectrum obtained 
by inspection give 1*25 ± 01 mV. The mean energy of the spectrum is 
0*49 mV. 

Similar calculations can be carried out for other nuclear reactions and 
the results are summarized in the table. 



Calculated 


Mean 


disintegration 

Observed 

energy 

Reaction 

energy mV 

end-point mV 

mV 


1*08 ±010 

1*25 + 0*1 

0*49 

nm _u in 

” B +*H 

1*05 ±0*25 

1*15 

0*43 


1*85 ±0*25 

2*1 

0*8 


2-51 ±0*4 

2-9 

— 


In all these cases the calculated disintegration energy agrees within the 
experimental error with the observed end-point of the /?-ray spectra and 
could not agree with the mean energy of the spectrum. If we assume that 
the end-point gives the disintegration energy, we may say also that there is 
no possibility of the neutrino mass being large. It could certainly not be 
greater than one-fifth of the electron mass. 

A second point of interest is whether the end-point of the /?-ray spectra 
should be obtained by the usual process of inspection or by the method of 
extrapolation proposed by Konopinski and Uhlenbeck (1935). Since this 
point is being discussed by another speaker I will say only that the end¬ 
points obtained by the Konopinski and Uhlenbeck extrapolation are 
systematically higher by 20 or 30 % than the end-points obtained by 
inspection, and that in all cases they are so much higher than the calculated 
disintegration energy that serious doubt is thrown on the validity of the 
Konopinski-Uhlenbeok extrapolation. 
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R. Peierls —In this brief summary of the theoretical situation I shall 
deal only with Fermi’s theory and its modifications, since it is the only 
theory that has so far been consistently formulated and discussed in detail. 

It is well known that in this theory one assumes the emission of an 
electron to be accompanied by the emission of a “neutrino”. One may 
then say that one of the neutrons in the nucleus has become a proton, 
according to the scheme 

tf~P + e + » ( 1 ) 

(N — neutron, P = proton, e = electron, n «= neutrino). Wave mechanics 
predicts that both the electron and the neutrino should be capable of being 
in states of negative kinetic energy, and according to Dirac we have to 
assume that all these states are occupied and that the absence of an electron 
from a state of negative energy manifests itself as a positron. Similarly, 
we have to assume that the absence of a neutrino from a state of negative 
energy would be observed as an “antineutrino”, which would have pro¬ 
perties very little different from those of the neutrino. 

If, then, we assume the light particles involved in (1) to be in states of 
negative energy and replace the reaction by its inverse, we obtain 

P = N+p + n' t (2) 

where p denotes the positron and ri the antineutrino. This is the process of 
radioactive emission of positrons. 

If we choose a state of negative energy for the neutrino only but not for 
the electron, we obtain 

P + e« tf+V. ( 3 ) 

The emission of a positron can thus be replaced by the absorption of an 
electron, for example from the if-shell. The reaction ( 3 ) requires less energy 
than (2), since the rest energy me 2 of the electron appears on the other side 
of the energy balance. The reaction should therefore in certain cases be 
more important than (2). Its probability has been calculated by Miller 
(1937), who finds that it should be very probable for heavy elements and 
low disintegration energies. This process has not yet been observed (cf. 
Jacobsen 1937). 

While the above does not depend much on the detailed assumptions of 
the law of interaction that leads to the /?-decay, it is necessary to make 
such assumptions in order to derive more quantitative results. 

Fermi (1934) assumed the interaction energy responsible for the process 
(1) to be the space integral of a quantity 

const. (A l B 1 +AzB 2 + AsB z ~A Q B 0 ) t 


( 4 ) 
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where A Q ... A z form the components of a four-vector which depends only 
on the initial state of the neutron and the final state of the proton, while 
J? 0 ... i? 3 are the components of a similar four-vector which depends on the 
wave functions of the emitted electron and neutrino. Fermi was led to the 
assumption ( 4 ) by the analogy with the emission of light, in which the 
interaction energy is also represented by the interaction of two four-vectors 
(viz. charge-current density and scalar and vector potential), referring to 
the emitting and the emitted part, respectively. 

For further simplification, Fermi assumed B at each point to be merely 
a product of the wave functions of electron and neutrino, the different com¬ 
ponents of each function being combined in such a way as to obtain a four- 
vector. 

Both these assumptions have been generalized in papers by Konopinski 
and Uhlenbeck (1935), Bethe and Bacher (1936), Fierz (1937a), Hoyle 
(*937) an< 3 others. In particular, it was found of interest to discuss the 
introduction of derivatives into B. According to the total order of de¬ 
rivatives occurring one speaks of terms of zero order (Fermi), of first order 
(Konopinski-Uhlenbeek), etc. Further, instead of the product of two four- 
vectors, it is equally possible to use two invariants, or indeed two tensors of 
any rank. 

More generally, it is possible to consider linear combinations of several 
such products. However, linear combinations of terms of different order 
have not so far been discussed*, and it seems, indeed, unlikely that they 
would occur, since terms of different order are of different dimension, and in 
order to make them equally important the ratio of their coefficients should 
be a length of the order of the Compton wave-length hjmc. The occurrence 
of such a length in the fundamental formula for the /?-decay seems unlikely. 

One feature which has to be explained by the theory is the energy dis¬ 
tribution of the emitted electrons. It was found that Fermi’s interaction 
law did not give good agreement with the observed distribution. The same 
holds for all other laws involving a zero-order interaction. 

It was shown by Konopinski and Uhlenbeck (1935) that one particular 
first-order term gave very good agreement with the experiment. The 
physical significance of this term is that it involves the derivative of the 
neutrino wave function which is proportional to the neutrino energy. As 
oompared with Fermi’s term, therefore, this expression favours the emission 
of fast neutrinos (slow electrons), and this is the modification required 
by the experimental curves. All other first-order terms which contain a 
derivative of the neutrino wave function can be shown to give a very similar 
* See, however, the interesting point raised by Mr Richardson, below. 
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distribution, except for electron energies of the order of me 2 . Similarly, if 
one assumes the mass of the neutrino not to be zero, the upper end of the 
spectrum, for electron energies differing by about /tc 2 from the upper 
limit (/1 being the neutrino mass), will depend on (i and on the particular 
first-order term one chooses* (Hoyle 1937). The experiments by Lyman 
(1937) seem to indicate that such a modification near the upper end is 
required and would therefore support the assumption of a finite neutrino 
mass. 

Summarizing the position as regards the energy distribution one may say 
that, if one rules out zero-order terms and first-order terms containing 
derivatives of the electron wave function (either would produce a distri¬ 
bution which is very dissimilar from the observed curves), the main part 
of the spectrum is uniquely determined and is in good agreement with 
present experimental evidence. Only the lower and upper end of the 
spectrum (which, however, for low disintegration energy may represent a 
considerable part of the total) can be given a variety of shapes and here 
the theory has to take a direct lead from experiment. 

Terms of higher than the first order have also been discussed (e.g. Hoyle 
1937) and give a still greater variety of shapes for the energy spectrum, but 
they seem to be ruled out by other evidence (see below). 

Another important problem is the connexion between the decay constant 
and the maximum energy of the /?-rays. While the energy distribution for 
one radioactive element refers to a definite transition of the nucleus and 
therefore to one fixed value of A in ( 4 ), the calculation of the decay constant 
involves a comparison between different elements and therefore a variation 
of A as well as B. However, for all those nuclear transitions which are 
compatible with the selection rules the variation of A will not be very 
great and will at any rate be much less than the differences between the 
actual decay constants. The magnitude of A should not vary in a systematic 
manner with the disintegration energy, though there may be a systematic 
variation with the nuclear mass. Hence, by analysing statistically the 
values for many nuclei, one can obtain at least an approximate comparison 
between experiment and theory. The result is that both the interaction 
terms of zero order (Fermi 1934) and of first order (Bethe and Baoher 1936) 
are in satisfactory agreement with experiment, but that second-order 

* In this case the method of Konopinski and Uhlenbeck for finding the upper 
limit of the spectrum is no longer applicable. It is, however, interesting to note that 
thus method would still lead to the right value for the total disintegration energy, 
since the latter now exceeds the upper limit of the spectrum by the rest energy of 
the neutrino, and this happens to be the amount by which the K on opinski-Uhlenbeck 
extrapolation overestimates the upper limit. 
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terms give a more rapid increase of the decay constant with energy than 
the experiments would admit. 

It is well known that the radioactive nuolei can be grouped according to 
the values of A , and that the differences between different groups are much 
greater than the differences within each group. (The differences between the 
groups are so large that for this purpose it does not matter which of the 
theoretical interaction terms is adopted.) The groups with smaller A values, 
i.e. smaller decay constants, contain those nuclei in which the transition 
connected with /?-decay violates some approximate selection rule. These 
selection rules are closely analogous to those which govern the emission of 
light by atoms. Just as in an atom they are different for dipole and quad¬ 
ripole radiation, and different for electric and magnetic dipole radiation, the 
selection rules for /?-decay differ according to which of the various forms of 
the interaction law is adopted. Accordingly, the difference between the 
spin of the initial and the final nucleus which one expects for “ allowed 99 and 
for “forbidden” transitions depends on the law of interaction. Thus a 
combination of the knowledge of nuclear spins from y-ray spectra with the 
selection rules as deduced from the /?-decay constants would help to decide 
between different interaction terms which yield the same energy distri¬ 
bution (Gamow and Teller 1936). 

Another means of deciding between different interaction terms of the 
same order would be to use the distribution of recoil velocities (Leipunski 
1936) which depends on the relative direction of emission of the electron and 
the neutrino. 

There are, however, a number of strong objections against the theory, at 
least in its present form. The most important of these is that the equations 
based on interaction terms of first and higher order have so far only been 
developed to the first approximation, and that all attempts to consider them 
as part of a consistent theory have so far failed. The fundamental difficulty 
lies in the fact that the process of differentiation involved in the first-order 
terms must, for reasons of Lorentz invariance, also contain time derivatives. 
Now in the present state of wave mechanics the interaction terms serve the 
purpose of determining the change of the wave function with time. If, then, 
these terms themselves contain the first or even higher time derivatives of 
the wave function, the whole structure of the equation is changed, and it 
has so far been impossible to adapt the formalism of wave mechanics to this 
change (Weizs&cker 1936; Fierz 19376). 

Furthermore, it was hoped that higher approximations of the same 
equations, of which the first approximation represented the /?-decay, would 
explain other facts, such as the nuolear forces and the anomalous magnetic 
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moment of the proton (Heisenberg 1935; Iwanenko and Tamm 1934; 
Wick 1935). Now, owing to the difficulty mentioned above, the second 
approximation cannot at present be calculated, since the general equations 
are not free from contradictions. But even at the present stage it seems 
almost certain from dimensional arguments that the second approximation 
would in any case lead to divergent results. This difficulty is formally 
analogous to that of the infinite self-energy of the electron in electro¬ 
dynamics (Kahn 1937). 

Attempts have been made to overcome it, at least provisionally, by 
restricting the infinite integrals which enter into the second approximation 
to a finite range of integration (Bethe and Bacher 1936; Weizs&cker 1936), 
although such a procedure is rather arbitrary and violates the Lorentz 
invariance. However, even if this is done, one finds that the second-order 
terms cannot be made to explain, for example, both the magnitude and the 
range of the nuclear forces. 


H. 0 . W. Richardson— The Experimental Evidence on the Shape of the 
Nuclear ft-Ray Spectrum 

Owing to experimental difficulties there has been much uncertainty 
about the shape of the energy distribution curve of the /?-rays, particularly 
near the high- and low-energy ends. Recent experimental evidence makes it 
possible to draw some conclusions on points which were hitherto uncertain. 

I—The Low-Energy Part of the Curve 

Until recently it was generally held that in all /?-ray spectra there were 
few low-energy electrons, the energy curve falling down to zero ordinate at 
or even before the origin. This was in contradiction to the prediction of the 
neutrino theory in the case of ^-emission by nuclei of large atomic number, 
for which a considerable proportion of low energy /?-rays should be present. 
A special search was made by the writer in 1933 for low-energy electrons 
from radium E mounted on thin metal leaf in a cloud chamber, thin leaf 
being used to reduce the production of slow electrons by secondary pro¬ 
cesses. The energies of /?-rays below 60 kV were found from the ranges of 
the tracks. 

Numerous such slow /?-rays were found giving an ordinate to the energy 
curve between 20 and 60 kV which was about as high as the ordinate at the 
then accepted maximum for radium E at 350 kV. 

In 1936 Alichanow, Alichian and Dzelepow obtained the shape of the 
curve from 60 kV upwards, and showed that there is no fall in the ordinate 
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between 60 and 360 kV, and that the very flat maximum is at about 100 kV. 
They used radium E on thin aluminium leaf in a magnetic spectrograph 
and detected the rays with a Geiger-Muller counter closed by a celluloid 
window so thin that it transmitted all particles with energy above 60 kV. 
These results suggest that previous failures to find the low-energy electrons 
must, in general, have been due to too much absorbing material being 
present between the source and the detector. 


i4 ys 

11 



Fig. 1— ft-vtiy of thorium CC'. 1, uncorrectod experimental distribution: 2, corrected 
experimental distribution; 3, Konopinski-Uhlenbeck distribution with E 0 = 2600 kV; 
4, Fermi distribution with E 0 = 2260 kV. 


In fig. 1 is shown an unpublished energy distribution of the /?-rays of 
thorium CC' obtained by Alice Leigh-Smith and the writer. The thorium C 
was present in an expansion chamber in the form of a radioactive organo- 
metallic vapour, so that all complications due to using a solid mounting 
material were eliminated. The point of origin in the gas of each disinte¬ 
gration electron track was clearly marked o wing to the immediate emission 
from the same point of an a-particle from the product nucleus of thorium C', 
of very short life. As with radium E, the results indicate a high ordinate at 
low energies, the lowest accessible energy being now about 10 kV. 

A similar result, allowing for the lower nuclear charge, has been obtained 
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by H. C. Paxton for a light nucleus, radio-phosphorus P 82 , mounted on a 
thin film in an expansion chamber. In all these cases, which belong to the 
class of forbidden /^-transitions, the ordinate at low energies appears to 
agree with the Fermi and Konopinski-Uhlenbeck theories within the rather 
wide limits of experimental error. 

2 —The General Shape of the Spectrum 

The shape of the / 5 -ray energy spectrum is strongly asymmetric, that is 
the average energy is much less than half the maximum electron energy. 
It was shown by Konopinski and Uhlenbeck that the asymmetry of all the 
known /5-spectra, both for heavy and light nuclei, was too great to be in 
agreement with the Fermi theory and they showed that much better agree¬ 
ment could be obtained by biasing the Fermi expression for the probability 
of emission of an electron of given energy by multiplying it by (E 0 —E) 2 , 
the square of the neutrino energy. The Fermi and Konopinski-Uhlenbeck 
distributions for thorium CC' are shown in fig. 1 with different end-points 
at 2250 and 2600 kV respectively. It will be seen that the K.-U. curve shows 
rather better agreement with experiment. 

It has been established by F. N. D. Kurie, J. R. Richardson and H. C. 
Paxton, using the expansion chamber, that the K.-U. expression gives a 
good account of the shape of the major portions of many / 5 -spectra from 
light nuclei, a result which has been found by others to apply also to heavy 
nuclei. 

Fowler, Delsasso and Lauritsen have discovered / 5 -disintegrations of very 
high energy extending up to 12 mV which show good agreement with the 
K.-U. formula and well-marked deviations from the Fermi expression. 

3 —The High-Energy End-Point of the Spectrum 

The K.-U. high-energy end-point obtained by fitting the K.-U. theoretical 
curve to the experimental points at lower energies is, in general, higher than 
the experimental end-point which would be obtained by a reasonable 
extrapolation of the observed energy distribution near its high energy end. 
For instance, W. J. Henderson deduced experimental end-points for 
thorium CC' and thorium C"D at 2250 and 1790 kV respectively, using a 
magnetic spectrograph and coincidence counting to reduce the background 
oount. The K.-U. intercept end-points obtained from expansion ^chamber 
measurements of these two spectra lie approximately 450 kV higher, thus 
indicating a wide gap in which no electrons have been observed but in which 
the number to be expected is extremely small and difficult to separate 
from the background count. This is because the K.-U. curve approaches its 
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end-point extremely gradually. The number of electrons it predicts in the 
last 350 kV of the curve is only 2*4 x HU 4 per disintegration. 

The reality of a gap between the K.-U. end-point and the experimental 
end-point has recently been established by Lyman for the cases of radium E 
and radio-phosphorus, P 32 . He uses a magnetic spectrograph specially 
designed to avoid the counting of particles scattered from the walls. His 
curves show that the experimental distribution falls below the curve pre¬ 
dicted by the K.-U. formula at high energies and reaches zero several 
hundred kV below the theoretical K.-U. end-point. It thus appears probable 
that though the K.-U. formula gives a good approximation to the correct 
shape over most of the spectrum it deviates seriously near the high energy 
end-point. 

4 —The Expression for the Energy Distribution 

It is of interest that good agreement over the whole spectrum can be 
obtained by a linear combination of two terms of the Fermi and K.-U. type 
respectively. The number of electrons emitted with energy between E and 
E + dE is then given by 

NdE - F x (l + dB, 

where FdE is the number predicted by the Fermi expression alone and E 0 
is the maximum experimental electron energy which now corresponds also 
to the theoretical end-point. If E is in relativistic units of me 2 , K = 1*4 
and 2 - 2 mc 2 for radium E and radio-phosphorus respectively. 

Such a formula requires that low energy / 7 -spectra will have tho Fermi 
shape but that as E 0 increases the shape will change over to the K.-U. form 
except near E = E 0 . There is insufficient direct evidence to test such a 
formula but some indirect confirmation can be obtained from the life periods 
of the low energy disintegrations of thorium B and radium D. These nuclei 
have lives which are too short by factors of about 15 and 10,000 respectively 
to fit the relation between E 0 and life-period required by the K.-U. theory 
but fit in well with the expression given above, the constant in F, repre¬ 
senting the magnitude of the interaction between light and heavy particles, 
being adjusted to fit the observed life-period of thorium C". 
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1—Introduction 

In a previous paper (Callender, Hartree and Porter 1936),* three of the 
present authors have given a theoretical study of the effect of a time-lag on 
a general class of control systems. 

It was supposed that some physical quantity (such as temperature), 
subject to random disturbances, was to be kept as nearly constant as 
possible by the operation of certain controlling gear, this operation being 
related in a definite way to the behaviour of the physical quantity to be 
controlled, and further that there was a time-lag between such operation 

* This paper (vide References) will be quoted as I. For an aocount of praotio&l 
methods of utilizing the conclusions of this paper, see Callender and Stevenson 

(1936)- 



Time-Lag in a Control System 461 

of the controlling gear and its consequent effect upon the behaviour of that 
quantity. 

The present paper extends the investigation to a more general form of 
the relation between the behaviour of the quantity to be controlled and 
the operation of the controlling gear, which relation we call the “law of 
control”. The relation here studied was already mentioned in I (p. 418 , 
footnote), and appears to have considerable advantages from the point of 
view of theoretical and practical effectiveness of control. 

As in I, the control law to be investigated contains a number of para¬ 
meters and the main interest of this work lies in finding the optimum 
ranges of values for them. Systematic theoretical investigation is again very 
desirable, particularly as the number of parameters is larger than before, 
and the results of such an investigation are likely to be more definite, more 
general, and more comprehensive of the wide field under review, than an 
empirical study with an actual control system. 

An analytical survey, such as that outlined in I for the control laws there 
considered, is impracticable here on account of the rather inconvenient 
form of the equations for algebraical treatment. Ranges of values of the 
control constants likely to give good control have been deduced from a 
general survey of the particular solutions of the control equations which 
we have called the “normal modes”, and an extensive field has been 
examined by obtaining on the differential analyser (Bush 1931) solutions 
showing the behaviour of different control systems subsequent to a standard 
disturbance, so that their merits can be easily compared. 

The argument is again independent of the particular physical quantity 
to be controlled, and the conditions for satisfactory control are the same as 
already given in I. 


2—The Extended Control Law 

Writing 6 {t) for the departure, at time t , of the quantity to be controlled 
from its standard value, it is supposed that 

® = !)(*) + C{t)-md{t), ( 1 ) 

where D(t) is the effect of random disturbances, and is to be regarded as a 
given function of t, C(t) is the effect, at time t, of the operation of control, 
and — md(t) is the inherent effect (if any) of the variation of 6 from the zero 
value. 
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The operation of the control is supposed to be determined by the be¬ 
haviour of 0 (t) alone, and, in a system with time-lag, C(t) depends on the 
behaviour of 6 , not at time t, but at time t — T, where T is the time-lag, 
assumed to be constant. The dependence of C(t+ T) on 6 ( 1 ), which we call 
the “law of control”, is here taken to be (cf. I, p. 418 , footnote) 


- 0 (t+T) = 71^(1) +n t z(t) + n a z(t). 

(2) 

where z(t) is an auxiliary variable related to 0 (t) by 


z(t) + z(l) = B^ + B^t) 

( 3 ) 

with B 2 > 1. This control law can be regarded as an extension of that con¬ 
sidered in I, to which it reduces if B 2 = 1 or B x -> co (B 2 remaining finite). 

Ah before (cf. I ( 3 )), it is convenient to take the time-lag T 

as unit of time, 

and to write 

t/T m T 

and 

( 4 ) 

mT = n , riyT 2 = v v n 3 T ~ v 3 , n 3 = i> 3 , B 3 T - b v 

B 2 — b 2 . ( 5 ) 

Writing also, as before, 


TD(t) - xjr(T) t TC(t) - c(r), 

(6) 

the equations of control are 


- ^(t) + C(t)-/ 10 (t), 

(?) 


(8) 


(0) 

If (8) is written in the integrated form 


— c(r +1) = Vjj* zdr + v t z(r) + v 3 ^~~, 

(10) 


it is to be understood, as before (cf. 1 , p. 419 ), that the lower limit of in¬ 
tegration is not arbitrary, but is to be ohosen so that if, at any time r, 
2 and its first two derivatives are zero, then c(r +1) is also zero; this corre¬ 
sponds to the determination of the zero setting of the controlling gear. 

To see the general effect of the introduction of the auxiliary variable », 
given by (9), on the behaviour of the control system, suppose first that a 
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disturbance occurs such that 0 increases linearly with t. If z — 0 = 0 for 
r < 0 , and 6 = kr for r ^ 0, the solution of ( 9 ) for r > 0 is 

z = 6 + lk{ l-e-V), (H) 

where 1 = (& 2 -l)/6j. (12) 

Hence for large t z~6 + lk = 6 + 1 ddjdr, ( 13 ) 



r 


Fig* 1 —Showing variation of z with r for linear variation of 6, same value 
of l f and different values of (i) b x small; (ii) b t large; (iii) b x > oo. 

so that z is a quantity which, in this particular case, ultimately becomes 
greater than 6 by an amount proportional to the rate of change of 0. The 
quantity l which determines the magnitude of this increase of z above 0, 
for a given value of ddjdr , we call the ‘Tift coefficient”. Formula (11) 
shows that z approaches its asymptotic behaviour ( 13 ) more rapidly, the 
larger the value of and takes up this behaviour immediately in the 
limit oo* This is illustrated in fig. 1. 

Now consider the behaviour of the control system operating according 
to the control law ( 9 ), ( 10 ) with v x «= * 0. If 0 varies in the way con¬ 

sidered, we have 

— c(r-f-1) v%z{r) ~ v 2 0(r)4* v t lM{r)jdr. 


2 H 
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Comparing this with the control law studied in the previous paper, 
namely (I, (8)) 

~c(t+ 1) = iqj ddT + v 2 d(T) + v s dQ(r)/dT f (14) 

we see that the use of a value of l ^ 0 in the control laws ( 9 ), ( 10 ) simulates 
the effect of the v 3 term in the control law ( 14 ), with » p 2 l. Further, 
since, in the limit, when b x -+o o, z takes up its asymptotic behaviour im¬ 
mediately, it follows that when b x and h t both tend to infinity in such a 
way that bjb x = l, the control law ( 9 ), ( 10 ) with v 3 — 0 reduces exactly to 
the control law ( 14 ) previously studied, with v 3 = v 2 l. 

In this discussion it has been supposed for simplicity that v x « 0. Actually 
for the same reason as discussed previously (I, p. 420 ) a positive value of v x 
is required for satisfactory control. 

Since the use of the auxiliary variable z introduces an effect similar to 
that of the v 3 term in the control law ( 14 ), we shall take v 3 « 0 in the con* 
sideration of (10). In order to reduce further the field to be explored, we 
shall also take ji » 0; we are then considering the most severe conditions 
likely to arise in practice. 

As with the simple control law previously studied, the general solution 
expressing the effect of an arbitrary disturbance can be expressed as the 
sum of a set of particular solutions of the equations with \[r(r) » 0. In these 
solutions, which we call “normal modes”, the variation of d is exponential, 
harmonic, or damped harmonic. By consideration of these normal modes it 
is possible to select ranges of values of the control constants which appear 
likely to give good control; then particular values can be chosen for detailed 
examination of the solutions of the control equations by the differential 
analyser. This preliminary investigation of the normal modes is important, 
since with four independent control parameters (b v 6 a , v v *> 8 ) ffo fold to 
be investigated is very extensive and much time can be saved if some 
guide to promising values of these parameters can be found. 

3—The Normal Modes 

Consider solutions of equations ( 7 ), (8), (9) of the form 
0(t) * a x ey r , z(t) * a 2 ey f t 

where a v a 2 and y are constants which may be real or complex. Substitution 
of these in the equations of control shows that a x is arbitrary and y must 
satisfy the equation 

y(y+A) + e^(^ + ^y + v 3 y s )(6 1 + 6 a y)/(6 1 -fy) * 0. , (15) 
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We are here only concerned with cases in whioh « p =* 0; then ( 15 ) 
reduces to 

F { y ) s 7 a « y + + v t y ) (6 X + 6 a y)/(6 1 + y) * 0* (15) 

As in I, we WTite y = - a for the real roots (if any) and y — — a ± ip for the 
complex roots, taking /? as essentially positive. For stability of the control 
system, a must be positive for every root of (10). 

For b 2 = 1 , (10) reduces to 

yV + ^ + ^y « 0 , ( 17 ) 

the solutions of which have already been investigated [I, § 3 , case (i); cf. 
I ( 14 )]. In this case we have used the term “fundamental" for the normal 
mode of lowest frequency, given by the roots y « - a ±ifi for which /? is 
smallest, and the term “harmonics" for the normal modes of higher fre¬ 
quency. 

As b 2 increases from 1, the other parameters remaining constant, the roots 
of (10) vary continuously, and, so long as no double roots occur, the roots 
of ( 10 ) can be correlated uniquely with those of ( 17 ). For a system operating 
according to the control law ( 9 ), (10) it is convenient to use the terms 
“fundamental" and “harmonics" for the normal modes correlated in this 
way with the fundamental and harmonics of a system with the control 
law ( 14 ) with i> 3 =* 0 ; if for the control law ( 9 ), ( 10 ) there is an additional 
oscillatory normal mode, it will be termed a subharmonic.* 

As in I, we shall write cc v for the values of a and ft in the fundamental; 
the values for the subharmonic will be written a,, fl 8 . 

The occurrence of a subharmonic is closely related to the absence of a 
“simple exponential" normal mode given by a real root of ( 16 ). These real 
roots y — a, if any, are given by the intersection of the curves of — a 2 e~* 
(fig. 2, curve i) and of (v x -v a a) (b 1 ~-b 2 a)/(b l -~a) (fig. 2, curve ii). When 

- 1, the latter becomes the straight line v x — v^x (fig. 2, curve iii, cf. I, 
fig. 1 ) and then there is certainly a real root. When b 2 is slightly greater 
than unity, there are two real roots, and it can be shown that, for given 

* This meaning of the term “fundamental” in this context is consistent with the 
usage in I, when P $ #Q (I, § 3 , ease (ii)). The possibility of a subharmonic has only 
been recognized in the course of the work described in the present pa|>er, but a 
similar normal mode, not correlated with a complex root of (17), can also occur with 
control law (14) when 0. In such cases, the normal mode called the fundamental 
in I is not actually that of lowest frequency, os was originally intended by the term 
(I, p* 423 ), but the one correlated with the fundamental when v s = 0. 

The “fundamental”.as here defined is actually the most prominent normal mode 
in all cases for which we have obtained the solution of the control equation. 
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values of v x and v 2 »they occur at greater values of a than for b 2 = 1 . But as 
increases, these real roots coalesce and disappear, as illustrated by fig. 2, 
in which there is no intersection bet ween curves i and ii. They are replaced 
by complex roots 

y = -ot' + i[ 2 F(-~a , )IF' , (-ot , )]i approximately,* 



Fjo. 2 —Graphical solution for real roots y ~ —a. The figure is drawn to scale 
for ~ 2; v l = 0*263; r* = 0*70; r 3 = fi = 0. 

where a' is the value of a for which F( - a) is smallest (i.e. where the differ¬ 
ence of ordinates of curves i and ii is smallest). When F{ — a) is small, the 

* It is assumed that F*( -a')^0 ; this condition will be satisfied except in rare 
cases. 
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frequency of this normal mode is small, and since it is correlated with the 
simple exponential for b 2 * 1, not with an oscillatory mode, it will be 
called the subharmonic as explained above. Its damping can be estimated 
by inspection of fig. 2, although it does not correspond to any real inter¬ 
section of curves i and ii. 



Fig. 3—Contours of constant v x and of constant v t on the (a, f$) plane for 
= 4, a= 3 (Z=s i). -, contours; - - v % contours. 

As in I, the complex roots y = — a-f t/? can be surveyed by means of a 
contour diagram, showing contours of constant v x and of constant v 2 in 
the (a, ft) plane (of. I, fig. 2); one such diagram is required for each pair of 
values (b v b 2 ) considered. Several such diagrams have been constructed 
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and two are reproduced here as examples'*. Fig. 3 (6 X « 4 , 6 a « 3 , l « $) 
shows best the general form of the contours; fig. 4 (b t * 4 , * 2 , l ** J) 
is also given as it includes the best set of control parameters which we 



Fig. 4—Contours of constant r, and of constant u t on the (a* ft) plane for 
bi s= 4, b t = 2 (£=£).-, contours; - - - , r g contours. 

have found in the course of this work. These diagrams should be compared 
with I, fig. 2, which shows the corresponding contours for 6 2 « 1. 

The effect on the contours of taking b % # 1 is rather complicated. The most 
noticeable feature is that the saddle point, which for 1 lies on the 

* The originals of these figures, the other contour diagrams constructed, and the 
records of the solutions of the control equations referred to in § 4, are deposited in 
the Central Filing Dept, of LCX (Alkali), Ltd., Northwich, and are available for 
consultation there during business hours. 
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a-ftxis at a ** 2-^/2 * 0*586, moves away from the axis and the values of 
both the v x and contours passing through it are increased. This displace¬ 
ment and rise of the saddle point is accompanied by corresponding changes 
in the other contours and by the appearance of new contours in the neigh¬ 
bourhood of the /?-axie. An intersection of these new contours (corre¬ 
sponding to chosen v v v 2 values) gives rise to a subharmonic. For example, 
for b x = 4, b 2 a* 3 (see fig. 3) and v x = 0*45, p a = 0*75, the intersection at 
a * 0*44, = 1*53 gives the fundamental and that at a * 0*58, /? = 0-69 

gives the subharmonic. 

The best values for the control parameters are those for which a is fairly 
high both for the fundamental and subharmonic, and /? for the subharmonic 
is not too small. But the neighbourhood of the saddle point should be 
avoided, as the values of a and are there very sensitive to the values of v x 
and v t so that the control would probably not be flexible (in the sense of 
giving good control over a range of values of the control parameters). 


4—Application of the Differential Analyser 

A study of the normal modes of the control system indicates the field of 
values of the control parameters for which the control is stable and gives 
some idea of their values in order that the control may be satisfactory from 
the point of view of giving a rapid and nearly dead-beat return of 0 to zero. 
But in order to determine more closely the optimum values of these para¬ 
meters, it is necessary to examine the behaviour of the solutions of the control 
equations subsequent to various disturbances, and this is most easily done 
by obtaining these solutions on the differential analyser. 

As already explained in I, it is sufficient to consider a set of disturbances 
such that ^(t) = 0 for r ^ 0, and ^(r) = 1 for r ^ 1, and the behaviour of 
\jr(r) from r = 0 to r = 1 is specified; a general disturbance can be con¬ 
sidered as a superposition of such disturbances, beginning at different times 
and having different amplitudes. Moreover, it was found in I that the be¬ 
haviour of the control was not very sensitive to the way in which \Jr(r) 
varied from r » 0 to t = 1 . This appeared likely to be the case in the present 
work also and was verified in a few special examples. For the major part 
of the work, therefore, the same .disturbing function, namely 

«= 0 for r ^ 0, 

«r/6 for 0<r<6, 

« 1 for r > 6, 

with b * £ (cf. I, fig. 56) was used throughout. 


(18) 
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The work was carried out on the full-size differential analyser at Man¬ 
chester University, using the special input table incorporated in the 
machine, as a result of the work done on the model differential analyser and 



m 

VAri 

i //( t ) + c(T) = rf0(r)/rfr 
6 a d0(7)/dr 

b v d(T) + b t dO(T)!dT 

= b y zl(T) + dz{T)ldT 

dzjdT 

b x z(r) 

z(r) 

V t z(T) 

I’zdT 

— »>, J T z dr — v t z(r ) + i/r(r+ 1) 

= c(r+l) + v^(r+l) 


Fic4. 6—Schematic wct-up of differential analyser for equations (7), (8), (9) 
with r s = fi =: 0. (Scale factors and signs omitted.) 


described in I, for handling equations of a system with time-lag. The set¬ 
up of the differential analyser is shown diagrammatically in fig. 5 , using 
Bush’s ( 1931 ) standard notation for the different units of the machine, 
with an obvious modification for the special input table. 
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Different values of the control parameters can be obtained on the machine 
by suitable gear changes, and by changing the constant displacement of 
integrator IV; in this way, a large field can be investigated. The procedure 
for solving the equations on the machine follows closely that given in I. 

Curves of ^(r)-f-c(r), 0(r) and z{r) are recorded during the process of 
solution of the equation by the differential analyser, the former on the special 
input table, and the latter two on the output table. 

5—Results 

Solutions for a large number of different sets of control parameters were 
taken on the machine; of these two have been chosen for reproduction here 
to illustrate the discussion of the results. Since the merits of any selected 
control system are judged mainly by the behaviour of 0 subsequent to a 
disturbance, only the curves of 6(t) are given. 



Fig. 6—Solution for b t = \ = 2 (of. fig. 3) and r, =: 0*263, = 0-70.-, 0(r); 

- - -, approximate contribution from subharmonic. 


Fig. 6 shows the behaviour of 0{r) for v x ~ 0-203, v 2 * 0-70, b x « b 2 *> 2. 
It is chosen, not because it is particularly good from the point of view of 
control, but because it provides a good example of the effect of a sub¬ 
harmonic normal mode. The values of a, ft for the fundamental and sub- 
harmonic are 

a* - 0-42 and & 8 ~ 0-46 
= 1*40 A - 0*37 

respectively, so that their damping constants are approximately the same, 
and the frequency of the subharmonic is approximately one-quarter of 
that of the fundamental. The contribution of the subharmonic to 6, in- 
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dieated approximately by the broken curve in fig. 6, simulates that of the 
simple exponential (cf. I, fig, 7). 

As pointed out in I, it may sometimes happen that a slight overshooting 
of 0 in the opposite direction to its initial deviation is an advantage in the 
operation of the control system, but in general it is probable that a nearly 
dead-beat return will be preferable and this return will be required to be as 
rapid as possible. 



Fig. 7 shows the best example of control, from this point of view, obtained 
in the course of the work, and t herefore provides the answer to the question 
from which the research originated, namely the determination of the 
optimum values of the control parameters. These values are 

6 x -4, b 2 = 2, (1 = 1), v x « 0*263, ~ 0*78, (19) 

though they are not very sharply defined, as even when 25% changes are 
made in v v v 2 and 6 ls the control still remains good. This is an important 
feature of the results as it means that this set of values is “flexible” in the 
sense defined in I, namely that small variations of the parameters should 
not impair the satisfactory operation of the control system. 

Although the frequency of the subharmonic is comparatively small, its 
damping (a* * 0*85) is high; the fundamental is also highly damped 
(a x * 0-63), and since its frequency is also fairly high (/J x =b2&) the quick¬ 
ness of return of 6 is good. It is interesting that these results are already 
obtained with quite a small value of Z; this corresponds to the appreciable 
improvement in I by even a small value of v 9 . 

We have seen in §2 that the behaviour of a control system with the 
control law (9), (10), having v 8 » 0 and l # 0, may be expected to be somewhat 
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similar to that of a system with control law (14), already studied in the 
previous paper, but having v 3 - v z l 

But the control law (9), (10) (with p 3 =?0) appears to have certain advan¬ 
tages over (14) (with ^ 0). Firstly, for the former the damping of the higher 
harmonics is given by a~]og(/?/& 3 v 2 )» and so increases with the frequency 
exactly as for control law (14) with v z * 0, whereas for (14) with 
r 3 #0, a~*log(l/v 3 ). Secondly, there appears to be an inherent limitation 
on the value of v z attainable with control apparatus designed to operate 
according to control law (14),* whereas there is no limitation on the attain¬ 
able values of l. Thus both from the point of view of stability of the control 
system and from that of design there appears to be more freedom of choice 
for l in (9), (10) than for v z in (14). Thirdly, the use of r 3 ^ 0 may give rise to 
considerable, and rather irregular, motion of the control gear (ef. the \jr(T) 
curve of I, fig. 10), which might cause excessive wear; such irregularities are 
smoothed out by the use of a system operating according to (9), (10) as can 
be seen from consideration of fig. 1. And fourthly, the control attainable 
with (9), (10) seems more effective than any attainable with the control 
law (14). 

In I it was seen that using control law (14) with — 0, high damping of 
the fundamental could only be obtained at the cost of a sluggish return of 6 
to zero. Moreover, although the introduction of speeded up the return, 
this was accompanied by a marked tendency to overshoot the zero value 
and change sign; also the better sets of control parameters with 0 were 
not very flexible. With the control law (9), (10) it is possible to get better 
control from the point of view of rapid and, at the same time, nearly dead¬ 
beat return to normal, while the control remains flexible. 

6—Application to Automatic Control 

We shall now indicate, very briefly and without considering mechanical 
or electrical details of design, how control according to the law (2), (3) may 
be attained in practice. 

As in I, § 7, consider for definiteness the example of temperature control, 
the controlling gear being a valve 8 (cf. I, figs. 13, 15) regulating the supply 
of steam to a vessel, the temperature of which is to be controlled at a certain 
value. This vessel is fitted with a thermometer with an indicating arm A , 
8(1) is the indicated temperature at time t, and there is a time-lag T between 

* This limitation has been pointed out in I, (25) for one particular form of control 
apparatus, but it has .been met in other forms designed to operate according to (14), 
and appears to be general for any apparatus working on the same general principles. 
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the steam valve receiving a change of setting and the effect of that 
change on the behaviour of 6. 

It has been shown in I how the setting of the steam valve may be made to 
vary in such a way that 

-0(1+T) - At»!a?(0+ »!*(<)+^4(1)], (20) 

where x(t) is the displacement of the indicating arm of the thermometer 
from its standard position, and so is proportional to 0(t) [of. I (23), (24); 
note that in I (24), y{t) is proportional to C(t+ T)]. 



The control law (2), (3) will be attained if the same mechanical or electrical 
means of obtaining relation (20) is used, but the displacement x(t) is now 
made proportional not to 0{t) but to z(t) related to 8(t) by (3). 

The principle of an electrical means of ensuring this is indicated in fig. 8. 
Here U is a movable group of contacts, as in I, fig. 13, and A is the indicating 
arm of the thermometer. 

In I, V was suspended directly from A , as shown by the broken line in 
fig. 8, so that the displacement x of U was directly proportional to the 
temperature deviation 8. This direct mechanical connexion is replaced by 
a connexion through the electrical circuit shown, A moving a contact over 
a potentiometer and U being suspended from the indicating arm of a volt¬ 
meter V which measures the potential at the point P of the circuit (in 
practice a thermionic voltmeter is usually employed). 
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If kd is the potential tapped off on the potentiometer, V P the potential 
at P and i the current in the direction indicated, we have 

(l/C s +llC\)jidt + r 3 i = W, 

(l/cyjitf + r,i = Vp, 

whence, eliminating i, 

<*r P /<tt + (l/f,)(l/(7,+ 1 IC 4 )V P - k[deidi + (llr t C\)ff], (21) 

so that the voltmeter deflexion x which is proportional to V P satisfies a 
relation of the form (3). The values of B x and B % in (3) can be adjusted by 
choice of scales and of r z> 63 , 64 . 

Analogous mechanical and hydraulic means of achieving a relation of the 
form ( 21 ) between z and 0 have also been devised. 

The remainder of the control apparatus, namely that portion of it which 
gives the relation ( 20 ) between z and the controlling function C, is the same 
as that described in I, §7, with the simplification that, as now r 3 « 0, we 
have r x =» r 2 — 0 ; then for simplicity the vessel W x in I, fig 13, could be 
moved directly from S, and W % omitted. A mechanical, hydraulic, or 
electrical method can be used to obtain relation ( 20 ), independent of the 
type of method used to obtain relation ( 21 ). 

One of us (D. R. H.) wishes to thank the Department of Scientific and 
Industrial Research for a grant for assistance in carrying out a programme 
of development and application of the differential analyser at Manchester 
University, of which the work described in §§ 4, 5 forms a part. 

We also wish to thank the Directors of Imperial Chemical Industries 
Limited for permission to publish those portions of this work which were 
developed in the Research Department of I.C.I. (Alkali), Ltd. 


7—Summary 

Previous work on the effect of a time-lag on the operation of a control 
system is extended to a more general law relating the behaviour of the 
quantity controlled and the consequent o|>eration of the control system. 
As before, the behaviour of the quantity controlled can be expressed in 
terms of the superposition of a set of damped harmonic “ normal modes”. 
Ranges of values of the control parameters which promise to give good 
control can be selected by inspection of contour diagrams giving the damping 
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and frequency of one or two normal modes of lower frequency, and a closer 
examination of the behaviour of the control system with any set of para¬ 
meters can then be made by the solution of the control equations on the 
differential analyser. A large number of such solutions has been carried 
out and an optimum set of control parameters is stated. 

The modified control law appears to have some advantage over that 
previously investigated, from the points of view both of the kind of control 
obtainable and of the design and operation of the control gear. 

A method of obtaining in practice a control law of the form studied is 
briefly indicated. 
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An Analysis by Adsorption of the Surface 
Structure of Graphite 

By Richard M. Barrkr, D.Sc., Ph.D. 

(Communicated by Eric K. Rideal, FM.S. — Received. 10 February 1937) 

Introduction 

The work to be described had as objectives: to measure accurately sets of 
isothermals of non-polar gases on an inert adsorbent as a function of tem¬ 
perature and of quantity adsorbed; then to employ these isotherms and 
heats to obtain a modified Langmuir isotherm capable of a general and 
quantitative application to surfaces of variable adsorption potential. 

Owing to a quantization of the energy levels of the interacting molecules, 
in the van der Waals potential energy hollow, the liquid hydrogens H, and 
D„ (Urey and Teal 1935 ) or the hydrogens adsorbed on charcoal (Barrer and 
Rideal 1935 ) have different vapour pressures; The quanta are larger for H, 
than for D a and therefore it is easier to evaporate H 2 . A counteracting 
influence must be considered, however (Lennard-Jones and Devonshire 
1936 ), which is the effect of the mass on the wave functions whose product 
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determines the probability of evaporation. Calculation shows for a simple 
case a separation factor which diminishes with temperature at a rate less 
than the original zero-point energy theory requires, though the zero-point 
energy effect is the greater. One might expect similar considerations to 
apply to other adsorbed molecules held by van der Waals forces only, and 
by lowering the temperature to cause transitions to lower vibrational levels 
of the adsorbed molecules against the solid, making it more difficult to 
desorb them. No investigation of the magnitude of these effects has been 
made, and so it was regarded as important to look for effects of temperature 
on pure van der Waals heats of sorption. 

The second problem studied, experimentally closely linked to the first, 
concerns the variation of the heat of a pure van der Waals sorption with the 
quantity adsorbed, and the extent to which any variation is due to chemical 
or physical heterogenity. Lamb and Coolidge showed that the heat of 
sorption of organic vapours on charcoal diminishes as sorption proceeds. 
But in these systems dipole repulsion, van der Waals attraction, and the 
tendency to form multilayers may obscure effects due to the adsorbent 
only. If non-polar gases (H 2 , H and N a ) and an inert crystalline sorbent 
(Acheson graphite) are used, these tendencies may be suppressed and the 
desired analysis made. With these gases lateral interaction energies may 
be computed sinoe the law of foroe between them is known (Lennard-Jones 
I 93 1 )- 


Experimental 

Hydrogen gas was prepared electrolytically, and purified by passing it 
over CaCl 2 , palladium-coated copper at 330° C., and phosphoric oxide. 
Nitrogen and argon from a cylinder were passed slowly over slightly oxidized 
copper at 330° C., to remove oxygen and hydrogen, and through a liquid air 
trap to remove condensible gases. As adsorbent 22 g. of Acheson graphite 
were used. 

The graphite was out-gassed at 910° C. in a double-walled silica vessel 
for 24 hr. before use. The volume of the apparatus was determined using a 
standard volume and PV relations. When the graphite was introduced its 
volume was allowed for from its known weight and density. For cooling the 
adsorbent, ice (273°K.), solid carbon dioxide in acetone (194’5°K.), liquid 
air (89° K.)* liquid nitrogen (79° K.), mixtures of liquid air and nitrogen, 
liquid air pumped off under reduced pressure (70° K.), and liquid hydrogen 
(21° K.), were used. Temperatures between 194*5 and 89° K. were obtained 
by passing a stream’of liquid air at regulated speed through a cooling coil 
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immersed in pentane. The apparatus is shown in fig. 1. By means of the 
filter pump a regulated stream of air forces liquid air into the oooling coil. 
Any liquid air blowing through the coil was trapped by the bulb B . In the 
centre of the cooling coil was placed the adsorption bulb. Fastened to the 
bulb were two copper constantan thermocouples, one attached to the top 
and the other to the bottom of the bulb, to observe any inequalities of 
temperature. 

The thermocouples were calibrated at 273, 194*5, 188, 178 and 88 ° K. by 
comparison over the higher temperatures with an alcohol-in-glass thermo¬ 
meter, itself checked at 273 and I94*5°K. against ice and solid carbon 
dioxide. At 88 ° K. the thermocouple was checked against an oxygen vapour 
pressure thermometer, which was used for all temperatures between 88 and 
78°K. From 78 to 70°K. a nitrogen vapour pressure thermometer was 
employed. 

The Isotherms 

The isotherms were measured at small temperature intervals, for nitrogen 
and argon between 288 and 80° K., and for hydrogen from 194*5 to 21 ° K. 
The results are given in figs. 2 a, 2b and 2 c. It is known (Barrer and Rideal 
1935 ; McBain and Britton 1930 ) that Langmuir’s isotherm which may be 

written as pjx « - + (p = pressure, x = c.c. sorbed) represents such iso- 

a <x 

thermals, at least semiquantitatively when arbitrary constants are used. For 
any adsorption in which saturation occurs a linear pjx-p plot is obtained 
in the saturated region, but Langmuir’s isotherm gives of course a linear 
relation at all pressures. Fig. 3 shows the experimental pjx-p curves for 
hydrogen and argon, wherein it will be observed that pronounced deviations 
from linearity occur. The following systems were also found to show such 
a departure from the ideal behaviour : nitrogen and argon on graphite (this 
paper); nitrogen on sugar charcoal (Homfray 1910 ); hydrogen on sugar and 
wood charcoal (Barrer and Rideal 1935 ; Claude 1914 ); argon on aoetylene 
charooal (Ruff and Roesner 1927 ); and methane on wood charcoal (Claude 
1914 ). These examples serve to show that departures from Langmuir’s 
simple formula are general. In these pjx-p curves it was observed that the 
lower the temperature, or the more condensible the gas, the more the curved 
region moved towards the origin. After about 25 % saturation (in the case 

of graphite and argon and nitrogen) the simple formula x = —became 

more and more nearly obeyed. Twd causes may contribute to the observed 
departures. There may be various types of adsorption centres or there may 
be lateral interaction between sorbed molecules. 
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Fig. 2o —Nitrogen on Acheson graphite. 


2 t 


Vol. CLX!—A. 
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Heats of Sorption —Heats of sorption are obtainable from the data of 
figs, 2a, 2b } 2c replotted in the form of log x/p-log x curves by application 
of the Clapeyron equation: 



Pressure (cm.) 

Fig. 26—Hydrogen on Acheson graphite. 


The quantity AH is the differential heat when x c.c. are sorbed. It includes 
the heat of compression of the gas, so that per mol. of gas the net heat of 


sorption is 


AH X = AH-RT 



c.c. sorbed at N.T.P 
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Flo. 2c —Argon on Aohoson graphite. 



Fig. 3—Hydrogen on Acheson graphite. 
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Fig. 4—Curves I heat of sorption plotted against quantity sorbed x ; curves II the 
same, showing AH as a function of x at small values of x. (Scale of x on top of 
graphs.) a, hydrogen on graphite; 6, argon on graphite; c, nitrogen on graphite. 
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(P ) 

In Tables I, II and III, the quantity AH is given. Log~~ is simply the 

(Pft) 

vertical intercept of two of the logx/pAogx curves at temperatures T x 
and T r Within the experimental error no dependence of the heat of sorption 
upon temperature can be detected, but a strong dependence of the heat 
upon the quantity adsorbed is indicated. Such changes in AH with tem¬ 
perature as occur are within the errors of maintaining the cryostat at con¬ 
stant temperature and of registering that temperature. For example, from 
Table III for 8 c.c. of nitrogen sorbed the following heats of sorption were 
calculated; 

Temperature °K.: 194-5-155-5 155*5-131*2 131*2-113*8 113-8-89-0 

Heats (cal./g. mol.): 2700 3000 3050 2820 

giving a mean value 2920 cal./g. mol., and a maximum deviation ± 5 %\ 
This error when the temperature range is 131*2-113*8°K. is accounted for 
by a 0*4° K. error in registering both temperatures. 

The dependence of the heat upon the amount sorbed is shown in the 
graphs of fig. 4a, b and c. The AH~x y i.e. heat charge, curves show that a 
small quantity is adsorbed with a high heat, but that AH falls rapidly and 
then approaches a constant value asymptotically for higher surface densities. 
At very low pressures the data obtained both here and in an earlier paper on 
low-pressure sorption (Barrer and Rideal 1935 ) suggest that the observed 
heat against quantity adsorbed curve cuts the .r-axis at a finite value rather 
than approaching it asymptotically. 


Deviations from Langmuir's Isotherm 

The theory of the Langmuir isotherm has recently been investigated by 
Fowler ( 1935 , 1936 ), Peierls ( 1936 ), and Lennard-Jones and Devonshire 
( 1936 ). The form of the isotherm is 


P 



( KT )« bg(T) 

“F Vs(T) V 



(1) 


for various simple cases wherein x modified by lateral interaction as 0 
the fraction of the surface covered increases. I 11 equation ( 1 ) bg(T) is the 
partition function of the free gas, and F#( T) of the adsorbed gas. y, which is 
the depth in cal. of the van der Waals potential trough of an adsorbed 
molecule against the surface, is related to the over-all heat of sorption 
AH by AH = x + -/(#) + RT t where Ug, Ua are the mean thermal 

energies/mol. in the gas and when adsorbed respectively, and where f(0) 
denotes the contribution to AH due solely to lateral interaction when a 
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fraction 6 of the surface is covered. A rough computation given at the end 
of this section shows that f(0) is very small indeed in the sorption range 
studied. Now x should be a constant at all temperatures, and from the 


Table I— Hydrogen on Graphite 





Temp, ranges 0 K. 



c.c. sorbed 
at N.T.P. 

0*20 

194*5- 

88*2 

194*5- 113*8- 113*8- 89*5- 

113*8 88*2 87*4 79*0 

Corresponding heats (cal./g. mol.) 

79*0- 

71*0 

1980 

_ 

— 

— 

_ 

_ 

0-31 

1970 

— 

— 

— 

— 

— 

0-50 

— 

1960 

1945 

— 

— 

— 

0*80 

— 

1910 

1935 

— 

— 

— 

1*25 

— 

1820 

1890 

— 

— 

— 

2*00 

— 

— 

— 

1800 

— 

— 

310 

— 

— 


1700 

— 

— 

5*00 

— 

— 

— 

1640 

1660 

— 

8*00 

— 

•— 

— 

1620 

1600 

— 

12 50 


— 

— 

1460 

1530 

1455 

20*00 

— 

— 

—• 

— 

1450 

1425 

31*00 

•- 

— 

— 

— 

1410 

1395 

50*00 

— 

— 

— 

— 

— 

1315 

63*00 

— 

— 

— 

— 

— 

1276 


Table II— 

-Argon on 

Graphite 




Temp, ranges 0 K. 



f 







288-6- 

273- 

194-5- 

166-6- 

131-2- 

113*8- 


273 

104-6 

lf> 6-6 

131*2 

113*8 

89*0 

c.c. sorbed 
at N.T.P. 


Corresponding heats (cal./g. 

mol.) 


0*10 

3800 

_ 

_ . 

__ 

. 

, 

0*26 

3800 

3680 

— 

— 

— 

—. 

0*40 

— 

3650 

— 

— 

_ 

_ 

0*63 

— 

3480 

-- 

—- 

— 

_ 

1*00 

— 

3340 

-- 

_ 


__ 

1*60 

— 

3220 

— 

— 

_ 


2-60 


2980 

3170 

— 

— 

_ 

400 

— 

— 

3030 

— 

_ 

_ 

6-30 

— 

— 

2960 

2930 

2850 

_ 

1000 

— 

— 

2780 

2850 

2780 

_ 

1600 

— 

— 

2710 

2750 

2660 


26-00 

— 

— 

— 

2520 

2500 

— 

31 -(H) 

— 

— 

— 

2470 

2500 

—- 

40-00 

— 

— 

— 

— 

2490 

2800 

60-0 

— 

— 

— 

— 

— 

2770 

630 

— 

— 

— 

— 

— 

2720 

79-0 

— 

— 

— 

— 

— 

2660 
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Table III —Nitrogen on Graphite 


Temperature °K. 








1 ■■ \ 


273- 

194*5- 

155*5- 

131*2- 

113*8- 

89-0- 


194*6 

155*5 

131*2 

113-8 

89-0 

79*5 

.c. sorbed 
it N.T.P. 


Corresponding heats (cal./g, 

. — . - -- 

mol.) 


0*10 

4560 

_ 

_ 

— 

_ 

_ 

016 

4600 

— 

— 

— 

— 

— 

0-25 

4490 

.— 

— 

— 

— 

— 

0 40 

4300 

— 

— 

— 

— 

— 

0*63 

4300 

— 

— 

— 

— 

— 

1-00 

3930 

— 

— 

— 

— 

— 

1*60 

3740 

— 

— 

— 

— 

— 

2*50 

3430 

3200 

— 

— 

— 

— 

3*10 

3300 

3150 

— 

— 

— 


5*00 

— 

3000 

— 

— 

— 

— 

6*30 

— 

2880 

— 

— 

— 

— 

8*0 

— 

2760 

3060 

3050 

2820 

— 

10*0 

— 

2700 

2900 

3000 

2820 

— 

12*5 

— 

2680 

2830 

2960 

2820 

— 

16*0 

— 

— 

2810 

2850 

2810 

— 

20*0 

— 

— 

2790 

2820 

2810 

2710 

25-0 

— 

— 

2780 

2750 

2810 

2640 

31*0 

— 

— 

2780 

2730 

2800 

2610 

40-0 

— 

— 

— 

2730 

2800 

2560 

50*0 

— 

— 

— 

2730 

2800 

2540 

63*0 

— 

— 

— 

2720 

2800 

2500 

80*0 

— 

— 

— 

— 

— 

2500 


approximate constancy of AH also one can say that Ug — Ua + RT is con¬ 
stant to within about 100 cal. (the latter being the mean experimental error 
in determining AH). It is clear that so long as anything like equipartition 
exists between the rotational and translational states of the gas and the 
rotational translational (in two dimensions) and vibrational states of the 
adsorbed gas, Ug — Ua is small. But as f{6) is negligible, for this work we may 
write AH- RT « x + Ug-Ua~f(d) ~ x * By analogy with equation (1) 
it is therefore proposed to use an expression 


P 



(2) 
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in which b and a are constants, as a general isotherm, to express the relation¬ 
ship between the equilibrium pressure and the number of molecules ad¬ 
sorbed on an inhomogeneous surface, The equation may be used also where 
there is lateral interaction between the adsorbed molecules by writing 
AH 0 « AH-f{6) and using d // 0 for AH in ( 2 ) because in this case it is AH^ 
which is determined by the Clapeyron equation. AH 0 , however, may not be 
equated to (^-f RT) without allowance for f(0). 

In the experiments in test of ( 2 ), p, x , and (AH) r are measured. Both 
equation ( 2 ) and a simple Langmuir equation have then each two constants 
(a and b\ a and /?) not determined by experiment. The greater part of the 
variation in AH as x changes occurs during the sorption of the first 30 c.e. 
Isotherms of argon and nitrogen at 155*5° K.; and of hydrogen at 89-5° K. 
and covering this range were therefore chosen in test of equation ( 2 ). For 
comparison the Langmuir equation 

1 


ap 

i+flp 



(3) 


was also used. Taking the first and last points on the sorption isotherm, and 
for equation ( 2 ) the AH value of the appropriate AH-x curve of fig. 4, 
the constants a, b } a, /? were calculated. They are given in Table IV. 


Table IV 


Gas 

Equilibrium 

pressure 

cm. 

c.c. 

sorbed 

AH obs. 

cal./g. mol. a x 10 5 

6 (c.c.) 

a 


Argon 

0*57 

38*0 

30 

30*0 

3110 3*94 

2630 — 

95*2 

5*76 

0*167 

Nitrogen 

1*00 

47-6 

4*37 

34*2 

3140 9*20 

2640 

170*0 

4*91 

0*1225 

Hydrogen 

0*50 

52*0 

2*51 
30 *0 

1735 3*91 

1400 

122*3 

— 

— 


The intermediate values of p w ere then calculated, using for equation ( 2 ) 
AH obtained from the known x-value and appropriate AH-x curve of 
fig. 4. The results are presented graphically for the three gases in fig. 5 . 

It is seen that there is very good agreement between the experimental 
results and those obtained from equation (2) which contrasts with the 
complete breakdown of equation (3). 

If it is assumed that the sorption maximum of 450 c.c. at N.T.P. for 
hydrogen at 21 ° K. on 22 g. of graphite gives the surface saturation value, 
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and the surface density of the film is similar to that of liquid hydrogen under 
the same conditions, the surface area is 1550 sq. m., the mean distance 
between molecules in the adsorbed film is then known for any fraction of 
the surface covered, and from the known law of force between the molecules 
(Lennard-Jones 1931 ) an approximate calculation of the lateral cohesive 
energy is possible. The numerical data which are summarized in Table V 
show that lateral interaction need not be considered as a cause of the 
inhomogeneity observed, since it is negligibly small where AH actually 
changes most (for the first 30 c.c. sorbed). 



Fig. 5—Curves I, simple Langmuir expression; curves II, actual isotherms; 
curves III, calculated isotherm allowing for inhomogeneity. 


Table V 


c.c. 

Mean inter- 
molecular 

Attractive potential (cal./g. mol.) 

sorbed 

distance in A 

H. 

N, 

Ar 

20 

17*0 

0-063 

0-84 

0*65 

40 

12*5 

0-61 

6-8 

5*26 

60 

8*5 

3-94 

62-6 

40*8 

60 

7*65 

7-55 

100-0 

77*9 
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The, Nature of the Surface Heterogeneity —Two view-points may be adopted: 

( 1 ) That heterogeneity is due to surface oxides alternating with un¬ 
covered carbon atoms and to the different density of carbon atoms in basal 
and prismatic surfaces. 

( 2 ) That heterogeneity is due to the intersection of surfaces and to 
cracks and edges. 

Experiments were conducted to differentiate between the view-points. 
By covering all the bare surfaces with oxygen a more homogeneous adsor¬ 
bent should be obtained if ( 1 ) is correct. Oxygen gas at 100 ° C. was sorbed 
on the surface, 5 c.c. being chemisorbed at apparent saturation. This is a 
very small fraction of a total surface on which 450 c.c. of hydrogen could be 
physically sorbed, but compares with the chemisorption limit* of hydrogen 
on the same specimen of 6 c.c. (Barrer 1936 a). However, it would be enough 
(fig. 4) to eliminate most of the high initial heat of van der Waals sorption 
if this latter were due to sorption on the same centres, e.g. on oxygen-free 
carbon. Isothermals were determined after such a “poisoning” and the 
heats again determined for argon and nitrogen as a function of x, and of 
temperature. They were independent of temperature, and all fell on the 
same AH-x curves as were determined for graphite degassed at 910° C. 
for 24 hr. (the points marked with crosses in fig. 4). 

If the different density of carbon atoms in the prismatic and basal surfaces 
caused the fall in AH as x increases, it must be on the prismatic surfaces that 
sorption with a large heat occurs (since the prismatic area is small and the 
amount sorbed with a large heat is small). However, it was shown by 
calculation that the theoretical heat of sorption is smaller on the prismatic 
surfaces than on the basal surfaces. It is therefore supposed that the in¬ 
homogeneity is physical in origin. Linear sorption first takes place in the 
meeting lines of crystal surfaces. As the angles of intersection become more 
acute a crack with two parallel plane sides is approximated to. In such a 
crack the heat of sorption would be twice the heat of sorption on an exterior 
basal plane. The following are the initial and limiting values for the sorption 
heat: 

Nitrogen ... 4600 cal./g. mol.; 2500 cal./g. mol. 

Argon ... 4100 cal./g. atom; 2400 cal./g. atom. 

Hydrogen ... 2000 cal./g. mol.; 1100 cal./g. mol. 

These values are indeed quite near the 2 : 1 ratio suggested. 

* In accord with a suggestion made earlier (Barrer 1935 ) it is thought that simple 
chemisorption occurs around the prismatic surfaces, that is, the edges of the flake¬ 
like graphite crystals. For this reason only small amounts are sorbed, because the 
edge area is small. 
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The Calculation of Sorption Heats 

The values of the sorption heat on plane surfaces of graphite have been 
evaluated experimentally. It will be of interest to attempt an approxi¬ 
mate theoretical evaluation. The important properties of carbon for this 
purpose are x> the diamagnetic susceptibility, and a the polarizability. 
We note that 

( 1 ) As a conductor and in its behaviour in a magnetic field “metallic” 
graphite is highly anisotropic. For example (Ganguli 1936 ) 

Xi « 22-0 x 10™ 6 c.c./g., 

X 2 0*5 x 10~ fl c.c./g. 

(while x for diamond is 0*49 x 10 ~ 6 c.c./g.). 

( 2 ) As the size of the crystal diminished it becomes less anisotropic, and 
as a crystal less perfect, effects supposed to occur (Ganguli 1936 ) simul¬ 
taneously with a weakening of the metallic inter-laminar binding. This has 
occurred to a certain extent with Acheson graphite, and more so with 
charcoals. Thus the tendency is for activated carbons to be less metallic 
and more covalent than graphites. 

(3) Amounts of hydrogen and oxygen may be chemisorbed on the 
surface layer tending to provide a covalent surface. 

(4) The initial heats of sorption are not notably different on charcoals 
and on Acheson graphite. For hydrogen the following values for the initial 
heats of sorption (i.e. for sorption in crevices) have been obtained: 

Sugar charcoal I ... AH = 1660 cal./g. mol. (Barrer and Rideal 1935 ) 

Tartaric acid charcoal ... 1400 ,, (Barrer and Rideal 1935 ) 

Sugar charcoal II ... 1760 „ (Barrer 19366 ) 

Acheson graphite ... 2000 „ (This paper) 

Because of ( 2 ), ( 3 ) and (4) one might suppose that the adsorbing surfaces 
in these carbons would be mainly non-metallic. In calculating the sorption 
heats, however, the two limiting cases will be considered: 

( 1 ) The surface is covalent with x and a as f° r diamond. 

( 2 ) The surface is metallic. 

In the calculations, assuming a covalent lattice, the force law 

A A rl 
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was used, where* r 0 = 3*7 A; r is here the distance from the centre of the 
adsorbed atom to the centre of an atom of the surface. 



Two values for A were taken: 

E E 

(i) A - | aqa 2 ^ • 4 (London 1390; Born and Mayerf 1932) 

"1 + 

(ii) A = time 2 ai ^» (Kirkwood 1932). 

Xi to 

In (i) the E *s are characteristic energies, nearly equal to the ionization 
potentials. In (ii) m — the mass of the electron, c = the velocity of light. 
The summation was carried out for the nearest 100 carbon atoms in the 
basal plane to the adsorbed atom, after which the attractive potential had 
become negligible. 

In calculating the heat of adsorption, assuming a metallic lattice, an 
approximation for an isotropic metal (Lennard-Jones 1932 ) was employed: 

Aotal XpS ^repulsive * 

^repulsive was assumed to be 40 % of Attractive • The values of U thus found 
may then be equated to AH - RT . A value of T * 100 °K. was taken. 

The values of All — RT, and Antal* together with the appropriate values 
of Xi & and E are summarized in Table VI: 


Table VI 

Covalent 







U 


Metallic 





AH — RT (London, 

U 

V 

Sub¬ 



hv 

observed Bom and 

(Kirk¬ 

(Leonard - 

stance 

a x 10 34 

yx 10 30 

(K cal.) 

(K cal) 

Mayer) 

wood) 

Jones) 

Carbon 

-0-937 

10*54 

259 

— 

— 

— 

— 

H, 

-0*775 

4*20 

377 

900 

780 

670 

975 

Ar 

-1*65 

27*8 

396 

2200 

1690 

2520 

6360 

N, 

-1*75 

18*3 

402 

2300 

1810 

2240 

3980 


* r 0 is the equilibrium distance from the solid (= 3*7 A), and is a little greater than 
the mean of the interlaminar distance in graphite (3-40 A) and the intemuolear 
distances for (3*83 A), Ar (3*85 A) and N* (4*05 A) in their crystals, since some of 
the bonding between laminae may be metallic. 

t Born and Mayer ( 1932 ) suggest the numerical factor 9/4 in place of the earlier 
factor 3/2 given by London ( 1930 ). 
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The best agreement is with the Kirkwood formula (for a covalent lattice), 
while the actual values lie between those calculated for covalent and 
metallic systems respectively and near to those for a covalent system. 


The Energy Periodicity of the Basal Surface 


The sums 8 = 



( where 


r is expressed in A) take the values 


(a) in the centre of each carbon hexagon 

(b) above any apex 

(c) above any bisector of the side 


S = 3* 147 x lO- 3 
S « 2*661 x 10~ 3 
S = 2*760 x 10 s 


Thus there is a tendency for the adsorbed atom to be situated above the 
centre of the carbon hexagon* and a marked periodicity (ca. 400 cal. in a 
heat of 2500 cal.) exemplified by the following numerical values using the 
experimental values as standards: 


N 2 : (a) 2620 cal./g. mol. Ar: (a) 2520 cal./g. mol. H 2 : (a) 1155 cal./g. mol. 
(i b) 2220 „ (b) 2130 „ ( 6 ) 976 


Since the semi-metallie nature of the adsorbent should tend to remove 
these periodicities, by maintaining a more uniform electron distribution, one 
may say that surface mobility should be possible for hydrogen at T at 90° K. 
( RT ~ 180 cal.); and for argon and nitrogen at T* 200 °K. 


Discussion 

It is now clear that even on crystals a complete energy analysis of the 
surface must be made, because the heat will vary with the charge; and in 
calculations one must know the heat on the plane surfaces. In interpreting 
the heat-charge curves one gains an idea from the cleavage properties of the 
adsorbent what types of crevices are present, as well as from the ratio of 
the initial and limiting values of the heat. Obvious types of crevice are: 
those with plane and nearly parallel sides (graphite with its tendency to 
flake); hemispherical pockets, tubes, or cells (the latter type might be en¬ 
countered in dehydrated chabazite). The calculations of De Boer and 
Custers ( 1934 ) showed maximum energies four, six and eight times re¬ 
spectively the energies on a plane surface for the latter types of pore. Finally 
it should be noted that this analysis of the heat-charge curves breaks down 
for vapours in sorption regions where many layers may be expected to 
form* 

* A similar result was found by Lennard-Jones (1932) in adsorption on KC1. 
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Summary 

In the sorption of hydrogen upon Acheson graphite, from 195 to 71 °K.; 
of nitrogen from 273 to 79° K., and of argon from 288 to 86° K., there could 
be observed no dependence of the heat of sorption upon temperature. 

In each case the heat of sorption was a function of the quantity adsorbed. 
Commencing at a finite value, it decreased at first rapidly and then less 
rapidly, tending to a limiting value asymptotically. 

The initial heats including heats of compression of the gas were: H 2 , 
2000 cal./g. mol.; Ar, 4100 cal./g. atom; N a , 4600 cal./g. mol.; while in these 
three cases the limiting heats were respectively about 1100, 2400 and 2500 
cal./g. mol. These heats of sorption were not altered by chemisorbing 5 c.c, of 
oxygen, enough to cover most of the active centres had they been oxygen- 
free carbon. Reasons are given for regarding the initial value as a sorption 
in cracks; and the final value as a sorption on plane surfaces. 

In the sorption region where the sorption heat varied with gas charge an 
isotherm of the form 

x r AHA 

was used and found applicable. AH, x and p were determined experi¬ 
mentally. 

The approximate formulae of London; of Kirkwood; and of Lennard- 
Jones (for a metal) are used to try to reproduce the experimental values of 
the heat of adsorption for plane surfaces. That of Kirkwood gave the best 
agreement. There is evidence of a small energy periodicity on the basal 
surfaces. Attention is drawn to the necessity of making a complete energy 
analysis of the surface before computing heats of adsorption. 
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Structure of 1.2-Diphenylbenzene (C 18 H 14 ) 

By C. J. Birkett Clews ani> Kathleen Lonsdale 

(Communicated by Sir William Bragg , O.M., P.R.S .— 

Received 22 April 1937) 

Aim of the Research 

Benzene derivatives, as a particular example of conjugated compounds, 
tend to form plane molecules unless some kind of hindrance exists. Until 
recently it was thought that the carbon-carbon linkage between the in¬ 
dividual nuclei in, say, diphenyl was a single bond, capable of free rotation, 
and that the co-planar configuration was the most likely because it was the 
most symmetrical (Adams and Yuan 1933 ). X-ray analysis has shown in 
fact that the molecules of diphenyl (Dhar 1932 ), ^-diphenylbenzene 
(Pickett 1933 ) and jp-diphenylbiphenyl (Pickett 1936 ) are all plane, but the 
observation that the carbon-carbon internuclear distance is less than the 
normal single-bond distance indicates a measure of conjugation in the inter- 
nuclear bond as a more fundamental reason for the molecular planarity. 
X-ray analysis has further shown that in aromatic compounds of all 
varieties of structure, carbon atoms in separate molecules do not approach 
nearer to each other than about 3-5 A (between centres) (Robertson 1934 ), 
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owing to van der Waals repulsion, There are, therefore, in such compounds 
as 1 . 2 -diphenylbenzene, two forces opposing one another: 

(1) The tendency for the whole of the atomic nuclei to lie in one plane, 
because of conjugation in the interatomic bonds. 

( 2 ) The tendency for atoms in the substituted phenyl groups to repel 
each other. 

The latter force is exhibited even in such a compound as durene ( 1 .2.4. 6 - 
tetramethylbenzene) for which X-ray analysis has shown (Robertson 1933 ) 
that the adjacent methyl groups repel each other in the plane of the mole¬ 
cule, so that there is a straining of the normal valency angles. 

A study of 1 .3.5-tri phenyl benzene has led to the suspicion that groups 
in the meta positions can so affect one another as to upset the plane con¬ 
figuration of the molecule. X-ray analysis shows conclusively that, if the 
molecule is plane, the angle between the molecular plane and the ( 001 ) 
plane in the crystal cannot be greater than 15-5° and is probably less than 
10 °; whereas a study of the diamagnetic anisotropy (Krahnan and Banerjee 
1935 ) leads to a value of at least 23°. The only reasonable deduction is that 
the molecule is not plane, the phenyl groups being tilted out of the plane of 
the central benzene nucleus. A tilt of about 16 ° would be sufficient to explain 
both the X-ray intensities of reflexion and the magnetic susceptibilities 
along the three crystal axes (Lonsdale 1937 ). 

It seemed fruitful, therefore, to undertake an investigation into the shape 
of the 1 . 2 -diphenylbenzene molecule, which forms good crystals (and also, 
if possible, 1.3-diphenylbenzene and 1.2.3-triphenylbenzene), in order to 
see whether molecules in which a plane arrangement of atoms was impossible 
would tend to take a form as nearly plane as possible, or whether the phenyl 
groups could stabilize themselves in some other (e.g. orthogonal) position, 
relative to the parent nucleus. 


Preparation and Physical Properties op 1 .2 -Diphenylbenzene 

1 . 2 -Diphenylbenzene was first isolated by Weiler (i 896 )and subsequently 
by Bachmann and Clarke ( 1927 ). The latter determined its constitution and 
gave the m.p. and b.p. as 57 and 332° C. respectively. No mention of the 
compound could be found in Beilstein’s “Organisches Chemie”. 

Pure crystallized 1 .2-diphenylbenzene was purchased from Messrs. 
Eastman, Ltd., and recrystallized from methyl alcohol and from 60-80° 
petroleum ether. Large colourless orthorhombic prisms, moderately elon¬ 
gated on the prism axis, were readily obtained. In the absence of previous 
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goniometrie examination the prism axis was taken as b and the developed 
axial face ( 100 ). The faces occurring were later shown to be (fig. 1 ) 

Prism: { 100 } { 201 } { 101 } 

Pyramid: { 110 } 



The density determined in CaCl 2 solution by the flotation method was 
1-106 g./c.c. at 17° C. The molecular weight of C W H U is 230-1, and this, 
together with the axial lengths 

a = 18-6 A, b ** 6-05 A, c = 11-8A, 

gives the number of molecules per unit cell as 4-04(4). 

In order to test the structure for centro-symmetry a piezo-electric test 
(Orelkin and Lonsdale 1934 ) was carried out. The negative result obtained 
left the question of symmetry undecided. 

The crystals are optically negative, c the acute bisectrix, b the third 
median line; hence a is a minimum. The refractive indices have not been 
measured. 

A crystal weighing 20-65 mg. was used in the measurement of the dia¬ 
magnetic anisotropy. In conformity with the optical observations, it was 
found that Xe > Xb > Xa> numerically. Measurement by Krishnan’s methods 
gave 

Xc~Xa ~ -97-7 x 10 ~ e c.g.s. e.m.u. (± 0-5 x 10 - ®), 

Xb~Xn =* - 19-7 x 10 -® c.g.s. e.m.u. ( ± 0-5 x 10 “®). 

A measurement of the third difference (less accurate because of difficulty- 
in setting the crystals) gave 


2 K 


Vol COCI-A 
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Measurement of the absolute susceptibility along the a axis gave 
X a *= - 112-6 x 10 ”°.) 


Hence Xb = - 132*3 x 10“ 6 , > Mean x =* — 151*7 * lO" 6 * (± 2 x 10“°), 

- -210*3x10-°.] 

The average susceptibility, 151*7, may be compared with 152*1 found for 
p -diphenylbenzene (Krishnan and Banerjee 1935 )* 


X-eay Examination 

The orthorhombic symmetry of the crystals was verified by means of 
Laue photographs. Rotation and Weissenberg photographs, giving seventy 
independent reflexions in the [ 010 ] zone, forty-four in the [ 001 ] zone and 
twenty-two in the [300] zone, showed no systematic absences except from 
(hOO) if h is odd, (OkO) if k is odd and (OOi) if I is odd. The space group is 
therefore P 2 1 2 1 2 1 (D\) or a close approximation to it. The co-ordinates of 
equivalentjioints in this space group are 

\xyz: ±-x,y,$ + z; \+x,\-y,z) x,\+y,\-z\. 

The intensities of reflexion were all carefully measured, but no structure 
factors were outstandingly large, and no clear evidence as to the structural 
arrangement was given by the X-ray results. The crystal symmetry can be 
built up by four asymmetric molecules, involving fifty-four variable para¬ 
meters for the carbon atoms. 


Discussion of Structure 

The magnetic anisotropy of a single molecule must be at least as great 
as that of the whole crystal, and the minimum susceptibility of a single 
molecule must be numerically less than that of the crystal. It follows 
therefore that the molecular structure must be one that will have a dia¬ 
magnetic anisotropy S 97-7, and a numerically minimum susceptibility 
5 112 ' 8 . Now a reasonable estimate of K t , K 3 , the molecular suscepti¬ 
bilities in arbitrary orthogonal directions, can be made for any given mole¬ 
cular configurations. Krishnan, Guha and Banerjee ( 1933 ) have estimated 
the molecular susceptibilities of benzene to be 37*3, 37*3, 01-3, using a mean 
value of 56-3. Recent measurements by Cabrera and Fahlenbraoh ( 1934 ) 
have shown that this mean value is too high, and using their observed value 

* The factor (- 10-‘) will be omitted from the subsequent discussion. 
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of 53*1, the principal molecular susceptibilities can be shown to be more in 
the neighbourhood of 32*5, 32*5, 04*3 (Lonsdale 1937 ). The total drop in 
susceptibility when three molecules of benzene combine to form 1 . 2 - 
diphenylbenzene is 

^benzene '^1,2-diphenylbenxene “ 

where x is the drop in diamagnetism due to the replacement of one hydrogen 
atom by half a phenyl bond. Using the earlier data for benzene ( K , 0 , B) 
x « 3*55; using the later values 
(C, F) x ~ 1 * 0 . For the suscepti¬ 
bilities in and perpendicular to the 
atomic planes of groups A , B and C 
respectively we obtain 

For A: 

A|[ A ~ Aj| benzene 
Aj_ A 53 benzene » 

For B and G : 

Aj| TiO “ ^HS benzene x > 
nc “ K± benzene — 

If the planes of B and C make 
angles of <f> Bi <f> v respectively with 
the plane of A, then Fig. 2 

K t m K j_ A + K\\ so (b in 2 <f> B + sin 2 <f> c ) + ^ ^(oos 2 + cos 2 (j> c ) 

~ ( k L a + jo) - (A± - Ali)j 3 C (sin 2 ^ 4* sin 2 $5 C ) 

* [3A ± benzene - 4x] - ^benzene^U! 2 <f> B + sin* <f> c ), 

K t = K ]]a + JJKJi bc + f [Aii ^(oos 2 <j> B + cos* <j> c ) + K± flC (sin* <f> B + sin* <f> c )} 

“ [ 3 ^I benzene ~ + f <d A' berlt 6 ne (sin 2 <j) B + sin* <j) v ), 

K * * K \\a + Mil BC + K-^ii bc(cos* <f> B + cos* (f> c ) + K ± BC (sin* <p B + sin* <p e )] 

** [3Aj, benzene 4x] + \A A benMne (sin* <j> B + sin* 0 C ). 

It will be seen that the absolute value of the mean susceptibility of 1 . 2 - 
diphenylbenzene enters only into the determination of x. The way in which 
K v K t , K % vary with <j> B and <j> c is dependent on the value taken for A A b<mxene , 
the anisotropy of the benzene molecule. 

Table I shows the values of K v K 2 , K a for various values of <j) B , <p c , 

Using Aj.tMnMM ~ 84’S, K benzene = 32‘fl, X = l’fl, -d Ab enI£m(1 = fll' 8 . The 

figures in brackets show corresponding data using the earlier (K,0,B) 
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estimates of benzene susceptibility. In the last column is given the distance, 
in A, between the two closest (mobile) carbon atoms in groups B and C. 
Where two distances are given, the larger is the value when <$>#, <j> c are both 
of the same sign, the smaller when they are of opposite signs. 



K, 

Fiu. 3 


The values in Table I refer, of course, to three arbitrary orthogonal direc¬ 
tions. In Table II are given the susceptibilities along intermediate directions, 
for particular values of <p B , <f> 0l using Cabrera and Fahlenbrach’s data only. 


Table I 



±$o 


K* 

K, 

D 

0 ° 

0 ° 

275-3 (259-6) 

89*9 (97*7) 

89*9 (97*7) 

1-47A 


0 

22*5 

266-3 (251-7) 

96*7 (103-6) 

92*1 (99*7) 

1*62 


0 

45 

244-4 (232-7) 

113*1 (117*9) 

97*6 (104*4) 

1*97 


0 

67*5 

222-5 (213-6) 

129*5 (132*2) 

103-1 (109*2) 

2*41 


0 

90 

213-5 (205-7) 

136*3 (138*1) 

105*3 (111*2) 

2*85 


22*5 

22*5 

257-2 (243-9) 

103*5 (109*5) 

94*4 (101*6) 

1*87, 

1*63 

22-5 

45 

235-4 (224-8) 

119*9 (123*8) 

99*8 (106*4) 

2*28, 

1*82 

22*5 

67*5 

213-5 (205-7) 

136*3 (138-1) 

105-3 (111*2) 

2*72, 

2*31 

22*5 

90 

204-5 (197-8) 

143*1 (144*1) 

107*5(113*2) 

2*75 


46 

45 

213-5 (205-7) 

136*3 (138*1) 

105*3 (111*2) 

2*69, 

2*08 

45 

67*5 

191-6 (186-7) 

152*7 (152*4) 

110*8 (115*9) 

3*12, 

2*44 

45 

90 

182-6 (180-6) 

159*5 (158*4) 

113*0(117*9) 

2*87 


67*5 

67*5 

109-7 (197-9) 

169*1 (144*0) 

116*3 (113*1) 

3*54, 

2*76 

67*5 

90 

160-7 (169-5) 

175*9 (172*8) 

118*5 (122*7) 

3*17 


90 

90 

161-7 (151-7) 

182*7 (178*7) 

120*7 (124*7) 

3*56 
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Table II 



v 


K, 

Fio. 4 


0B 

0c 

o 

li 

15 

30 

45 

60 

75 

90 

105 

120 

335 

150 

165 

180 

0 

90 

213-5 

208-3 

194-2 

174-9 

155-5 

141-4 

136-3 

141-4 

155-5 

174-9 

194-2 

208-3 

213-5 

30 

90 

198-0 

206-1 

205-5 

196*0 

180-3 

162-1 

147*8 

139*6 

140-3 

149-8 

165-5 

183-0 

198-0 

45 

90 

182-6 

194-3 

200-0 

197*7 

188-3 

174-3 

159-5 

147*4 

142-0 

144-2 

153-7 

167*7 

182-0 

60 

90 

107-1 

179*0 

188-2 

192-2 

190*1 

182-3 

171-1 

159-4 

150-0 

145-9 

148-1 

155-8 

167-1 

90 

90 

151-7 

163-8 

159-4 

167*2 

174-9 

180-5 

182-8 

180*5 

174-9 

367*2 

159*4 

153*8 

151-7 

75 

75 

100-0 

174-5 

187-3 

195-0 

195-8 

188-7 

176-4 

161*9 

149-1 

143*4 

140*9 

147*7 

180-0 

60 

60 

182-6 

204-2 

216-9 

217-3 

205-3 

184-2 

159-4 

137-8 

125-1 

124-7 

130-7 

157-8 

182*6 

50 

50 

202-8 

217*2 

220-0 

210-2 

190-7 

166-4 

144-3 

129-9 

127-1 

136-8 

150*4 

180*6 

202-8 

40 

40 

224-3 

230-1 

232-0 

212-9 

184-0 

152-9 

126-2 

116-3 

120-4 

139-4 

168-4 

199-5 

224-3 

30 

30 

244-4 

258-8 

251-7 

225-2 

1861 

145-1 

313-1 

98-7 

105-7 

132-4 

171-3 

212*4 

244-4 
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Table II — {continued) 

K n » [3A', b(mzene -4 x) + A A benzene [sin 3 $5 B sin 2 ( 60 - 0) + sin 2 4> c sin 2 (60 + 0)] 



A' m 



0 c 

( 9*0 

15 

30 

0 

90 

136*3 

147*5 

151*7 

30 

90 

147*8 

155*2 

155*6 

45 

90 

159*5 

163*0 

159*4 

60 

90 

171*1 

170*7 

163-3 

90 

90 

182*6 

178*5 

167*1 

75 

75 

176*4 

172*5 

161*9 

60 

60 

159*4 

156*3 

147*9 

50 

50 

144*3 

141*9 

135*2 

40 

40 

128*2 

126*5 

121*8 

30 

30 

113*1 

112*1 

109*2 







45 

60 

75 

90 

105 

147*5 

136*3 

120-8 

105*3 

94*0 

148*5 

136*3 

121*8 

109*2 

101-7 

149*6 

136*3 

123*0 

113*0 

109*5 

150*6 

136-3 

123*9 

116*9 

117*2 

151*7 

136*3 

124*9 

120-8 

124*9 

147*6 

133*1 

122*6 

118*7 

122*6 

136*3 

124*7 

116*2 

113*1 

116*2 

126 * 2 ’ 

117*2 

110*5 

108*0 

110*5 

115*4 

109*0 

104*4 

102*7 

104*4 

105*4 

101*5 

98*7 

97*6 

98*7 


K a 


120 

135 

150 

165 

180 

89*9 

94*0 

105*4 

120*8 

136-3 

101*5 

108*4 

120*9 

135*2 

147-8 

113*1 

122*8 

136*3 

149*6 

1685 

124*7 

137*2 

151*8 

163*9 

171-1 

138*3 

151*7 

167*1 

178*5 

182-6 

133*1 

147*6 

161*9 

172*5 

176-4 

124*7 

136*3 

147*9 

156*3 

169-4 

117*2 

126*2 

135*2 

141*9 

144-3 

109*0 

115*4 

121*8 

126*5 

128-2 

101*5 

105-4 

109*2 

112*1 

113-1 

K t 


K n refers to susceptibilities in the plane of K x and K 2 , along directions 
making angles 0 with K v where 0 varies between 0 and 180°, the direction 
of positive 0 being shown in fig. 3. A 23 similarly refers to susceptibilities in 
the plane of K t and K s , and K n to susceptibilities in the plane of AT # and K t . 

From the consideration of Tables I and II it is possible to reach oertain 
conclusions as to the shape of the m olecule and its orientation in the crystal 
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Table II—( continued ) 


A' n - m benzene 4«] +/lA r benMne [8in 2 6 + (sin 0 U coscos 6 sin <j> B f 

+ (sin 6 cos 0 O +$ 000 # »>n 0c)®] 




4 >c 

o 

n 

15 

30 

0 

90 

105*3 

112*6 

132*4 

30 

00 

109*2 

108*4 

119*9 

45 

90 

113*0 

110*0 

117*1 

60 

90 

116*9 

113*6 

118*0 

90 

90 

120*8 

122*9 

128*5 

75 

75 

118*7 

121*4 

129*0 

60 

60 

113*1 

117*8 

130*5 

50 

50 

108*0 

114*3 

131*7 

40 

40 

102*7 

110*8 

133*1 

30 

30 

97-6 

107*4 

134*3 



K , 




K* 


45 

60 

75 

90 

105 

159*4 

186*4 

200*3 

213*5 

206*3 

140*2 

164*2 

185*4 

198*0 

198*0 

132*4 

151*7 

170*2 

182*6 

185*6 

128*5 

143*0 

157*1 

167*1 

170*5 

136*3 

144*0 

149*6 

151*7 

149*0 

139*3 

149*6 

157*2 

160*0 

157*2 

147*9 

166*3 

178*0 

182*6 

178*0 

155*4 

179*1 

196*4 

202*8 

196*4 

163*5 

190*3 

212*5 

224-3 

212*5 

171*0 

207*7 

230*3 

244*4 

230*3 


K, 


120 

135 

150 

165 

180 

186*4 

159*4 

132*4 

112*6 

105*3 

187*4 

167*0 

142*9 

121*8 

109*2 

178*6 

163*3 

143*9 

125*4 

113*0 

166*1 

155*5 

141*1 

126*9 

116*9 

144*0 

136*3 

128*5 

122*9 

120*8 

149*6 

139*3 

129*0 

121*4 

118*8 

165*3 

147*9 

130*5 

117*8 

113*1 

179*1 

155*4 

131*7 

114*3 

108*0 

190*3 

163*5 

133*1 

110*8 

102*7 

207*7 

171*0 

134*3 

107*4 

97*6 


K* 


lattioe. Tlie aoouracy of these conclusions is not affected by possible in¬ 
accuracy in the measurement of absolute susceptibility for the diphenyl- 
benzene crystal, since the latter would only involve a correcting factor 
identical for all variations in <f> B , <f> c and 6. The really important data from 
the point of view of structure determination are the values of the crystal 
anisotropy and the directions of maximum and minimum susceptibility. 
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If free rotation about the internuelear bonds were possible, it might be 
expected that B and C would take up positions orthogonal to A, in which 
case the closest distance of approach of (mobile) carbon atoms in B and C 
would be 3* 55 A, a very reasonable value when van der Waals forces are taken 
into account. Tables I and II show, however, that a molecule of this shape 
would have an anisotropy less than that of the crystal and a minimum 
susceptibility greater than that of the crystal, which is impossible. It may 
therefore be stated definitely that the two substituted phenyl groups are not 
orthogonal to the, parent nucleus. 

If one phenyl group only were orthogonal to the parent nucleus, the other 
could not be turned more than about 30° out of the plane of the parent nucleus, 
in order that the molecular anisotropy should be at least as great as that of 
the crystal. Moreover, the direction of maximum susceptibility in the mole¬ 
cule would have to lie more or less along the c axis, which is the direction of 
maximum crystal susceptibility, while the direction of minimum molecular 
susceptibility would have to lie more or less along the a axis, the direction 
of minimum crystal susceptibility. The b axis is, however, so short (0*05 A) 
that there simply is not room for a molecule of this shape to be orientated 
in this way in the crystal framework without bringing atoms in neighbouring 
molecules much closer together than the usual 3*5 A distance. If the earlier 
estimate (Krishnan, Guha and Banerjee 1933) °f benzene susceptibilities is 
used in the calculations, the possibility of one phenyl group being ortho- 
gonal to the parent nucleus is even more definitely ruled out. The further 
statement may therefore be made that neither phenyl group is orthogonal to 
the parent nucleus. 

The most likely arrangement is one in which both phenyl groups are 
turned in the same direction, through the same angle, since this gives a 
maximum distance of separation for a given magnetic anisotropy. If this is 
the case, iT a is actually the least molecular susceptibility and <f> « 
must have such a value that A 3 < 112-6. By interpolation from Table I 
or II it may be seen that K z < 112*6 for <f> < 57° (48° using K % O t B values). 
This, then, constitutes a maximum value of the angle between the planes of 
B and (7, and that of A. <j> = 57° corresponds to a distance D = 3*15 A 
between (mobile) carbon atoms in B and 0, the distanoe decreasing with 
decrease in </>. It is unlikely that <f> is much less than 40°, for which D = 2*45 A 
and the van der Waals forces of repulsion will be quite strong. 

The least value of the crystal susceptibility lies along the a axis (# M * 112*6); 
it follows that K z must lie more or less in this direction for each molecule 
in the unit cell. It would lie exactly along this direction if <f> had the maximum 
value indicated in the above argument. That, however, is not possible, for 
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if <f> B 5 = <fi c , the molecule would have an apparent twofold axis of symmetry 
along A r s , and we know that the molecule has not an axis of symmetry 
coincident with any of the crystal axes (or else there would be more systematic 
absent reflexions). Table II shows that for values of 96 between, say, 57 and 
45°, the molecular susceptibility A r 23 or A r 31 only reaches a value as low as 
112*6 within about 30° of X 3 ; and it is therefore almost certain that the X 3 
direction in the molecule lies within about 30° of the a axis in the crystal. 

The direction of maximum crystal susceptibility, the c axis, must coincide 
with a direction in the molecule along which K = 210*3. This cannot be 
K t or any direction very near to K v because of the limitation imposed by the 
shortness of the 6 axis. But from Table II it may be seen that the molecular 
susceptibility has a value of about 210*3 for A 12 when <f> « 48° + 8 ° and 
8 = 45° ± 10 ° respectively. Molecules of this shape could fit very well into 
the crystal lattice in this particular orientation, and the distance between 
nearest C atoms in neighbouring molecules along the b direction would then 
be the normal van der Waals distance of about 3*5 A, the phenyl groups B 
and C being very roughly normal to the c direction. 

Since this is the only arrangement that will both give the correct crystal 
susceptibilities and satisfy the van der Waals interatomic condition, it 
must be the true one, to a good degree of approximation. 

In conclusion, therefore, it may be stated that the phenyl groups B and C 
probably have their planes turned about 45-50° out of the plane of the 
parent nucleus A ; that the molecular direction bisecting the angle between 
the two phenyl bonds lies nearly, but not exactly, along the crystal direction 
a, and that the molecule, as a whole, is rotated about this direction in such 
a way that the planes of B and C are very roughly normal to the c crystal 
axis. 

One of us (K. L.) is indebted to the trustees of the Leverhulme Fellowship 
Fund and to the Managers of the Royal Institution for financial assistance. 
The research was carried out in the laboratories of the Royal Institution. 

Sttmmary 

1 . 2 -Diphenylbenzene forms orthorhombic crystals belonging to the space 
group P 2 1 2 1 2 x , The density is 1*160 g./c.c. at 17° C., and the unit cell 
contains four, presumably asymmetric, molecules of C lg H u , the axial 
lengths being a ** 18*6 A, 6 ** 6*05 A, c - II *8 A. The intensity of X-ray 
reflexion from many crystal planes was measured but was found to give no 
clear indication of the molecular or crystal structure. The principal crystal 
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diamagnetic susceptibilities are Xa , * — 112-6 x 10“ 6 , ~ 132*3 x KH*, 

Xc » —210*3 x 1 O' 6 , and these, together with an estimate of molecular 
susceptibility based on the magnetic anisotropy of benzene, and the dimen¬ 
sions of the unit cell, lead to the following conclusions: 

(1) Neither of the substituted phenyl groups can be orthogonal to the 
parent nucleus. 

(2) The most likely structure is one in which the two phenyl groups have 
their planes turned in the same direction about 50°, or less, out of the plane 
of the parent nucleus; the molecular direction bisecting the angle between 
the two phenyl bonds lies nearly, but not exactly, along the crystal direction 
a; and the molecule, as a whole, is rotated about this direction in such a way 
that the planes of the substituted phenyl groups are more or less normal to 
the c crystal axis. 
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[Plates 15, 16) 

Introduction 

A number of facts relating to proteins suggest that the polypeptides in 
native protein are in a folded state (Astbury 1933, 1934; Astbury and 
Street 1930, 1931; Pryde 1931; Wrinch 1936 a, h , c, 1937 a; Langmuir, 
Schaefer and Wrinch 1937). The type of folding must be such as to imply 
the possibility of the regular and orderly arrangement of hundreds 01 
amino-acid residues which to some extent at least is independent of the 
particular residues in question. We propose therefore to formulate all types 
of folding which are geometrically possible. Each hypothesis in turn can 
then be tested in two ways. We may consider its plausibility in itself: and 
having developed its implications to the farthest possible point, wo may 
test it against known facts by ad hoc experiments. 

At present two types of folding have been suggested—-by means of cyclol 
links (Wrinch 1936 a, 6, c, 1937 a; Langmuir, Schaefer and Wrinch 1937; 
Astbury 1936 a, b f c; Frank, 1936) and by means of hydrogen bonds (Jordan 
Lloyd 1932; Jordan Lloyd and Marriott 1933; Mmsiky and Pauling 1936; 
Wrinch and Jordan Lloyd 1936). The search for other types of folding is being 
continued. So far it has not proved possible to discard either theory on the 
grounds that the type of link postulated is out of the question. It is there¬ 
fore very desirable to test these theories by means of their implications. 
Accordingly, on this occasion we consider (Wrinch 1937 6, c) whether the 
cyclol theory can stand the test of the body of facts relating to the 
“globular” proteins, established by Svedberg and his collaborators 
(Svedberg and others 1929, 1930a, 6, 1934 a, 6, 1935)* 

* This communication contains the substance of lectures given in October and 
November 1936 at the Medical Schools of Harvard, Yale and George Washington 
Universities and at the Medical Centre, Columbia University. 

f 505 ] 



506 


D. M* Wrinch 


The Cyclol Fabric 

In previous communications the cyclol postulate has been applied directly 
to polypeptide chains; and a number of molecules, cyclol 0 (fig. 1), cyclol 

18 , and the general cyclol fabric (fig. 2) con¬ 
sisting wholly of amino-acid residues, have been 
suggested for consideration. (The modifications 
required when imino-acid residues are present will 
be discussed on another occasion.) These are all 
of one common polvhexagonai type. It should be 
emphasized that data to enable us to decide upon 
the sides and angles of the hexagons in cyclol 
molecules are at present lacking. The C—C 
distance in diamond is 1*54 A (Bragg and Bragg 1913; Ehrenberg 1926), 
the C—N distance in hexamethylene tetramine is 1*42 A (Dickinson and 
Raymond 1923; Wyckoff and Corey 1934). Further, the valency angle for 
C in diamond is the tetrahedral angle 



Fig. 1—A “cyclol 6” 
molecule. 


d = cos —1 ( — |j) - 109 ° 28 ' 16 ". 

The valency angle for N is also the tetrahedral angle in hexamethylene 
tetramine, in which as in the cyciols each N atom is linked to three C atoms, 
though it takes other values in a number of compounds in which it is not so 
linked. In these circumstances it is considered reasonable to adopt a mean 
value 

a =* ( 1*54 A4* 1*54 A + 1*42 A )/3 » 1*50 A 

for the C—C and 0 —N links indifferently and the value 6 for the valency 
angle of C and of N. Since the data of organic chemistry relate essentially 
to topological relations between atoms (i.e. the actual ordering of atoms 
amorig themselves in space), this course seems to be the correct one. If and 
when the actual values of these angles and distances are known, these 
structures will presumably lend themselves to modification by a uniform 
or systematic distortion which leaves the topology unchanged. As will be 
seen in the sequel, a considerable part of the argument is concerned wholly 
with topological considerations and so is independent of any metrical data. 
This provides an elegant illustration of the important part which topology 
will inevitably play in the megachemistry of the future. 

The cyclol fabric, as at present interpreted, consists of a network of 
hexagons with all their sides equal to a, contiguous hexagons having a side 
in common. The hexagons may, for the sake of simplicity, be referred to as 
'‘three-way” when they share alternate sides with three other hexagons, 
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and as “two-way ” when they share opposite sides with two other hexagons. 
The essence of the cyclol fabric then resides in the regular alternation of 
“three-way” triazine and “two-way” diazine hexagons. Each individual 
hexagon has adjacent sides at the angle 8 , At present it is taken to be 
“ crumpled ” as in cyclohexane. The midpoints of the sides of a “crumpled ” 
hexagon are the vertices of a plane hexagon, and we can simplify the 



Fig. 2 —The cyclol fabric. • = N. o = C(OH), peptide hydroxyl upwards. 
® =C(OH), peptide hydroxyl downwards. Q—= CHJB, direction of side chain 
initially outwards. O- — CHi?, direction of side chain initially upwards. The median 
plane of the lamina is the plane of the paper. The lamina has its ‘‘front ” surface 
above and its “back" surface below the paper. 

geometrical problems by taking these plane “median” hexagons as the 
fundamental elements in a network which represents the cyclol in a new 
way, each “crumpled” hexagon in a cyclol fabric being replaced by a 
“median” hexagon. These median hexagons are plane and regular with 
side 

c « a&in( 8 j 2 ) ~ |(6)* « 1*22 A. 
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They are alternately “three-way ” when they share alternate vertioes with 
three other hexagons and “two-way ”* when they share opposite vertices 
with two other hexagons. In fig. 3 the new way of representing cyclol 
molecules is indicated for cyclol 6. In view of the complexity of the actual 
atomic situation it is also convenient on occasion to represent cyclol mole¬ 
cules in the even simpler manner shown in fig. 4 , in which each point is the 
centre of a triazine hexagon. In both cases the essential features in the 
actual distribution of atoms in the molecule can be inferred from the dia¬ 
gram, which is to be regarded simply as a shorthand notation, introduced 
in order to facilitate the argument at later stages. 




Fig. 3—Tho median network of the cyclol 6 molecule shown in fig. 1. 

Fig. 4—A representation of the piece of cyclol fabric shown in fig. 2. Each triazine 
hexagon is represented by the point at its centre, and neighbouring triazine hexagons 
are joined by lines. 

In the previous communications the cyclols have been considered only 
in the case when all the median hexagons lie in one common plan©, and 
indeed in figs. 1 and 2 the atoms making up the molecules are shown pro¬ 
jected on the single median plane of the molecule. The hexagons in these 
figures are therefore plane and regular with side 

b « a sin 6 - 2 a( 2)*/3 * 1-41 A. 

With this limitation, there has of course been no question of building a 
space-enclosing cyclol. To do so it is necessary to investigate the conditions, 
if any, under which a cyclol fabric may bend about a line. Evidently it is 
permissible for two abutting median hexagons to lie in different planes, if 
the angle between the planes is the tetrahedral angle d, Thus a cyclol fabric 
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need not have a single median plane, but it may turn about certain lines (for 
example, the dotted lines shown in fig. 4 ) if the angle between the median 
planes is 8 . Incidentally this fact throws light upon the mechanism of 
reversible contraction of protein films (Gorter 1935; Astbury, Dickinson and 
Bailey 1935; Harvey and Danielli 1936), recently studied by Langmuir, 
Schaefer and Wrinch (1937) in a series of experiments designed to test 
the cyclol hypothesis. 

It is, then, clear that a sufficient condition for the bending of the cyclol 
fabric is the local condition that the angle between the planes of abutting 
median hexagons is either 0 or 8 . If the angle 8 occurs, the configuration of 
median hexagons is no longer plane and the problem of the possible 
existence of space-enclosing cyolols can then be stated precisely as follows. 
Is it possible for the cyclol network so to bend across one line after another 
that it actually surrounds a portion of space? In other words, Can a cyclol 
network be drawn, not on a plane, but on the surface of some polyhedron 
such that the faces at any edge crossed by the network abut at the tetra¬ 
hedral angle? 

The Topology of the Protein Molecule 

The conditions to be satisfied by a closed cyclol are thus partly topological 
and partly metrical. If for a moment we leave aside the metrical conditions, 
the space-enclosing cyclols consist simply of plane three-way graphs 
(Konig 1936). That is to say, a space-enclosing cyclol may be represented 
by a set of points in space (which represent triazine hexagons), each point 
being joined by lines to three other points. In fig. 4 an open cyclol is repre¬ 
sented in this manner. It is of interest to find that by means of topological 
considerations alone, i.e. without reference to the lengths and angles 
associated with the cyclol fabric, certain conclusions can be drawn as to the 
nature of the space-enclosing cyclols in general. 

Consider first the implications to be drawn from Euler’s theorem (1752) 
which states that if /, v, e be the numbers of faces, vertices and edges re¬ 
spectively of any polyhedron, then f+v-e « 2. In the indefinitely con¬ 
tinued cyclol fabric, as represented in fig. 4 where each point represents a 
triazine hexagon, each such point is the vertex of three hexagons. These 
hexagons connote a ring of twelve hexagons surrounding a lacuna in the 
cyclol fabric, as will be seen by comparing fig. 4 with fig. 2. Suppose now 
we attempt to construct a plane three-way graph (i.e. a closed or space- 
enclosing cyclol) in which, similarly, each point is the vertex of three 
hexagons. Let k be the number of hexagons: then there are k faces, 2k 
vertices and 3 k edges. Thus f+v~~e * 0 , and the classical theorem that a 



gflfcph consisting only of hexagons is impossible follows,* M mm 
-^^artato number j of quadrilaterals be introduced, the number of 

the number of vertices is 2 k 4 - 4 jf 3 , and the number of edges is 3 k+ 2 j. 
Thus f+v — e a* 2j/3, and in consequence j * 6. Thus three-way graphs 
exist which consist of k hexagons and six quadrilaterals. These conclusions 
are of great interest for protein chemistry. They establish the fact that, 
leaving out of account any reference whatever to metrical considerations, 
space-enclosing cyclols must have certain characteristics. 

Examples of three-way graphs are shown. In fig. 5 the points form six 
quadrilaterals and, topologically, may be regarded as the vertices of a square. 
In figs. 0 and 7 the points form six quadrilaterals and eight hexagons, and 
may be regarded as the vertices of a truncated octahedron. It is of interest 
to notice that all the three-way graphs consisting of six quadrilaterals and 
a number of hexagons can be derived from the graph consisting of six 
quadrilaterals alone: this is therefore the logical starting point for all closed 
cyclols, in which hexagons (alone unable to build a plane three-way graph) 
are supplemented by quadrilaterals. 

The Closed Cyclols 

So far we have obtained certain information regarding the characteristics 
which must be possessed by closed cyclols, if they exist at all, in virtue of 
the topological conditions. If now we introduce the metrical conditions, 
the first step is evidently to enumerate the regular and semi-regular sqlids 
(Andreini 1907) in which some at least of the dihedral angles are 8 . This at 
once restricts us to four solids, the truncated tetrahedron, the octahedron! 
the truncated octahedron and the skew triangular prism. We consider first 
the truncated tetrahedron. Pig. 8 represents a “net” of the truncated 
tetrahedron, that is, the plane figure obtained by supposing the surface to 
be slit along some edges and hinged along the others and then opened out 
flat. In the net chosen, the angle between each of the hinged faces is the 
tetrahedral angle. A pattern drawn on the surface can now be studied in 
the plane, and conversely, a pattern drawn on the net will reappear on the 
surface when the polyhedron is rebuilt. We have at our disposal two para¬ 
meters p and q, the lengths of the sides of the hexagonal faces of the trun¬ 
cated tetrahedron. If by a suitable choice of these two independent quan¬ 
tities we are able to build in the net a cyclol fabric that actually joins dp 
when the net is bent round to form the surface of the solid, then we have 

* I have found this deduction from Euler’s theorem in the edition of Lhgendre’s 
EUmmta de GionUtrie published in 1809, and it may well have beenmade tong 
before that date. 
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Fig. 7 


Fig. 5—A three-way graph consisting of six quadrilaterals. 

Figs. 6 and 7—Three-way graphs consisting of six quadrilaterals and eight hexagons. 
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constructed a closed cyolol network satisfying all the metrical conditions 
imposed by the geometry of the atoms as at present interpreted. 

This task is achieved for p = 3c and q = 9c, and we have therefore built 
a closed cyclol G v i.e. a protein molecule which is space-enclosing. The 



Fio. 8—The “net” of a truncated tetrahedron. 


number of amino-acid residues in it is 72. The problem is again solved for 
p * 3c, q «= 21c and a second space-enclosing moleoule, C a , results, which 
comprises 288 amino-acid residues. In faot, as will be seen shortly, we can 
build a series of such molecules C v C a , C B , ..., C„, ..., for which p ^ 3c; 
q = 9c, 21c, 33c, ...,(I2n-3)c,.... in which the number of amino-acid 
residues is successively 72, 288, 648, ...,72 n 2 . 
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The median networks of the closed eyolols C n lie on the surfaces of tetra- 
hedra of side p + 2q from which four tetrahedra of side q have been cut off. 
Each therefore lies on four hexagonal faces which have three sides length 
q and three sides length p , and on the three equiangular faces with sides 
length q. It crosses from hexagonal face to triangular face and from tri¬ 
angular face to hexagonal face, in each case turning through an angle 5. 
The hexagonal faoes abut on one another at the angle n — 8 , but the network 
does not cross from hexagonal face to hexagonal face. Triangular faces do 
not abut on one another. The median networks hence may be said to 
comprise, in addition to four hexagonal faces and four triangular faces, six 
“slits ”, Models of the median networks of C x and C t are shown in figs. 9 a, 6, 
c, and 10 a, 5 , c (Plates 15 , 16 ) respectively. It should be emphasized that 
the median network of a cyclol fabric is simply a shorthand device for 
studying its geometry and that the actual arrangements of the C —C—N 
groups of atoms belonging to its constituent amino-acid residues can at 
once be inferred from it. Thus the median networks of C x and C 2 may be 
studied in connexion with figs. 11 and 12, which show the complete cyclol 
network associated with C\ and the network associated with one hexagonal 
face and one triangular face of C 2 . 

The interrelations of the C n oyciols studied in terms of the median 
hexagons are very simple. On the hexagonal faces of C v C f 2 ,..., C n ... there 
are 6, 21 , 45 , 3 n( 3 rM-1)/2,... diazine hexagons. On the triangular faces 

there are 3 , 15 , 36 , 3 n( 3 n - l)/2, ... diazine hexagons. The total number 

of diazine hexagons on the eight faces is therefore 36 , 144 , 324 , 36 a 2 , 
and the number of residues is 72 , 288 , 72 a 2 , .... Further, if we describe 

these networks in terms of three-way graphs, they consist of six quadri¬ 
laterals and 8, 44 , ..., (12a 2 - 4 ), ... hexagons. It may be pointed out that 
the three-way graphs shown in figs. 6 and 7 were selected so as to represent 
the closed cyclol C v Looked at in conjunction with figs. 9 aand 6 respectively, 
the actual disposition of the eight hexagons and six slits in the model can 
be clearly seen. 

The Relation between Open and Closed Cyclol Molecules 

To make clearer the relation between the open cyclols and the closed 
space-enclosing cyclols now suggested for consideration, we may refer to 
the idea of an index of cyclol molecules in general already discussed in an 
earlier publication (Wrinch 1937a). The “index” of a cyclol molecule is 
defined to be the number of (CO, NH) groups divided by the number of 
residues, and so indicates the extent to which the cy olization in the molecule 

2 ta 
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Flo. 11—The piece of cyclol fabric which constitutes the molecule C 1 . The light 
lines join the atoms: the heavy lines represent the median network. The long dashes 
represent the lines about which the fabric is folded in order to make a closed cyclol 
molecule, and the numbers show how the edges fit together when the folding is 
completed. 
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Fig. 12— Part of the cydol fabric which constitutes the molecule C t . One hexagonal 
face and one triangular face are shown, comprising one-quarter of the whole mole¬ 
cule. The thin lines join the atoms: the heavy lines represent the median network. 
The long dashes represent the lines about which the network is folded in order to 
make a dosed cyclol molecule. 
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is incomplete. The polypeptide has index 1 being completely uncyolized 
and the essence of cyclization—and also of polymerization—resides in the 
reduction of the index. Thus cyclol 6 has index cyclol 18 (which may also 
be regarded as the trimer of cyclol 6) has index Certain open cyclols have 
specially low indices: e.g. a cyclol 162 molecule has index 0 * 167 . The index 
is the proportion of simple, peptide links to simple, double and triple peptide 
links in the molecule. At least round its outside, an open cyclol must have 
some simple peptide links. Thus, however far we go along the series of open 
cyclols the index can never be zero. This then is the simplest way of appre¬ 
ciating the relation between closed and open cyclols: only a closed cyclol 
can have zero index. This also is the natural starting point for a con¬ 
sideration of the energy relations between polypeptides and cyclols in 
general (Wrinch 19366). 

Cyclol Series 

On this occasion we consider only the series of closed cyclols C n whose 
median networks lie on the surfaces of truncated tetrahedra. A similar 
investigation of the possibility of building closed networks on octahedra, 
on truncated octahedra, and on skew triangular prisms is being undertaken. 
(It may, in fact, be pointed out that the cyclols C n can lie on the surface of 
octahedra with a slight modification of the metrical conditions here adopted.) 
The possibility of building closed fabrics whose median planes form poly- 
hedra which are neither regular nor semi-regular is also under consideration. 
It is, however, already plain that if other series of closed fabrics can be built 
the number of residues in each series will be a certain quadratic function of 
the natural numbers 1,2,3,...,n,.... 

The fundamental points are, then, clear. On the cyclol hypothesis a 
limited number of types of space-enclosing protein molecules can be con¬ 
structed; they form one or more series: in particular one series C n takes the 
form of truncated tetrahedra and consists of 72 n 8 residues, these numbers 
perhaps being modified if imino-acid residues are present. 

It must be emphasized that the part played by geometrical considerations 
in an investigation of the structure of proteins is purely permissive. These 
considerations when fully developed yield information as to what space- 
enclosing cyclols can exist and so restrict the proteins to a certain set of 
possible structures. At present we assert that the C n series can exist, so 
far as the geometry of the cyclol fabric is concerned. It will be necessary 
later, when information is available as to the selections of amino acids 
present in individual proteins, to decide whether the lengths and arrange¬ 
ments of the side chains further restrict the number of possible protein 
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structures. It is likely that Cj in particular will have to be abandoned owing 
to its size. Nevertheless, on this oooasion C l is studied with the rest of the G n 
molecules, sinoe many of the features of the C n molecules in general are most 
easily appreciated by reference to C\, the first and simplest of the series. 

The Arrangement of the Side Chains 

As we have explained in previous communications (Wrinch 1936a, 1937a), 
the fact that all the amino acids obtained from proteins have the same con¬ 
figuration (the laevo configuration) with respect to the a-carbon (Jordan 
Lloyd 1932, p. 256) has a fundamental significance on the cyclol theory. 

/ 

—N 

\ 

C«H—C,H,— 

/ 

—(HO)C 

\ 

The side chains are arranged in sets of six, fringing the hexagonal lacunae 
in the cyclol fabric (see fig. 2), and their uniform configuration with respect 
to C* implies that any cyclol fabric is dorsiventral, i.e. it has a “front” 
surface and a “back ” surface: all the side chains emerge initially from the 
“front” surface and none emerge initially from the “back” surface. It is 
important to emphasize that only the initial direction of the side chains is 
known, since the data relate to the configuration of the C* atoms. They 
therefore tell us only about the position relative to the median network 
of the molecule of the atom of the side chain. Sinoe, on the average, 
the side chains of amino acids contain two CH 2 groups, side chains may 
tend to orient themselves roughly parallel to one another, and in this way 
provide some cohesive foroe favouring the maintenance of the cyclol fabrio. 
These space-enclosing protein molecules can therefore be only of two 
types: either all the C ff atoms lie within the median network or they all lie 
outside it, and little is known about the configurations of the other atoms 
in the side chains or rings. In cases where there is a high content of CH t 
groups the side chains may be mainly within the network; however, it is 
possible for a closed cyclol of either type to have some parts, in particular 
some end-groups, of its side chains outside or inside the median network. 

Proteins in Solution 

When a protein is in solution, the actual disposition in spaoe of the side 
chains and rings apart from the atoms will vary with the state of the 
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medium. As the medium becomes more alkaline, groups capable of being 
negatively ionized will emerge: as the medium becomes more acid, groups 
capable of being positively ionized will emerge. The presence of electrolytes 
in the medium will exert a profound influence on the positions of atomic 
complexes in the side chains which can be ionized under appropriate cir¬ 
cumstances. Further, the degree of dilution may also affect the orientation 
of the side chains or rings. One and the same closed eydol molecule may be 
pictured as an ion carrying outward-pointing positively charged groups, as 
an ion carrying outward-pointing negatively charged groups, or as a zwit- 
terion possessing equal numbers of each type, which may point outwards or 
may even remain in the interior according to the electrolytic situation in the 
medium, the degree of dilution, and the actual positions in the network of 
the araino-acid residues carrying ionizable groups. 


Reversible Association of Protein Molecules 

The picture of a protein apace-enclosing cyclol molecule in solution as a 
cation, an anion, or a zwitterion, according to the pH of the medium, 
suggests that some of these molecules may exist in various states of as¬ 
sociation. If, for the range of pH values in which the number of its R + 
and It~ groups do not greatly differ, these ionized groups are outside 
the network (and this may not always be the case), some degree of 
association (e.g. through salt linkages) or, otherwise, by means of bonds 
between hydroxyls is to be expected: this association and dissociation will 
be reversible. As the pH is increased, the ionization of the groups is sup¬ 
pressed and the degree of association, will drop in a manner characteristic 
of the number and mutual arrangement of these groups: similarly, as the 
pH is decreased. We therefore expect for this class of protein molecule a 
molecular weight/pH curve which has a central stability region giving the 
maximum degree of association. In particular the position of the isoelectric 
point within the stability range will yield some information with regard to 
the relative positions and numbers of the and Jt~ groups. 

The Hydration of Protein Molecules 

There is every reason to believe that many protein molecules are hydrated 
(Jordan Lloyd 1920, 1927, 1931, 1933; Adair and Adair 1936), On the cyclol 
hypothesis, a number of water molecules may be associated with the 
OH groups carried by the peptide carbons in the cyclol fabric. It has in 
fact been suggested (Frank 1936) that this fabric is only stable when hydrated 
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in this way. Further, the presence of hydroxyamino-acid residues such as 
serine, tyrosine, hydroxylysine, ... may also require additional water 
molecules. Finally, the suggestion made above that the side chains of a 
protein molecule may vary their positions in spaoe under certain circum* 
stances implies that one and the same protein molecule may form a series 
of different hydrates. 

That these suggestions are not fantastic is seen by comparing them with 
structures recently established for certain compounds by means of X-ray 
analysis. Thus many cases are known where a specific number of water 
molecules form an integral part of the molecular structure. Strontium 
platinocyanurate (Braseeur and Rassenfosse 1936) has five such water 
molecules per molecule, and the alums (Lipson and Beevers 1935) twelve. 
Further cases are known where varying numbers of water molecules are 
built into the molecular structure. Tims copper sulphate can exist with 
five associated water molecules (Beevers and Lipson 1934), and decom¬ 
position on heating proceeds in three distinct stages: 

CuS 0 4 . 5 H 2 0 -> CuS 0 4 . 3 H 2 0 -> CuS 0 4 . H a O CuS 0 4 . 

Phosphotungstic acid similarly has two hydrates: a 29 -hydrate (Bradley 
and Illingworth 1936) which loses water when exposed to air, and a 5 -hydrate 
(Keggin 1935; Santos 1935). The 29 -hydrate is specially interesting, since 
it may be regarded simply as a combination of (PW 12 O 40 ) anions and 
(H 3 . 29 H a O ) +8 cations situated on interpenetrating diamond lattices. It is 
possible that massive cations of this type may also occur in some protein 
crystals, notably in those crystals like pepsin which collapse on drying. 
It is any way to be expected that vast numbers of water molecules will form 
orderly patterns in protein crystals. 

The Experimental Facts 

So far we have studied the cyclol hypothesis with a view to making any 
deductions from it which have reference to the possible existence of space¬ 
enclosing molecules and their properties. We find that the hypothesis 
implies the existence of one or more series of space-enclosing protein mole¬ 
cules, each series comprising numbers of residues given by a quadratic 
function of the natural numbers 1 , 2 , 3 , n, and in particular of a 
series C v <? fl , C nt comprising 72 , 288 , ..., 72 n 2 , ... residues, whose 
median networks lie on the surfaces of truncated tetrahedra. It is further 
implied by the hypothesis that certain types of molecule may exist in 
solution in varying states of association. The number of residues in such 



520 


D. M. Wrineh 


“associated” molecules will correspondingly be varying multiples of the 
number of residues in the molecule of which they are built. 

These predictions are, it is claimed, confirmed by the results obtained by 
Svedberg and his collaborators. 

1— It is found that certain proteins are “globular” molecules, which, 
under appropriate circumstances, are monodisperse. The cyclol theory 
implies the existence of space-enclosing molecules containing certain specific 
numbers of amino-acid residues: their polyhedral character is in accord with 
and offers an interpretation of the nature of this “globularity 

2— It is found that certain molecules exist in different degrees of as¬ 
sociation in solutions of different pH, having a maximum molecular weight 
in a certain pH range and dissociating reversibly into molecules with sub¬ 
multiple molecular weights on one or both sides of this range. The cyclol 
theory implies that, in certain types of protein the molecule will form 
multiple molecules at appropriate pH values, the process of dissociation on 
changing the pH being reversible. 

3— It is found that the molecular weights of proteins are not distributed 
at random, but fall into a sequence of widely separated classes, the molecular 
weights in one class varying by as much as 20 % from a mean value. This we 
interpret to mean that the proteins falling into one of these classes have a 
common structure as regards the arrangement of the constituent amino 
acids, and we suggest that each class connotes one closed cyclol network 
or an association of a certain number of such units. The variation in mole¬ 
cular weight within a class is then accounted for by the different selections 
of residues in the various proteins which can yield an average residue weight 
varying (say) from 100 to 136, and which may also entail the presence of 
different numbers of water molecules in the molecule. 

These tests are qualitative. It would be of greater interest to apply more 
stringent quantitative tests. This will be possible when data are available 
which give, for some of the “globular” proteins, the shape of the molecule, 
the average value of the weights of tfie contained amino-acid residues, and 
the numbers of water molecules which form an integral part of the mole¬ 
cular structure. 

We hazard the prediction*, however, for consideration in the future, that 
the group of proteins with molecular weights ranging from 33,600 to 40,500 

* Note added 8 June 1937—It is suggested that haemoglobin, whiob is known to 
dissociate into half-size molecules under the action of urea (Steinhardt 1936 ), and 
possibly others in the same group, comprise two submolecules each of the egg albumki 
type: this would imply that the number of residues per molecule in some of the 
70,000 group is 570. 
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(Svedberg and Erikason-Quensel 1935 - 6 ) are closed cyclol moleoules of 
type C 2 containing 288 amino-acid residues. The molecular weights in 
question as determined from measurements of the rate of sedimentation 
and diffusion (M B ), and as determined from measurements of the sedi¬ 
mentation equilibrium (M g ), are given below: as a rough preliminary test 
of our suggestions, we add in each case the “apparent” residue weight, W, 
obtained by dividing the molecular weight by 288: 

Erythrocruorin (Area) M g « 33,600, W « 117. 

Lactoglobulin M A » 33,900, W = 118: M g « 37,800, W « 131. 

Pepsin M 8 « 35,600, W « 123: M g - 39,200, W * 136. 

Insulin* M g « 36,100, W = 122 , 

Bence-Jones protein *= 35,000, W = 121 . 

Egg albumin ** 43,800, W = 152: = 40,500, IT * 141. 

It will be seen that the “apparent” residue weight then ranges from 117 
to 152, a range of figures within the bounds of possibility!. A more stringent 
test will be made when the requisite data are available. This molecular 
weight class is of particular importance, since Svedberg has suggested that 
very many, possibly most, other proteins have molecular weights which are 
multiples of (say) 35,000. 

Postscript added 8 June 1937—The Referees of the above communication 
have called the attention of the author to recent work by Bergmann and 
his collaborators, which, in their opinion, strongly confirms the conclusions 
there reached. This work, now summarized (Bergmann and Niemann 1937 )!, 
establishes the numbers of certain amino-acid residues and the total number 
of all the amino-acid residues in a molecule of egg albumin, of cattle fibrin, 
and of cattle haemoglobin, and the proportions of certain amino acids in 
gelatin. These results are immediately relevant to the implications of the 
cyclol theory, which readily interprets the total numbers of amino-acid 
residues per molecule, without the introduction of any ad hoc hypothesis. 

* Note added 8 June 1937—This prediction has now been worked out in detail for 
insulin, with special reference to the dimensions of the unit cell of crystalline insulin. 
It is found that the 0, molecule fits this unit cell and in doing so suggests the 
mechanism of co-ordination between neighbouring moleoules in the crystal lattice 
(Wrinch 1937c). 

f Nate added 8 June 1937—It will be noticed that if a protein molecule consists 
of R residues and N water molecules, the “apparent** residue weight W exoeeds the 
average residue weight by 18 N/R. The high values of W obtained from M $ and M g 
above in the case of egg albumin suggest that the protein as investigated by 
Svedberg has associated with it a considerable number of water molecules. 

{ This work incorporates at certain points results obtained earlier by Baemstein, 
Block, Calvary, Vickery and Shore, and Vickery and White, 
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In claiming that 288 is the number in the molecule of egg albumin, the 
work oonfirms, for this protein, the prediction, made in October 1936, that 
the proteins whose molecular weights are in the neighbourhood of 36,000 are 
polycondensation products comprising 288 units (see p. 620 above). Similar 
investigations into the chemical compositions of the other proteins of the 
group covered by the prediction of 288 residues per molecule, which includes 
pepsin, insulin, Bence-Jones protein, lactoglobulin, and the erythrocruorins, 
Area and Chironomus, are awaited with interest. 

In claiming that the number of residues in cattle fibrin and cattle 
haemoglobin is 676 per molecule, the work confirms for these proteins the 
suggestion that some of the proteins in the 70,000 class have 670 residues 
per molecule (see p. 520 above). 

The author offers her thanks to Dr. Weaver and the Rockefeller 
Foundation for their generous support and encouragement, to E. H. 
Neville for his advice and criticism, and to M. F. Howson for drawing the 
diagrams. 


Summary 

The cyclol theory of the structure of proteins, designed to cover certain 
well-established facts in protein chemistry, has been formulated and de¬ 
veloped with special reference to the structure of protein films and multi- 
laminar aggregates in a number of communications. The results of Svedberg 
and his collaborators have established a vast body of results regarding the 
“globular” proteins, which constitute a challenge which any theory of the 
structure of proteins is bound to accept. Accordingly, in the present com¬ 
munication the cyclol hypothesis is studied with special reference to the 
possible existence of spaoe-enclosing protein molecules. It is found that the 
hypothesis implies the existence of one or more series of space-enclosing 
protein molecules, eaoh series comprising numbers of residues given by a 
quadratic function of the natural numbers 1, 2, 3,, and in particular 
of a series C v C t , .... C n ,comprising 72, 288, ..., 72»*,... residues whose 
median networks lie on the surfaces of truncated tetrahedra. It is further 
implied by the hypothesis that certain types of molecule may exist in 
solution in varying states of association. The number of residues in such 
“associated” molecules will correspondingly be varying multiples of the 
number of residues in the molecule of which they are built. 

These predictions are, it is claimed, in accord with and offer an interpre¬ 
tation of the results obtained by Svedberg and his collaborators: 
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1— It is found that certain proteins are ‘‘globular” molecules, which, 
under appropriate circumstances, are monodisperse. The cyclol theory 
implies the existence of space-enclosing molecules containing certain 
specific numbers of amino-acid residues: their polyhedral character is in 
accord with and offers an interpretation of the nature of this “globularity ”, 

2— It is found that certain molecules exist in different degrees of asso¬ 
ciation in solutions of different pH, having a maximum molecular weight 
in a certain pH range and dissociating reversibly into molecules with sub¬ 
multiple moleoular weights on one or both sides of this range. The cyclol 
theory implies that, in certain types of protein, the molecule will form 
multiple molecules at appropriate pH values, the process of dissociation 
on changing the pH being reversible. 

3— It is found that the molecular weights of proteins are not distributed 
at random, but fall into a sequence of widely separated classes, the mole¬ 
cular weights in one class varying by as much as 20 % from a mean value. 
This is interpreted to mean that the proteins falling into one of these classes 
have a common structure as regards the arrangement of the constituent 
amino acids, and it is suggested that each class connotes one closed cyclol 
network or an association of a certain number of such units. The variation 
in molecular weight within a class is then accounted for by the different 
selections of residue in the various proteins which can yield an average 
residue weight varying (say) from 100 to 136, which may also entail the 
presence of different numbers of water molecules in the molecule. 

These tests are qualitative. It would be of greater interest to apply more 
stringent quantitative tests. This will only be possible when data are avail¬ 
able which give, for some of the “globular” proteins, the shape of the 
molecule, the average value of the weights of the contained amino-acid 
residues, the number of imino-acid residues and the numbers of water 
molecules which form an integral part of the molecular structure. 

It is suggested, however, for consideration in the future, that the groups 
of proteins with molecular weights about 35,000 are closed cyclol molecules 
of type C t . As a rough preliminary test it is remarked that the “apparent ” 
residue weight (obtained by dividing the molecular weight by the number of 
residues) then lies between 117 and 136, a range of figures well within the 
bounds of possibility. 

A more stringent test will be made when the requisite data are available. 
This moleoular weight class is of particular importance, since Svedberg has 
suggested that very many, possibly most, other proteins have molecular 
weights Which are multiples of (say) 35,000, 
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A Theoretical Formula for the Solubility 
of Hydrogen in Palladium 

By John R. Laoher, Harvard Travelling Fellow 
{Communicated by R. H. Fowler, F.R.S.—Received 27 April 1937) 

1—Introduction 

It is known that the amount of hydrogen dissolved by Pt, Mo, Cu, Co, Fe, 
and Ni is directly proportional to the square root of the hydrogen pressure p. 
Furthermore, these metals take up hydrogen without changing their lattice 
structure. It has been shown by Fowler and Smithells ( 1937 ) that one can 
get a theoretical interpretation of the observed solubility, if one assumes 
that the hydrogen dissolves as protons which are free to move throughout 
practically the whole volume of the metal. The theory has been extended, 
using slightly different assumptions, to include the metals V, Ta, Ti, and Zr. 
In these eases definite metallic hydrides are formed having lattice structures 
differing from that of the pure metal, and at higher pressures the amount 
of absorbed hydrogen saturates, being no longer proportional to yjp. 

In the present paper we shall give a statistical interpretation of the 
solubility of hydrogen in palladium. Palladium seems to offer an advan¬ 
tageous starting-point for an attempt at a more profound extension of the 
theory outside the region where the law is valid. It has been thoroughly 
investigated experimentally and is capable of taking up large volumes of 
hydrogen without changing its lattioe structure (Linde and Borelius 1927 ; 
Kriiger and Gehm 1933 ) 

2—The Hydrogen-Palladium System 

Sieverts and his co-workers ( 1932 , 1935 ) have shown that hydrogen dis¬ 
solves in palladium according to the *Jp law only at very high temperatures 
or at very low pressures. For the temperature range 600-1200° C. and 
pressures up to 1 atm., both hydrogen and deuterium obey this law. As 
the temperature is lowered below 600° C., or the pressure raised, deviations 
ooour. At 295° C. and about 20 atm. pressure, there is a critical point; 
below this temperature, the pressure isotherms show that two solid phases 
are present. It is convenient to express the composition of the solution by 
theratioof the number of hydrogen atoms to the number of palladium atoms, 
which we denote by r. When r < r t or r > r fl , only one phase is present. In 
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It is known experimentally that, in these two regions, equilibrium sets in 
very quickly and the same isotherm can be traced by adding or by removing 
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hydrogen. When r a <r<r^ the isotherm is flat; the pressure has a speoial 
value, but the amount of hydrogen dissolved is not controlled by it. In 
this region the system is sluggish, different curves being obtained when 
hydrogen is added or removed. These “hysteresis” curves, as they are 
called, have been observed by Sieverts and Briining ( 1932 ), Lambert and 
Gates ( 1925 ), and by Gillespie and Perry ( 1931 ). However, Gillespie and 
Hall ( 1926 ) and Gillespie and Galstauh ( 1936 ) have been able to trace the 
isotherms in this region in a reversible manner by using special palladium 
preparations; they thus obtained curves without “hysteresis”. It is in this 
region also that X-ray experiments show the presence of two co-existent 
expanded palladium lattices (Linde and Borelius 1927 ; Kruger and 
Gehm 1933 ). 

At the critical temperature r is 0*270. The value of r a , at which the second 
phase appears, decreases as the temperature decreases; the value of r^, 
at which the first phase disappears, increases. 

Palladium is a transition metal and has two bands of allowed electron 
states, namely the s and d bands. These bands overlap. The s band can 
accommodate two electrons per atom and the d band ten. Palladium fur¬ 
nishes only ten, with the result that the two bands are not completely filled. 
Gold has one more electron than palladium, and when Pd is alloyed with Au, 
measurements of the susceptibility and electrical resistance can be explained 
by assuming that the extra electron goes into the d band which is filled up 
when between 0*55 and 0*60 electrons per atom have been added (Mott 
andJones 1936 , p. 189 ). Similarly, when palladium is alloyed with hydrogen 
(Svensson 1933 ), its paramagnetic susceptibility decreases and becomes 
zero when between 0*53 and 0*66 hydrogen atom per palladium atom have 
been added. This suggests that the dissolved hydrogen is almost completely 
ionized and that the electrons go into the d shell. It suggests further that 
a definite process of hydrogen absorption will reach completion when 
r ~ 0*6 approximately. 

3—Theoretical 

The statistical problem is to determine the distribution of hydrogen 
between the solid and gaseous phases. In the gas the hydrogen exists mainly 
as molecules with a few atoms; while in the metal it exists mainly as protons 
and electrons. 

If M g is the number of atoms in the gas phase of volume V and VF g their 
partition function, then their contribution to the characteristic function 
of Planck for this phase is 



(1) 



Formula for Solubility of Hydrogen in Palladium 529 

The partition function for the dissolved hydrogen will be constructed 
by assuming that there are potential energy holes in the metal for the 
protons to go into. All these holes are assumed to be equivalent and there 
are N s of them, say in a given body of metal. While in a hole, the particle 
has a partition function o(T) and an energy, in its lowest quantum state, 
equal to — y 0 • The zero of energy is taken as that of a free atom in its lowest 
quantum state in the gas phase. In order to explain the occurrence of critical 
phenomena, we must assume further that the energy of absorption depends 
on the number of holes filled, increasing as the number of holes filled 
increases. The prptons with their compensating atmosphere of negative 
electrons must attract each other according to some unspecified law of 
force. The energy of M B particles in their lowest absorbed states will not 
be ~ Jf g y 0 , but will depend on the arrangement of the particles in the 
N 3 holes. 

The problem thus formulated is one recently made familiar by numerous 
investigations such as those of Bragg and Williams ( 1934 ) and Bethe ( 1935 ) 
on order-disorder transitions. The discussion of critical adsorption phe¬ 
nomena by Fowler ( 1936 a) and Peierls ( 1936 ) provides an even closer 
analogy to the present case. We shall be content to work to the Bragg and 
Williams type of approximation here, in which one ignores the dependence 
of the energy of absorption on the actual arrangements of the protons among 
the N h holes but retains an approximately correct dependence of the 
average value of the energy of absorption for all arrangements for a given 
value of M 3 by assuming a total average absorption energy of M s hydrogen 
atoms, all in their lowest states, of 


B--KXo-hMix/N t . (x>0) (2) 

Equation ( 2 ) must be regarded as a pure assumption; it will be verified 
later, by numerical calculation, that it gives the dependence of E on M„ 
fairly accurately. By taking the partial derivative of E with respect to M„, 
we obtain 

%±' = - Xo -M a xlN t . (2a) 

Prom this we see that we have assumed that the rate of increase of the 
absorption energy is directly proportional to the fraction of holes filled, 
X being a proportionality oonstant. 

We are now in a position to write down the expression for the partition 
function of the dissolved hydrogen. We have M t particles distributed in N a 
holes with an average energy —M„Xq — • While in a hole, a particle 
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has the partition function v(T). Then the partition function for the complete 
set of absorbed hydrogen atoms is simply 


Q 


NJ 

"mM- 


M.)\ 


[v( T)] M ’ expj 




kT /■ 


( 3 ) 


This partition function may be regarded as constructed to reproduce two 
physical properties of hydrogen in pal ladium: (i) palladium tends to become 
saturated with hydrogen; (ii) the heat of absorption increases as M 8 increases. 
In order to use equation ( 3 ), we need to know N a , v(T ) 9 ^ 0 , and These 
will be determined from the experimental data. A few remarks concerning 
v(T) will be made later; but for the present we shall merely assume that 
these quantities exist and are physically important in describing the 
hydrogen-palladium system. 

The characteristic function of Planck is 


»i-*log Q 

- k[N 8 logN 8 ^M 8 logM 8 ^(N 8 -M 8 )log(N 8 -M 8 ) 

+M, log v(T) + ( M °Xo+W*x IKTJ _ {4) 

This characteristic function is similar to an equation given by Fowler (19366, 
equation (2319)) which was used to establish critical adsorption phenomena. 
It is assumed that ( 4 ) incorporates the whole change of the characteristic 
function of the metal due to the presence of the absorbed hydrogen. For 
metals which change their lattice structure on taking up hydrogen, this 
last assumption would be questionable. According to Hagg (1931) the 
metals Ti, Zr, and Ta do change their lattice structure, so the present 
discussion is not intended to apply to such cases. 

For equilibrium between the absorbed and gaseous phases 


dW 0 dW, 
oM a - dM; 


Carrying out this variation one obtains 


( 5 ) 


VF 1 — 8 


(«) 


where 8 - MJN „. 

The hydrogen atoms in the gas phase are in equilibrium with hydrogen 
moleoules. If VF % is the molecular partition function'and M % the number of 
molecules, then 


Ml 


(VF„)\ 

■ 17 *r > 


VF a 

Hr 


m- 


(?) 
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By inserting this in equation (0), we get 

(l?)* = l ~o° T) ^ Xu+omT - ( 8 ) 

Since the H a molecules are dominant in the gas phase, we have from the 
gas law 

L = (9) 

Mi p 

Further, F 2 = e x^r = p^ eXd ikr > (10) 


where 2m is the mass of the hydrogen molecule, A its moment of inertia, 
and Xa dissociation energy from its lowest quantum state. By eliminating 
VIM 2 and F 2 from (8) by means of (9) and (10), we obtain 


logp* * log 


6 

1-0 


(Xo-iXd+Qx) 

kT 


4-log 


(kTFtf 

v(T) ’ 


( 11 ) 


Equation (11) gives a relation between the hydrogen pressure and the 
number of hydrogen atoms in the palladium, in equilibrium with the gas. 

As has been pointed out by Fowler, if jT>y/4fc, then for every value of 
log pi there will only be one value of 0\ but if T < y/4& there may be three 
values of 0 for a given value of logp*. There is, therefore, a critical tempera¬ 
ture given by T = jg/4i\ This relation will be used to determine x> 

In order to study further the properties of equation (11), we write it in 
the form 


log log , m v "" “f" ~ 


v(T) 


kT 


log 1 -6 kT^ 


( 11 ®) 


The terms 


( kT K)'(hX + Xo~ \Xd 

log -wr —*— 


depend on temperature only and merely shift the origin of the logp* 
co-ordinate; hence they will not affect the roots of the equation in 0 , which 
may be written 

< l2 > 

Fig. 3 shows y **f(0) as given by (12) when T = 9/10T c . We note that y 
is an odd function of (&—\)> being zero when 0 — Pairs of numerically 
equal values of y occur for values of d l and 8 t satisfying 0 1 +0 i = 1. From 
the symmetry it follows further that the area cut off by the curve y -f{6) 
above the y-axis equals the area cut off below this axis. 
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Now it has been shown in a similar problem (Fowler 1936a), and the 
proof holds here also, that in the region of temperature and pressure in which 
there are three roots of equation (11) in #,the true equilibrium condition 
is given by choosing a value of log pi which satisfies the rule of equal areas. 
In view of the symmetry noted above, this means here that we must take 

y — 0‘» log T~e = kT (0 ~^ (18) 



The root 6 = \ corresponds to an unstable state, while the smallest root, 8 a , 
and the largest root, satisfy 

0 a + <9 A = 1. (14) 

These last two roots correspond to two stable states which oan coexist in 
equilibrium at this temperature and a pressure given by [from (11 a)] 


log^» 


(ta +Xo-k d) 

kT 


+ log 


{kTFtf 

v(T) * 


(15) 
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These equations are capable of simple physical interpretation. When 
we add hydrogen to palladium, the pressure will increase continuously 
(according to the Jp law at first) until MJN 8 = 0 a . In the region 0 ^ 0 < , 

the hydrogen is distributed uniformly among the available holeB, and there 
is only one solid phase—the a-phase. As more hydrogen is added, the 
pressure remains constant until 6 « Qp , In the region < 6 < Op the 
hydrogen cannot be uniformly distributed among the available holes. 
Instead, there are regions where the density is and others where it is 
6 fi ~the a- and y?~phases coexist. It is in this concentration range that 
X-ray analysis shows the co-existence of two expanded palladium lattices. 
When one adds hydrogen, the /7-phase increases at the expense of the 
a-phase until the system becomes homogeneous again at 0 = Op. This, 
again, is what is found by X-ray analysis. When 0 is slightly greater than 0 a , 
the intensity of the lines due to the a-phase is greater than those due to the 
/?-phase. When hydrogen is added, the intensity of the lines due to the 
3 -phase falls off while simultaneously the intensity due to the /7-phase 
lines increases. When still more hydrogen is added, the equilibrium pressure 
increases again and in the region, 1, only the pure /7-phase exists. 

As the temperature is raised, both 0 a and 0 fi approach each other, until at 
the critical temperature 0*** Op** I * Above this temperature only one 
phase can exist. 

Equation (14) can be written 

M. + Mf-N.; r a + r fi = r,. 0«) 

Here r„ is the number of holes per palladium atom. We can determine it 
from measurements of the equilibrium isotherms, i.o. those isotherms 
which give the same value to the pressure for a given r no matter how that r 
is approached. Table I gives the values of r a ,r fi , and r s as read directly from 

Table I 


t° c. 

r a 

*9 

r. 

Authority 

0 

0*015 

0*588 

0-603 

Gillespie and Hail 

20 

0*03 

0*77 

0*80 

Kruger and G ohm 

30 

0*028 

0*557 

0*585 

Gillespie and Hall 

80 

0*63 

0*505 

0*568 


160 

0*113 

0*50 

0*613 

*» 

180 

0*118 

0*50 

0*618 

»♦ 

200 

0*123 

0*50 

0*623 

Gillespie and Galstaun 

260 

0*150 

0*425 

0*575 

99 

270 

0*249 

0*350 

0*599 

99 

280 

0*250 

0-330 

0*580 

9* 

285 

0*253 

0*328 

0-581 

it 

290 

0*255, 

0*320 

0*575 

ft 

295 

0*270 

0*270 

0*540 

n 




534 


John R. Lacher 


figs. 2 and 3 of Gillespie and Hall ( 1926 ) and fig. 4 of Gillespie and Galstaun 
( 1936 ). The value given by Kruger and Gehm ( 1933 ) was obtained by X-ray 
analysis and seems to be too large; a possible explanation for this will be 
given later. The other values are fairly constant and show that the number 
of holes in palladium available for hydrogen is nearly constant, as the theory 
requires, and is closely equal to the number of holes in the d band. For our 
purposes it will be sufficiently accurate to use an average value of r H equal 
to 0-59. 

Equation (15) tells us how the hydrogen pressure depends on the tem¬ 
perature in the two phase region, i.e, it is a vapour-pressure equation. 
According to Gillespie and Galstaun, the vapour-pressure equation is 


logioJW * 4*6018 - 1877'82/T 1 . (17) 

From equation (17) we can evaluate y 0 + \x~\Xa and , which 

may be taken to be constant, for that particular temperature range over 
which the vapour-pressure equation is valid. Wc have already determined x 
from the critical temperature. This gives us all the information we need 
in order to calculate the heat of absorption and the (/;, 6) isotherms. We 
make the heat calculation first. 


4—Heat Calculation 

If the solubility is known as a function of pressure and temperature, then 
the calculation of the heat of absorption is a straightforward problem in 
thermodynamics. It is well known that this is given by the following 
equation (Gillespie and Hall 1926 , p. 1216 ): 



This integral was evaluated numerically by using the 313 and 295° isotherms 
of Gillespie and Galstaun. The results are shown in Table II and fig. 4. In 
this table, u H refers to twice the number of moles of molecular hydrogen 
which dissolve in 1 g. of pure palladium. - ^//thermo. gives the heat liberated, 
according to (18). 

We may derive equation (18) statistically as follows. The partition 
function for M hydrogen atoms in the gas jihase aa molecules is 




(19) 
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Their average energy at the temperature T is 

The partition function for M s hydrogen atoms in solution is 

N.l 
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( 20 ) 


F. 


' MM-M g j 


j M T)] M > exp ) • (21) 


Their average energy is 

E* = - ~M, Xo + M s kT*~\og v(T). 

The increase of energy on absorption is 

AE = E,-E 2 

= - mx!N e - M h ( Xo - l Xd ) - M a lcT*^ log®. 


( 22 ) 


(23) 


In this equation a negative energy change corresponds to a transfer of 
heat from the By stem to its surroundings, or to a positive heat of absorption. 
We have shown that 


log pi - log JLq - (y 0 - \xd + Ox)lkT + log • 


(24) 


(25) 


From this we may obtain 

KwL, 

Integrating with respect to M 8 gives 

rKii/rL"- - 


When this is compared with (23), we find 

= AE+pAV 
= AH. 

FinaUy, we have the explicit formula 

AH - - iMlxiK - M,( Xo -\Xa)~M e kT*± log . 


(26) 


(27) 


( 28 ) 
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The terms in equation (28) can be evaluated numerically by using 
Gillespie’s vapour-pressure equation and the critical temperature. From 
equations (15) and (17) we have 

*(wL, - -«*+*-»*■>- - - i * n “*• 

But x 3 4227J, = 4514 cal., since T c « 5(58° K. Hence 

-(Xo-k d )-^-^log ( A^ = -2040 cal. 

So equation (28) becomes 

-AH - 2040ft H + 2257nfj/n, cal. 

n n and n 8 represent the number of moles of hydrogen atoms and palladium 
holes respectively. The equation is valid only for the particular temperature 
range over which Gillespie’s vapour pressure equation holds true. By taking 
1 g, of palladium, we fix n H since r H is known to be 0*59. The equation 
becomes 

— AH — 2040 ft H 4 -4Q8,000ftf I cal. 

— AH was calculated for several values of n H , and the results shown in 
Table II and fig. 4. 

This calculation was made to show that the heat of absorption as a function 
of the amount of dissolved hydrogen is fairly accurately reproduced by 
the Bragg and Williams type of approximation. The agreement between 
the heats of absorption as calculated by thermodynamics and statistical 
mechanics shows that we have treated the data consistently and that 
there is a relation between the heat of absorption, the critical temperature, 
and the vapour pressure equation. 

Direct measurements of the heat of absorption of hydrogen in palladium 
have been made at 0 ° C. by Gillespie and Ambrose ( 1931 ). They state that 
they could trace the 0 ° C. isotherm reversibly with their palladium prepara¬ 
tion. This means they measured the “ equilibrium ” heat of solution. These 
authors also recalculated some measurements of Mond, Ramsay, and 
Shields ( 1898 ); both researches agree. Their results, given in fig. 5, show 
that the heat liberated is directly proportional to the amount of hydrogen 
dissolved. This result seems, at first sight, to be at variance with the high 
temperature data and with our assumption concerning the partition function 
of the dissolved hydrogen. However, this linear dependence is to be expected 
at this low temperature, as will be shown by a direct calculation. 
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Table II 


« H 

“ -d#GtAt. 

“ ^Hthermi 

00005 

M2 

1*17 

0-0010 

2-45 

2*56 

0-0015 

3*98 

4*13 

0-0020 

5*71 

5*03 

0-0025 

7*05 

7*94 


-AH 



at constant pressure and temperature slightly above T 0 . 



Fig. 5—Heat liberated (- AE) when $n H mol. H a dissolve 
in 1 g, Pd at constant volume at 0° C. 


Pd 
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The quantity measured in tins case wa 8 —AE. From equation (27) 
we obtain „„ 14 

L"- w 

In order to make numerical calculations we assume Gillespie’s vapour- 
pressure equation to be valid at 0 ° 0 .; or, what is the same thing, we neglect 
the unknown temperature variation of 

(Xo-te+ lx)+ i°g^p 

and set it equal to its high-temperature value of 4297 cal.; this is not 
strictly correct. However, the vapour-pressure equation gives a calculated 
vapour pressure of 0*0053 atm. at 0 ° C. The experimental value is 0*0052 atm., 
so the error in this procedure cannot be large. 

At 0 ° C. one calculates from equation (13) that 6 a = 0*0175 and 
Op = 0-9825. When small amounts of hydrogen are added and we are in the 
region 0 < 6 < , the energy change, as given by (29) for 1 g, of palladium, is 

-AE a « 1767n H 4* 408,000< cal. (0 < n B ^ 0-000097) (30a) 

The a-phase is saturated when i (0-000097) mol. of molecular hydrogen have 
been added. We know that, when the temperature coefficient 

of log p* is independent of 0 and is obtained from (25) by placing 0 equal to \ . 
When hydrogen is added to the saturated a-phase, the energy change, 
— AE% , results only from the conversion of the a- into the /7-pbase and is, 
hence, directly proportional to the amount converted. Therefore from (29) 

and (25) _ AE£ - (- \RT +4297) (n H - 0-000097) 

* 4024(»„- 0-000097). (306) 

The system beoomes homogeneous when |(0-00544) mol. of molecular 
hydrogen have been added. Although the number of moleoules of atomic 
hydrogen enters explicitly into our equations, it should be borne in mind 
that A E refers to the change in energy when |n H mol. of molecular hydrogen 
dissolve. Table III was calculated from equations (30a) and (306); the 
results are shown in fig. 5. 

Table III 


n H 

0-000097 
0 0010 
0-0020 
0-0030 
0-0050 


— AE (cal.) 
0-175 
3-80 
7-83 
11*85 
19-90 
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This calculation shows that the theory will explain the linear variation 
of — AE at 0 ° C. and the non-linear variation of —AH at 295° C. The 
calculated values of — AE are somewhat small. This is no doubt due, in 
a large part, to the fact that we have neglected the temperature variation 
of the heat of absorption. Since the calculated values are too small, we 
would have to assume that the heat of absorption increases as the tempera¬ 
ture decreases, or, what is the same thing, that v{T) increases faster with 
the temperature than (kTF' % )*. 

At this low temperature, palladium takes up more hydrogen than can 
be accounted for by the theory. The maximum concentration should be 
r ~ 0*59; but by saturating palladium with electrolytic hydrogen, values 
of r around unity have been observed. In these cases, with large expanded 
lattices, the s electron of the hydrogen atom can probably go into the 
$ band of palladium. Since the value of r as determined from pressure- 
concentration isotherms is still around 0*59 at these low temperatures, an 
additional absorptive process must be effective here. 

5—Pressure-Composition Isotherms 

Equation ( 11 ) can be written as 

log P i - lo gX~~£- (Xo-lXd + W/kT + logA. (31) 

In this equation log A varies slowly with T\ for the temperature range in 
which equation (17) is true, it is nearly constant and given by 

log 10 ^4 = 2-3009. 

Using this, equation (31) becomes 

A 

logioJJ* (atm.) = l O g 10 —2-3009 - (445-0 + 986-7 0)/T. (32) 

The constants in (32) were not adjusted to give the best fit for the iso¬ 
therms. If the critical temperature and vapour-pressure equation are 
known, then the equation is fixed entirely by theory. The calculated iso¬ 
therms are shown in figs. 1 and 2 as continuous lines. In fig. 1 the open 
circles are the data of Gillespie and Galstaun; while the crosses on the 200 CI C. 
isotherm represent the data of Sieverts and Briining ( 1932 ). The agreement 
between the calculated and observed isotherms is quite good, except for 
small values of 6. The spread shown by the crosses is due to the “hysteresis ” 
phenomena. The pressure scale in fig. 1 is not suited to show this well; 
but exactly the same tiling was found at 160 and 180°. These data are shown 



540 


John R. Laoher 


in fig, 2 . The open circles represent Gillespie and Hall's data; the crosses 
and circles with crosses in them represent Sieverts and Bruning 180 and 160° 
data respectively. The agreement between the experimental data and calcu¬ 
lated curves is very good along the rising portion of the isotherms. In the 
region d a ^0^6p Gillespie's 180° points are too low; probably this is due 
to inaccurate temperature measurements. 

The explanation of the “hysteresis" phenomena can be seen at once 
by inspecting the 180 and 160° isotherms. By increasing the pressure, 
6 increases continuously until 0 = , where it suddenly increases to dp . 

The experimental points of Gillespie and Hall do just this. Sieverts and 
Bruning, however, on increasing the pressure obtained #’s that overstepped 
the point d a . They followed up the dotted lines and reached states of meta¬ 
stable equilibrium, or they obtained a supersaturated a-phase. By still 
increasing the pressure, their 0 ’s jumped across to the second rising isotherm, 
(These intermediate points are not shown in fig. 2 .) When they removed 
the hydrogen, their decreased and instead of jumping discontinuously 
from 6p to d a (as did those of Gillespie and Hall), they followed the dotted 
curve down to another state of metastable equilibrium—say an “under¬ 
saturated" /?-phase. 

As long as the palladium-hydrogen system is in its most stable equilibrium 
state, the phase rule of Gibbs is obeyed (3 phases, 2 components, a univariant 
system). According to this discussion, the “hysteresis" loops shown by 
BrUning and Sieverts’s Aufbau and Abbau curves do not represent equi¬ 
librium states. It is not necessary to modify the phase rule, if such a thing 
were possible, to account for the hydrogen-palladium system as has been 
suggested by Ubbelohde ( 1937 ). When one solid phase is present, the state 
of the system can be specified by the variables T , p , and d\ however, when 
two phases co-exist, the state is determined by T 7 , p , 6 , and s , where s is 
the amount of surface separating the two phases. The number of free 
variables, however, has not increased, since we have the additional require¬ 
ment for equilibrium that the amount of surface must be such that the total 
free energy including the surface contribution is a minimum. Hence the 
system remains univariant. 

A possible qualitative explanation for the “hysteresis" loops can be 
obtained by considering the amount of surface separating the a- and fl- 
phases. Suppose, upon adding hydrogen to the pure a-phase, that the new 
phase formed is finely dispersed throughout the a-phase. The vapour 
pressure of this dispersed /?-phase would be greater than the pressure it 
would exert in bulk (where surface phenomena are negligible), for the same 
reason that the vapour pressure of a small drop of liquid*is greater than that 



Formula for Solubility of Hydrogen in Palladium 541 

of the same matter in bulk (Lewis and Randall 1923 , p. 251 ). By reducing 
continuously the sizes of the dispersed /?-phase particles, the system would 
eventually become homogeneous again and it is not unreasonable to suppose 
that the pressure exerted by such a system would be that of the super¬ 
saturated a-phase. If the sizes of the /7-phase particles were increased, at the 
expense of their number, until the amount of surface separating the two 
phases was at a minimum, the pressure would approach a unique final 
value at a given temperature. This pressure would be given by equation (15) 
except when the amount of /?-phase formed was extremely small. On the 
other hand, if we remove hydrogen from the pure /?-phase in such a way that 
a finely divided a-phase is dispersed throughout the /7-phase, the vapour 
pressure would drop below its equilibrium value, since the radius of curvature 
of the surface separating the two phases has changed sign. If we may now 
make the reasonable assumption that the formation of the new phase in 
fairly large blocks out of the finely dispersed units first found takes place 
rather slowly, ‘‘hysteresis*’ loops will inevitably be observed in ordinary 
experiments. If this explanation of the “ hysteresis ” phenomena is tenable, 
the states represented by the “hysteresis” loops would not be equilibrium 
states, as, of course, they must not be if our theory is correct. 

Gillespie and Galstaun in interpreting their experimental results brought 
forward evidence showing that definite metallic hydrides are formed. This 
was based on the fact that they obtained identical values of 0 a and 0 (i at 
different temperatures. When one calculates these O 's from equation (13), 
one never obtains identical values at different temperatures. If definite 
hydrides are formed, they involve energies much less than those taken into 
account by this discussion. In view of the experimental difficulties involved 
in obtaining equilibrium states, we are inclined to believe the spread 
shown in r ai r l fi , and in Table I to be due to experimental uncertainties. 
The large value of r 8 given by Kruger and Gehrn is probably due to the fact 
that the a- and /7-phasee are easily super- and under-saturated. When 
palladium is charged with hydrogen eleetrolytieally, it is impossible to 
ascertain whether the system is in equilibrium. It is also probable that 
other absorptive processes are effective at low temperatures. Both the 
80 and 0 ° C. isotherms show values of r greater than 0*59. 

Sieverts and Zapf ( 1935 ) have measured the solubility of hydrogen and 
deuterium in palladium between 300 and 1100 ° C. for pressures up to 
1 atm. It is not without interest to calculate, according to equation (32), 
the solubility of hydrogen at these temperatures as this will give us 
additional information concerning v(T). The results of the calculation are 
shown in Table IV. 
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Table IV 


T° K. 

L c.c. 

0 

p (calc. 

573 

104 

0*0205 

0*07 

073 

120 

0*0203 

0*71 

873 

92*7 

0*0150 

0*82 

1073 

84-0 

0*0136 

1*18 

1273 

78*5 

' 0*0127 

1*26 

1473 

71*2 

0*0115 

1*3 


In this table T° K. gives the absolute temperature, L c.c. the observed 
solubility at 1 atm. pressure in c.c/s of molecular hydrogen (N.TJP.) 
per 100 g. of palladium. 0 gives the experimental value of the ratio M 9 jN a 
assuming r = 0*59, while p (calc, atm.) gives the pressure calculated from 
equation (32) required to give this solubility. The calculated pressure is 
about 30 % too low at 573° and about 30 % too high at 1473°. The calculated 
pressure steadily increases. This means that the term 2*3009 in equation (32) 
would have to decrease as the temperature rises to maintain the pressure 

OcTF’ U 

constant. Except for a numerical factor, 2-3009 equals log — . Hence 

v(T) must increase faster with the temperature than (kTF' t )l. This is also 
what we found by the heat calculation at 0° C. We know from equation (10) 
that 

(kTFtf = const. T 71 *. 

Accordingly, v{T) must increase faster than T 71 *. If the dissolved protons 
oscillated with a low frequency about equilibrium positions, their partition 
function could increase as fast as T 3 . If one assumes that v(T) can be 
represented by a partition function for a three-dimensional oscillator, it is 
possible to calculate that vibrational frequency which will give the correct 

, . , (kTFL)* 

value to log'-—jf* . 

At a mean temperature of 530° K. we have 

log 10 = 2-3009 +Jlog 10 (1 atm. in dynes). 


We can evaluate F' 2 from equation (10), using 2m ■= 3-32 x JO -84 and 

A = 4-63 x 10~ 41 . Since we have assumed v(T) *= -exp|-~|) , it 

follows that the vibrational frequency must be equal to 8-75 x 10 u sec. -1 . 
It can easily be verified that this frequency will cause v(T) to increase faster 
with the temperature than T 71 * in the temperature range we are interested in. 
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Although it is possible to find a reasonable value for the frequency when 
v{T) is assumed to be a vibrational partition function, it is not likely that 
the actual state of affairs is as simple as this would suggest, as we have not 
taken into explicit account the expansion of the lattice. 


6 —Comparison of Hydrogen and Deuterium Solubilities 

In order to compare qualitatively the differences in solubilities of hydrogen 
and deuterium, we note that, according to equation ( 11 ), the solubility 
becomes proportional to the square root of the pressure at high temperatures 
and small O' s. Under these conditions the equation reduces to 

logfi* = log 0 - (;v 0 - \Xd)! kT + log • ( 33 ) 

If one graphs the logarithms of the solubility of hydrogen and deuterium 
against the reciprocal of the absolute temperature, one obtains good straight 
lines for temperatures above 600° C., which can be represented by the 
following equations: 

L n = 48 e lx ^ HT jA (atm.) c.c. H 2 (N.T.P.) per 100 g. Pd, (34a) 

Ld « 60 e* J0/RT p* (atm.) c.c. D 2 ,, ,, . (346) 

Instead of measuring solubility in terms of L, the number of c.c. of molecular 
hydrogen per 100 g. of palladium, we use 0 . The relation between 0 and L is 

0 » 0*00161 L (r 6 » 0*59). 

The equations become 

l 0 SJ°!i “ log 0 n — llftO/iJT-f-log 129, (35a) 

l°g^i) - logfln —410/jRjT + log 104. (356) 

From equations (35a) and ( 356 ) we see that the difference in solubilities 
of hydrogen and deuterium is due to differences (i) in heats of absorption 
and (ii) in the temperature independent factor, log A. According to 
equations (33) or (28) the heat of absorption at a temperature T is given by 

-AH - ( Xo - iXd ) + RT*^o g ( ^^ )k . (36) 

Hence 

(-AH h )-(AH d ) ~ (x?- tf) -Rtf -*?)- RT *^ 1°8jjyjj• (87) 


2 K 
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The difference in the zero-point energies of the two isotopes in solution 
and their average energy above this energy zero can be calculated from 
a knowledge of the vibrational frequencies. These are given by the following 
relations _ 

vn - ; r H = 8*75 x 10 12 sec.- 1 . 

11 V niD 

So (X$-X$) = “^0 cal., 

- = 260 cal. (T = 1200° K.). 

dT v(T)i) 


The greatest contribution will be given by one-half the difference in dissocia¬ 
tion energies of the two molecules, which is 900 cal. This gives us finally 


{ -AH n ) - (- /IH d ) « - 470 + 900 + 260 = 690 cal. 
The experimental difference is 

(-J= 1150 — 410 = 740 cal. 


By comparing equations (33), (35a) and (356), we find for the ratio of 
the temperature independent factors 


_ 129 _ , , 4 
W&MT) a ~ 104 ~ “ • 


(38) 


We can evaluate this ratio to be 1*03 at 1200° K., assuming 

Here for the first time the agreement is poor. It would require a smaller 
value ofv to bring about agreement. 


I wish to thank Professor Fowler for suggesting the problem to me and 
for many helpful discussions. 


7—Summary 

A theoretical formula for the solubility of hydrogen in palladium is 
developed by assuming there are a definite number of holes in the metal 
for the hydrogen to go into and that the heat of absorption increases as the 
number of holes filled increases. The formula gives a critical temperature 
above which only one solid phase can exist, and below which two solid 
phases can be in equilibrium with one another. The rate of increase of the 
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heat of absorption with the amount of dissolved hydrogen is directly 
proportional to the fraction of the holes filled, for a homogeneous phase. At 
low temperatures, the heat of absorption results almost entirely from a 
phase change. The heats of absorption in a homogeneous phase and in 
the two-phase region are correlated simply with the critical temperature. 

A study of the pressure-composition isotherms leads one to an understand¬ 
ing of the “hysteresis“ phenomena shown by the system. The equations 
developed exclude, however, the existence of definite palladium hydrides. 
The difference in the solubility of hydrogen and deuterium is shown to be 
due to the differences in the masses of the isotopes. 
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An Extension of Bethe’s Theory of Order-Disorder 
Transitions in Metallic Alloys 

By T. S. Chang, B.Sc., Tsinghua University 
(<Communicated by R. H. Fowler , F.R.S.—Received 30 April 1937) 

1—Introduction 

In a paper by Bethe ( 1935 ), it is shown how the order of the arrangements 
of two different kinds of atoms A and B depends upon x «= exp( — V B jkT)> 
where k is the Boltzmann constant, T the absolute temperature, and V B is 
equal to $(V AA + V B #~-2V A j i ), V AA being the interaction potential energy 
between two nearest A atoms, etc. Bragg and Williams ( 1934 , 1935 a, 6 ) 
had previously studied the same problem by assuming that the change of 
the potential energy during an interchange of an A and B atom both from 
correct positions (i.e. the positions which they would occupy at the com¬ 
pletion of the order) is equal to V8 , where V is a constant and 8 is the long¬ 
distance order existing at the interchange. While the theories are generally 
speaking successful in accounting for the phenomena observed, the results 
do not agree with the experiments in certain details, notably in the fact that 
the calculated specific heat arising from the change of the potential energy 
during the process of ordering is too small near the critical temperature. 

Essentially, the above-mentioned,calculations take account of inter¬ 
actions between nearest neighbours only. It is easily seen that, for a com¬ 
plete theory, we should take the higher interactions into account; for though 
the interaction between atoms separated by a distance of a few lattice 
constants is small, yet the number of such neighbours of an atom is large. 

In the following, we confine ourselves to two cases: 

( 1 ) Simple cubic systems with an equal number of A and B atoms, and 
an equal number of a and fi positions which they occupy respectively at the 
completion of the superlattice. The a and /? positions are the alternate points 
of the unit cube. The shortest distance between two atoms, i.e. the distance 
between the nearest neighbours, is “a”, and the next shortest distance, i.e. 
the distance between an atom and its next nearest neighbours, is <j2a, where 
“a” is the lattice constant. 

(2) Body-centred cubic systems with an equal number of A and B atoms. 
The a and fi positions which they occupy respectively at the completion of 
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the superlattice are the corners and centres of the lattice cubes. The shortest 
distance between two atoms is ^3a, and the next shortest is a, where u a’\ 
again, is the lattice constant. 

For these two cases, calculations are made below, parallel to Bethel 
second approximations, but taking into account the interactions between 
an atom and its next nearest neighbours, as well as those between an atom 
and its nearest neighbours. We will write 

V^WAA + Vnn-^H), ( 1 ) 

y'B=W A A + V' im -2V' ab ), (2) 

where the unprixned Ps refer to interactions between nearest neighbours, 
and the primed Ps refer to interactions between atoms separated by the 
next shortest distance. We should presumably take both to be positive. 

The reason for taking the interactions V' B into account, while leaving 
still higher ones out, is that, beside the fact that V' B is the next largest to 
Ijy, it tends to destroy the order, if V' B is positive as we have assumed. This 
is obvious, when we note that it acts between two atoms, both in a positions, 
or both in ft positions. Since Bethe/s second approximations involve the 
first and second shell of neighbours explicitly, it seems desirable that both 
V B and V B should be properly included. 

Qualitatively, we expect the following effects. First, as w r e have now extra 
interactions tending to upset order, we expect that there will be a decrease 
of the critical temperature, the decrease being greater if the ratio V' B jV H 
is larger. Secondly, since there are more terms depending upon temperature 
in our expressions than before, it is natural to expect a greater temperature 
dependence. In Bothers theory, the long-distance order S 9 the local order or, 
etc. depend explicitly upon x and e, which is a quantity introduced as the 
effect of the long-distance order upon the second shell, to be determined 
later as a function of x by using the fact that the probability of the central 
atom being R or W equals the probability of atoms in the first shell being 
R or W y since in the crystal there is no way of distinguishing the central 
atom from its neighbours, (An atom is said to be R if it is A and in an a 
position, or it is B and in a ft position. It is said to be W otherwise.) Both the 
explicit dependences upon x and e\ and the dependence of e upon x, may be 
expected to change. It turns out that e has its dependence upon x a little 
decreased, and the explicit dependence upon e is much increased. R oughly 
speaking, the energy owing to the interactions between the atoms is pro¬ 
portional to the local .order (§ 4). The more intimate dependence of cr upon 
x results in a greater specific heat. 
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Finally, in Bethe’s theory, the sudden formation of the superlattice is due 
to the local order, which builds up the superlattice suddenly when it is 
sufficiently large. Now that we have extra interactions tending to destroy 
order, the local order at the critical temperature will be accordingly larger. 


2—The Simple Cubic Systems 

For simple cubic systems, V B « + ~Vab) refers to atoms 

separated by the lattice constant a, and V' }} = %(V AA + V'bb^^V'ab) refers 
to atoms separated by ^]2a. Considering for the moment the interactions 
between nearest neighbours alone, we will take V B to be the change of energy 
when one pair of nearest neighbours A B, which may be RR or WW, changes 
to R W , disregarding whether this RW is A A or BB. Similarly, we will take 
V' B as the change of energy when one pair of RW, separated by *j2a y which 
may be A A or BB, changes to RR or WW, which is AB. The justification of 
using V B in place of V aa -V ab , and V bb -V ab , etc., lies in the fact that the 
energy of the alloy for whatever arrangement of the A and B atoms depends 
on V u and V' B only, and hence in the partition function only V B and V B 
come in. We shall thus replace V AA — V AB and V BB - V AB by V B , which is their 
average. That the energy depends only on V B and V' B will be seen in §4; 
and it can be shown that the truth of this arises from the faot that the 
numbers of A and B atoms in the alloy are equal. 

Let x = exp (- V B /kT), (3) 

z' = ex P (-.V B /kT), (4) 

n = the number of W atoms in the first shell. The first shell consists of 
the nearest neighbours of the central atom only; 

m — the number of pairs of BW in the first shell; 

g nm = the statistical weight of the state specified by n, m, i.e. the number 
of arrangements of atoms in the first shell with nW atoms and m pairs of 
RW atoms; 

e * the ratio of the probabilities of atoms in the seoond shell being W 
to that of being R owing to the order existing outside the second shell. 

The partition function for the case in which the central atom is R, with 
nW atoms and m pairs of RW in the first shell, is 

, R n . m {e, *,*') = g nm x n s' 18 -* (1 + ex)«~ n (e + x) n (xx'+ex) m 

x (e + x l x ’)* {4n_m) (*' + ex t ) Mi ~*- m K (6) 
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The partition function for the same case but with a W atom in the 
central is 

W nm {e,x,x') => (J n , M x e ~' n x' 12 ~ m (l +ex) e -~ n (e + x )’ 1 (x + exx') m 

x (ex' + x 2 )** n - m) (1 + ex'x 2 )***^'-™). (6) 

The above expressions are similar to those given by Bethe’s second 
approximations (Bethe 1935), but now they involve x'. They are easily 
derived by extending his arguments. Fig. 1 gives the ordinary (100) section, 
“o” is the central atom, “®" are six in number, constituting the first shell. 


X 



X 

3 .. 

X 


I 

0 _ 


0 _ + 


/ 

0 

3 .. 

X 



±_ 



F 10 . 1—The atoms in a (10<>) piano. O a central atom ; ® its first shell; 
x side atoms of it.H second shell; + corner atoms of its second shell. 

“ x ” are the “side” atoms of the second shell, twelve in number, separated 
from the central atom by ^/2 a. “ + ” are the comer atoms of the second shell, 
six in number, separated by 2a from the central atom, “x” and “ + ” 
constitute the second shell. The expression for i? )t m is obtained as follows. 
The interactions between the central atom and the atoms in the first shell 
give a factor x n , and the interactions between atoms in the first shell give 
x' n ~ m . Comer atoms of the second shell neighbouring to a IF atom in the 
first shell contribute to the partition function the faotor e + x, and those 
comer atoms neighbouring to a U atom the factor 1 + ex. They oocur 
respectively to the nth, (6 - »)th powers. The “ x ” atoms of the second shell 
adj&oent to a pair of RW atoms in the first shell contribute to the partition 
function the faotor xx' + ex, i.e. xx' when R, ex when W. Since there are m 
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pairs of RW in the first shell, the factor occurs to the mth power. Similarly, 
we have the factors (e + #V) 4(4n ~ ffl) for “ x ’* atoms in the second shell, each 
adjacent to a pair of WW in the first shell, £(4 n — m) being the number of 
such atoms, or simply the number of WW pairs in the first shell. Similarly, 
we have the factor (x f + for “ x ” atoms each adjacent to a pair 

of RR. Here x f comes in at two places only, i.e. at the interaction between 
two “ <•>” atoms, and at the interaction between a. “ x ” atom,and the central 
atom. The interactions between “ + ” and “ x ” atoms are left out and are 
taken account of by e. It will be noted that whereas we put down x in the 
partition function for interactions between RW pairs of nearest neighbours, 
we put x ' for interactions between RE and WW pairs of next nearest 
neighbours. It will also be noted that atoms, separated by yj3a from the 
central atom, are not included in the second shell, though nearer to the 
central than the corner atoms, for they do not interact with atoms in the 
first shell as nearest neighbours. 

Before proceeding farther, it might be advisable to point out that the 
effect of x', for plausible values of V' B /V W is quite considerable, while the 
contrary is often suspected. At the critical temperature, x is around 0*6, 
and with VyV 2i around 01 , x' is somewhere about 0*95. Owing to the new 
factor some of the terms R ti m are multiplied by x' v ~ times (m~ 0), 

and some by x' 4 (m ™ 8). Their ratio is changed by x t% times, or roughly 0*64. 
This, alone, shows that the introduction of x\ though nearly equal to unity, 
is not so trivial as might be at first thought. Again, x f comes in the factor 
(s'-fea; 2 ), sometimes to the 12th power, sometimes to the 0th power, 
altering the original ratio (1+e# 2 ) 12 of the two terms to (x' + ex 2 ) 12 , thus 
changing the ratio almost by a factor 0*6 or 0*7. 

Following Bethe, we set 

2 & n,m = & 2 (6“*n)(^ m + R nTO ), (7) 

n,m n,m 

I W nM = h I n(W ntm +R ni J, (8) 

n, m n , m 

whioli state that the probability that the central atom is R or W must be 
equal to the probability that an atom in the first shell is R or W. The two 
equations are actually the same, determining e in terms of the two quantities 
x and x’. Substituting in R n m and W Him , we get the different partition functions 
in terms of n, m, x and x‘. 

So far, everything is justifiable except that e for the side atoms, say e t , 
may not be equal to e for oorner atoms, say e c . A rigorous discussion requires 
the determination of the e’s in terms of x and x\ by further using the fact 
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that the probability of being R or W is the earn© for the first and second shell. 
Roughly it can be seen that the rigorous solution is not essential, for, if we 
take e 6 = ej‘ 2 at one time, and at another, the results of the calcula¬ 

tions are roughly the same; the critical temperature is slightly lower in the 
first. Since we are interested in the rough magnitude of our results, and it 
is not likely that the two e’s are very different, we shall be content in the 
following to assume them to be equal. 

3—The Simple Cubic Systems (oonthstued) 

The Critical Temperature 

First, we will show that a critical temperature exists for a certain range of 
V' B [V B . By a critical temperature we mean only that there is a discontinuity 
of behaviour, changing suddenly from the disordered state to an ordered. 
At e = 1 one sees easily that ER nni = £W n m , and thus the long-distance 
order is zero. A sudden setting in of the long-distance order is merely a sudden 
change of e from 1. 

get e — 1 — 8, substitute in (5), (0), and expand in powers of S } 

-*>*»*') “ 

m( 1 - 8, x, x') * Wi_ n>m ( 1, x, *'){ 1 - 6G t ( 1, x, x'; n, m) 

where Q^e, x, x' ;n,m) = ^ log B nm (e, x, x’), 

d 

O t (e,x,x'}n,m) = ^log 

d 

Q[{e,x,x'\n,m) = ^O x (e,x,x'\n,m), 

d 

0l(6,x,x';n,m) == 



with similar meanings for 0' a and 01. 
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It is easily seen that 


-®n,B^6—n,m( ^^ )> 

G^l.XyX*\n, wi) + O t {\,x } x']n,7n) « 18, 



6^(1,#,#'; m)~ w, m) = Gjjf I, a?, x';n,m) - w, w).J 


Writing the equation ( 7 ) in the following form 

n, m 

and substituting the above values into it, one gets 

CS + BS 2 + AS 3 +... m 0, (13) 


C = EnR nm (l,x,x') (O x - O-i), ' 

^ 1, a;, a;') [OJ + 3G t G\ + OI -1?» - 30 a -0^.. 


(14) 


For a given value ofV' s /V B , x‘ is a function of*, and thus once V^/V# is fixed, 
A, B, and C arc functions of x alone. Suppose C — 0 has a solution x = x 0 , 
and that C is slightly positive for x>x 0 , negative for x < x 0 , and that A is 
positive at x = x 0 . B is zero at x = x Q , for B is a constant multiple of C. 
Then the only solution for x>x 0 , or T>T 0 = — V B /\og e x, is S — 0, or e = 1; 
whereas for x<x 0 , T<T 0) another solution < 5 #= 0, e+1 is possible. Thus at 
T 0 there may be a discontinuity of the behaviour of e, changing from T > To, 
e =» 1 , where the long-distance order is zero, to T < jP 0 , e 4= 1 , where the long¬ 
distance order is no longer zero. T 0 is therefore the critical temperature 
required. It is obtained from the equation 


1 nR n , m (l,x,x')(G t -0. s) = 0, (16) 

ft, m 

which, written in detail, is 


2 m # n af 152 ~‘ m a; m (1 -f x*) m (1 4* #V)* (4n ~ OT) (x f + 

n,m 


:{<«- 


■2 n) 


1 1 

- + m- 


x+l l+x‘ 


x' 1,J .l — x'x a 

-, + i(4n-m) r _^ + K46- 


■n 


* 2 —*') 


0. 

(16) 


For various values assigned to V' B jV B , the equation is solved numerically, 
obtaining the root x c . (The value of x' when x takes the value x e will be 
denoted by x', thus the pair of values of x r , x' satisfies (16), and logx'/log* e 
is equal to V' B IV B .) The root x c may not correspond to a critical temperature, 
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but the x corresponding to a critical temperature must be a solution. For 
below x c , e = 1 remains a solution of ( 7 ), though another solution e#= 1 is 
also possible. 

The result of solving ( 16 ) is plotted with kT e JV B = — 1 /logx c as the 
ordinate and V' B jV B as the abscissa. The sign of A and the signs of C above 
and below x 0 are investigated, with the result that, for points lying within 
the area bounded by the curve Ml OF and the two axes, it is possible that 
e+ 1 , and for points lying outside e must be 1. Hence in the region from 



Fia. 2 —Upper curve B.-W. theory; lower curve Bethe’s theory. 

V B jV B = 0 to 0 there is only one solution, which must be the critical 
temperature if we know that the alloy is ordered at the absolute zero. If 
V’ B jV B is between F and I, there will be an interval of temperature in which 
the order may set in, and for temperatures above and below the interval 
there is no order. If V B jV B is between 0 and F, there are two such intervals, 
one of which extends down to the absolute zero. In those intervals, such as 
between IJ and IE, there may be order, there may be not, and the second 
seems more plausible. For V' B fV B greater than I, there is no possibility of 
having a critical temperature. The exact behaviour of the curve at such values 
of V' B jV B is of no interest to us, for at such values of V' B jV B our equations 
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will be too crude, involving too many assumptions, and overlooking all 
higher interactions. But it is fairly certain that there is no critical tem¬ 
perature, when Vg/Vg exceeds a certain value. 

It is easy to show from the equation ( 16 ) that x e decreases as V' B increases 
from zero. G l — G 2 is negative for small n, and positive for big n. The 
introduction of x' makes G 1 - G 2 for large n larger, and G x — G 2 for small n 
smaller numerically. To make the negative ZnR(G l — G 2 ) to cancel with 
the positive, one must decrease x. Also it can be seen from the fact that, 
considering 0 as a function of x and x\ (dG/dx)^ is positive, and (3 Cjdx') x 
is negative, both evaluated at (x CJ #'), and in particular they are so at 
x » 0 - 6563 , %' — 0 , (F^ = 0 ); thus along the solution (dxjdx' n ) is positive, 
giving accordingly a negative [dxJd(VyV s )} generally. 

Here it seems desirable to deduce the correvsponding result by the method 
of Bragg and Williams’s theory. In the latter method, one assumes that the 
probability of being R for any atom in any position is 4(1 + s), independent 
of what its neighbours are, and the probability of being IF is |(1 — $). With this 
assumption the change of the potential energy during an interchange of an 
A and B atom, both from correct positions, is given by 

V = - 2 V B [z 1 -z 3 (V' s IV B )l ( 17 ) 

where z v z 2 are the numbers of the nearest neighbours and the next nearest 
of an atom. It is easily deduced by considering how many of the neighbours 
are A and how many B , and writing down the energy connected with the 
two atoms before and after the interchange. Now, according to Bragg and 
Williams, T c * — F/ 4 k, hence 

T c = {V B l 2 k)[z l -z % {V' B IV B )l ( 18 ) 

which in the particular case V' B = 0 reduce to T e = 22,1^/44. For simple 
cubic systems, 2, = 6, 2 2 = 12, and therefore the dependence of kTJV B 
upon V' B /V B is linear with a slope - 6. Referring to the curve giving kTJV B 
against V' B /V B by the Bethe’s method, we see that the dependence is also 
linear with a slope —6-1, when V B /V B ranges from 0 to 0*1. The two curves 
are practically parallel near the origin, but they differ widely when V' B jV B 
is large. A fundamental difference exists: in Bethe’s method, T c does not 
exist, when V' B jV B is sufficiently large, whereas, in the B.-W. method, T c 
exists for a longer range. This difference is inherent in the two methods of 
treatments. 

For negative values of V' B , V B will behave as V B , producing order and 
thus raising the critical temperature. As expected, the two curves in fig. 2 
show that T c increases when V' B becomes negative. 
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4— The Simple Cubic Systems (continued) 
Long-Distance Order, Local Order, etc. 

To get the long-distance order, etc. in terms of the temperature, one 
needs to solve for e in equation (7), obtaining e as a function of x f and to 
substitute this in the following expressions: 

the long-distance order S 

S = [£(B-WM£{B+W)], (19) 

the local order o' 

<r - \-(2lZ)ZnR nt J[Z{R+ W)], ( 20 ) 

the energy E E « \Nz x V B (l — <r) - \Nz 2 V' B ( 1 - cr 2 ). ( 21 ) 

Equations (19), ( 20 ) are taken over from Bethe, and the equation (21) has 
an additional term containing V#. (19) and ( 20 ) follow from the definitions 
of the respective quantities; S as the difference of the probabilities of being 
R and W , cr as the difference of the probabilities of an atom finding a different 
atom and an atom of the same kind as one of the nearest neighbours. With 
this definition the probability of an atom finding a nearest neighbour of 
the same kind is |(1 - cr), and that finding a nearest neighbour of the other 
kind is £(1 + <r), and that finding a next nearest neighbour of the same kind 
is roughly proportional to £(1 — <r)£(l~u)+£(l-f* 0 -)£(l-b<r), and that 
finding a next nearest neighbour of the other kind is roughly proportional 
to 2|(1 — cr) J (1 + u), the factor of proportionality being then 1 for the sum 
of £( 14 * cr 2 ) and ^(1 - cr 2 ) is unity. The energy will then be 

1 + <T) V AB + i(l - cr) V AA ] + mi( l + <r)V AB + j(l- <r) V IlB ]} 

+1+ VJj +J(1 - or*) VJ B ]+mu l + V*B +*(1 - **) UJ}, 

( 22 ) 

where the factor £ introduced for each interaction has been counted twice 
otherwise, which after removing an additive constant involving V B and V B , 
but not the temperature, gives exactly (21). From (20) it is easily seen that 
cr and thus E depend explicitly on x, x’ and e, and for T>T C , though e does 
not change, E changes with x, x', giving the extra specific heat above the 
critical temperature. 

For numerical results we take the' case V' B jV B = 0-0940. The corre¬ 
sponding *„ is 0-6760. The equation (7) is solved numerically, and S, cr, E, 
etc, are obtained numerically by a substitution. The specific heat is 
obtained by a differentiation of E. They are shown in figs. 3, 4, 6 and 6 . 
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Fro. 3—The long-distance order as function of T/T c , 
Upper curve V B jV M = 0*0040; lower curve V' g ~ 0. 



OO 


Fig. 4 —Local order as function of T/T 0 . 
Upper curve V' s jV M — 0-0940; lower curve V'J V B = 
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Fid. 5—Energy as function of T/T f . 

Upper curve Botho V' B = 0; lower curve V’JV B — 0-0940. 
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Fig. 6 —Extra specific heat as function of T/T c . 

(1) Bethe’s result V B = 0; (2) result for VyV B = 0*0940. 
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Near the critical temperature, an expansion in 6 {£=* 1 — e) is possible. 
We give the result of this expansion in the following form: 

( 1 ) The Change of 8 2 'ivith x-~x c near the Critical Temperature —From the 
equation (13), we get 


( 1 / 6 ) 8 2 EnR ntm [0\ + 3 Q x Q’ x + 0{ - G} - 3G 2 G' - GJ] 

+ [(#&) {2 1 nR nm (G l - 0,)}] (*-* e ) = 0. (23) 

In the differentiation it should be remembered that x f changes with x . The 
coefficient of 8 2 is evaluated at the critical temperature, and is by equations 
(15), ( 12 ) simplified to 

(1/6) ZnR nm {(G x - G t ) \{{G X - G,)* + 3 (G [+(?;)] + GJ -fl£}. 

In our case, i.e. V' B jV B = 0*0940, the equation (23) reduces to 

8 2 +31-5(x — x c ) «= 0. (24) 


This may be contrasted with the corresponding equation from Bethe. It 
seems that the change of 8* with x is less rapid here. However, it can be also 

written “ j>+3i-feiog*(ir- jy/r, - o 


or S‘ + D-M{T-T C )/T C - 0 . (25) 

The corresponding equation from Bethe is 

[( 1 - x 0 )l( 1 + x t ) + 2( 1 - *•)/( 1 + «•)] * + 35-7(x - x e ) - 0 

or 8* + 9 1 83(7' - T e )jT e = 0. (26) 

Hence, though the change of e with x is less rapid, the change of 8 2 with 
(7' - T„)/T c is just as quick as it was before. 

(2) The Expansion of a in Terms of 8* and x —We find 


30 — O-) = 2ZnR n JZ(R n , m + W„ :m ) = Zn(R n _ m + W 9 _, um )/Z(R nM + W^J 

ZnR^J 1 ,x,x')[2-(G 1 + G 2 )8+\8*(G\ + G| + G[ + G’ t ) +...] 

" 1. *, *') [2 - (G 1 + G a ) 8 + *<**(£* + GJ + G' x + G‘ t ) +...] 

^ M„. M (l, a;> x')[U-^(Gl + Gi+^G^ - 8 1 ‘)+.,.] 

ZR n Jl,x, x') (1 + id*(G'x + G '*++...] 

ZnR nM (\,x,x') 

ZR ntm (l,x,x') 

ZR n , n ( 1. as,**) {n-SnRIXR) (GJ + GJ + JS^*) 

4 2:^(1, as,*') 


(27) 
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since O t + G s is independent of n, m. This gives <r in terms of i 1 and z, and 
making use of the result in (1) one gets <r in terms of temperature. The result 
of (1) is that, for T < T t , 8* + 9-96(T- T c )jT c = 0 ; and for T > T c , 8 2 = 0 . 

The local order at the critical temperature is given by 

cr= 1 -H- nR nm (l,x e ,x' c )]/ER nm (l,x cl x'), . (28) 

evaluated at the x c , x' c . For V' B jV B = 0-0940 the residual local order is 
28-3 %, a value higher than Bethe’s value 24-0 %. 

(3) The Long-distance Order —For the long-distance order, we have 

8 - E{R-W)/E(R+ W) - -{2^(1,*,*') (G t -O t )l2£R nm }8+0(8 2 ). 

(29) 

For our chosen values, 


8 = 1-155 + 0(5 2 ), 

S 2 = l-325 2 + 0(5 s ) = — 41-5(* —a: c )+.... 


(30) 


It seems therefore that it changes more quickly than in the calculation of 
Bethe. 

(4) The Energy and the Specific Heat —Here we have 


E-iNzJ^l-^-tNzsV^l-cr*). ( 21 ) 

Writing <r in the form cr = U + X8 2 , we have 


(iflwr,. t<t~ 2 t, Sf + 26 ’ X( 31 ' 5 ) ("St)' 

C 
C 


do\ _ dU 

dT) T i.Tt,T>Tc dT ’ 
dcr*\ 

dT /sri-Te. T>Tc 


211™ 

2U df' 


(31) 


Making use of these we find that the extra specific heat due to the arrange¬ 
ment of atoms direotly above T c is 0-18^1:, and direotly below T e , 4-14 Nk 
for our chosen value of V’ B jV B . Summing up, we see that E and a vary 
linearly with x—z a and therefore linearly with (T — T e )/T 0 , in the neigh¬ 
bourhood of T slightly less than T„ . B and 8 vary with {x —x c )* or with 

U(T-Tm. 

It might be interesting to find the specific heats for various values of 


a o 


Vol. CLXJ—A, 
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V' B IV B , assuming that along the branch MLKJ of the curve in fig. 2 all the 
points correspond to actual critical temperatures. At the point / 

d(V' B IV B )ldx c « 0, (dCldx)y t/Vt = 0, d8*/dx - 0 

in (23), and the extra specific heats above and under T c will be both small and 
nearly equal. At V' B jV B = 0-15, the solution x c is 0-5182, the residual local 
order at T e is 32-8 %, and the difference of the extra specific heats above and 
below is 4-7 Nk. At V B IV B - 0-25, x e *= 0-3715 the local order at 3J, is 41-7 %, 
and the difference of the specific heats is 1 - 9 Nk. If the term in the expression 
of E containing V B is left out, the differences are respectively 5-8 Nk and 
3-4 Nk. 

We shall content ourselves by showing roughly how a bigger specific heat 
arises, without going into further details. The difference of the specific heats 
above and below T c , i.e. the extra specific heat accompanying the setting in 
of the long-distance order, is the product of the following factors: 


( 1 ) lh[l-(V B !V B ){z 2 lz 1 )2<r], 

( 2 ) X^-UzJiZK'Jn-ZnRIZR) 

x(G’ 1 + G' t + ^0 1 -O i r)}/ZR n>m , 

(3) (log,,*) 2 *, 

(4) {(d/dx) ZnR nm (0 1 - G t )}/Z nR vm 

x {(<?i - o t ) wo, - eg 2 +§«?;+<?;>]+ o\ - o 


(32) 


This product, when evaluated at x c , x', gives the difference per atom in units 
of k. Factors (1) and (4) tend to make the product smaller, and factors (2) 
and (3) tend to make it bigger, w-hen they are evaluated at a lower x c and a 
corresponding x' c . It is easy to see that, for the value of x c in question, 
(log* x)* x becomes larger, when a lower x„ is substituted in it. To see why the 
second factor beoomes larger with a lower x e , we have to note two facts. 
First, the substitution of a smaller value of x c and a corresponding value of 
x' increases ^(Oi-Gg 2 + (?{ + (?£ for all n, the fraction of increase being 
slightly greater for large n. Secondly, n — ZnR/Z R is negative for small» 
and positive for large «. With the original value of x c ( x c —0-6503), the terms 
for small n and those for large n cancel each other to a considerable extent. 
The negative terms are slightly larger, and the seoond factor iB positive and 
small. With the substitution of a smaller x e , the terms for small» become 
more important relatively than those for large n. Instead of cancelling each 
other to a considerable extent the terms for small » predominate, making 
the seoond factor much larger than before, in fact doubled or more. But 
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for the first factor the specific heat for the long-distance order would be as 
large as 5'8Nk, for V' B jV B = 0-15. The fourth factor is not too much decreased 
when V' B jV B is not too large, but, for larger values of V' B jV B , it decreases 
appreciably, and becomes 8ero at the point l shown in fig. 2. The product 
of the factors increases at first, then remains fairly constant, and then falls 
to zero. 

It will be emphasized here that the points along the curve K Jl in fig. 2 
may not correspond to actual critical temperatures, and if they do, the 
points along 1110 will be also critical temperatures, but with negative 
specific heats, for as the temperature is gradually lowered passing it, the 
crystal passes from the ordered state to the disordered. This is presumably 
impossible, and it seems that the other alternative, i.e. that they do not 
correspond to actual critical temperatures, is the actual case. 


6—The Body-centred Cubic Systems 

The calculations with body-centred crystals is essentially the same as 
before. The nearest neighbours are eight in number, distant ^'3 a from the 
central atom. The next nearest ate six in number, distant a from the 
central. These, together with twelve atoms distant ^2 a from the central, 
constitute the second shell. Some atoms, though interacting with the first 
shell as nearest neighbours, have been, however, excluded. V B refers to 
atoms separated by f^/3 a, and V' B refers to atoms separated by a. The 
ratio of the two distances is 2/ v /3 =* 1-15, and is much smaller than the 
corresponding ratio ^2 * 1-41. Assuming V varies with the inverse 6th to 
10 th power, V' a /V B is about 0’42-0-24 for body-centred systems, and (M3- 
0-03 for simple cubic systems. So in this case there is a stronger necessity 
of taking V B into consideration. 

Here the partition functions cannot be written down with two suffixes 
n and m. As before, the atoms in the first shell interact with the central atom, 
and interact between themselves. But for atoms in the seoond shell, each 
of those distant a from the central interact with the central, and with four 
atoms in the first shell; each of those distant ^2 a from the central interact 
with two atoms in the first shell. This renders the specification of the 
partition functions by two suffixes n, m impossible. However, it is possible 
to enumerate the different arrangements of R and W atoms in the first shell, 
and build up the corresponding partition functions. This is in fact done, 
giving twenty-two terms for the case in whioh the central atom is R, and 
twenty-two terms for if. They will be denoted by R V R%, ...,i2 u ; R[,R'i ,..., 
Hit; where the primed and the unprimed R’b with the same suffixes oorre- 
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spond to the eases in which the central is 22, and the arrangements of the 
first shell in the two cases are just the opposite, i.e. R in one correspond to 
W in the other, etc. Similarly for W v W 2 , W n ; W' v W' 2i W' n . With 
this understanding, the equations for the simple cubic systems (7), (15), (23), 
(27), (28), (29), (31) can be taken over unaltered, by writing R t for 2?^; 
W\ for W z „ nmi (l = 0, 1, 11), replacing 6 by 8 when 6 stands for z v and 

changing the summation over n, m to a summation over the suffixes of 22, 
including in the summation the primed as well as the unprimed. 

The result is similar to that for simple cubic systems and is shown in 

Tabl ® L Table I 




The local 
order at T c 

Extra specific 

v*/Vm 

Xc 

% 

heat below T c 

0 

0-7404 

18-5 

2-45 Nk 

0-154 

0-691 

23-0 

S99Nk 

0-253 

0-660 

24-6 

4-22 Nk 


The slope of kT c /V B against V B jV B is 3 t>4, while the value 3-0 is demanded 
in the B.-W. theory. Cases with higher value of V' B /V B have not been 
investigated, but they are believed not to behave too differently. 

The variation of kT c jV B with V B /V B is also similar to that of the simple 
cubic systems, exhibiting a curve similar to the curve in fig. 2, the point F 
being in this case at V' B IV B = 1 -0. The value of V B IV H with a possible existence 
of T c covers a longer range than in the case of simple cubic systems. 


6—Comparison wit# Experiments 

To compare with experiments, we write down the values of 

(1) The total change of energy from the critical temperature down to the 
absolute zero, divided by T c , 

(2) The extra specific heat due to arrangements directly below T c , and 

(3) The fraction of heat evolved during the change of temperature from 
T c to 0'9T C , to the total heat evolved from T e to the absolute zero, forming 
Table II. 

Whereas the agreement with experiments regarding (2) is still poor 
though much improved, the agreements regarding the other items are not 
unsatisfactory. As a whole, the above shows that the introduction of V B has 
the tendency of bringing the calculated results nearer to the experimental 
results. 

It is impossible to tell exactly what will be the effect of still higher 
interactions, such as interactions between atoms separated by 2a or VS* 
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Table II 



(1) 

( 2 ) 

(3) 


Simple cubic systems 



(a) B.-W. 

0-50 Nk 

0-60 x 3 Nk 

0*28 

(0) Bethe V’ B = 0 

0*48 AX 

0-71 x 3Nk 

0*39 

(r) vyv,~ 

0*0940 0*4 5Nk 

]-38x3ATJfc 

0-57 


Body-centred cubic systems 


(a) B.-W. 

0-58AX 

0*50 x 3 AX 

— 

(0) Bethe V' t = 0 

• 0*49 AX* 

0*82 x 3AX 

— 

(7) .. V'JV.m 

0*253 0*478AX 

1*41 x 3AX 

— 

Experiment (Williams 19356 ) 0-37-043AX 

2*5 x 3AX 

0*60 


in the simple cubic systems, those between atoms separated by ^10 a in 
the body-centred cubic systems etc. But if one assumes that the inter¬ 
action potential energy V dies down in an inverse 6th or 10th power of 
the distance, a rough estimate shows that their effect upon the partition 
function is small. In that case, the essential feature of the calculations 
is not changed, the critical temperature is increased by a little, and the 
specific heat changed to some extent. However, nothing is known con¬ 
cerning the case where V is long-ranged and dies down slowly. 

Summary 

In this paper we introduce into Bethe’g theory, besides the interactions 
between the nearest neighbours, the interactions between the next nearest 
neighbours, and calculations are made for the simple cubic and the body- 
oentred cubic systems. A positive V B is an effective decrease of V Bl i.e. it 
decreases the critical temperature. The dependence of kTJV B upon V B jV B is 
calculated here, and also in the Bragg and Williams’s approximation. For 
small values of V' B IV B , the two dependences are the same. 

A few values of V B jV B have been assumed, and quantities comparable with 
the experiments calculated. The agreement is remarkably better than for 
V B =* 0 (Bethe). It is, however, not expected that they should agree with 
the experiments too well, for the treatments leave the higher interactions 
and the heat motions out of account. 
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The Ionization Measurement of 7 -Radiation 

By G. W. C. Kaye, O.B.E., M.A., D.Sc. and W. Binks, M.So. 

Physics Department , National Physical Laboratory , Tedding ton, Middlesex 

(i Communicated by Sir Frank Smith , Sec.R.S.—Received 1 May 1937) 

In recent years there has come into being, in the borderland between 
physics and medicine, the subject of the quantity measurement of short-wave 
radiation in its application to therapeutic purposes. Such studies owe their 
origin mainly to the increasing use of X-rays and radium y-rays in the 
treatment of cancer, applications which in this country have been largely 
fostered by the National Radium Commission and the Radium Beam 
Therapy Research. The importance of reliable measurement and skilful 
application in relation to successful treatment, as against failure or positive 
harm, is bound up with the fact that malignant cells are in general only 
slightly more sensitive to radiation than adjacent healthy cells. 

In the light of present knowledge, the fundamental conception of the 
quantity of radiation received at a point in a medium is based on the amount 
of electronic energy which is absorbed per unit volume at the point in 
question. It is further accepted that a related measure of the electronic 
energy absorbed at any point in a medium may be derived experimentally 
from the ionization produced in a minute air cavity situated at that point 
in the medium. 

For medical purposes, since the medium is commonly soft tissue, which 
has approximately the same effective atomic number as that of air, the air 
ionization per unit volume is regarded as closely approximating in most 
circumstances to a measure of the quantity of energy absorbed by unit 
volume of tissue—a quantity which in radiation therapy is commonly 
called the “dose”. Owing to the pitfalls of biological reactions as dosage 
indicators, it is difficult to provide definite proof of the assumption that 
biological effects in tissue are related simply to the energy absorbed, but if 
such an assumption be granted, as is customary, we are led to the use of an 
air-ionization unit of quantity of radiation for clinical purposes. 

Unit of X-ray Dosaoe 

The accepted ionization unit of dose or quantity for X-rays is the rontgen 
(r) which was adopted internationally in 1928 as: “the quantity of radiation 
which, when the secondary electrons are fully utilized and the wall effect of 

[ 564 ] 
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the chamber is avoided, produces in one c.c. of atmospheric air at 0° C. and 
76 cm. mercury pressure such a degree of conductivity that one electrostatic 
unit of charge is measured at saturation current/* 

The ionization produced by X-rays in air can conveniently be measured 
by means of either of two types of chambers: 

I— The “ free-air ” chamber , in the usual form of which a narrow beam of 
radiation passes through a distortionless saturation electric field between 
parallel-plate electrodes which are sufficiently large and separated to measure 
the full ionization produced by the secondary electrons from the “measured 
volume ”, which latter is unbounded by walls, but is defined geometrically by 
the diaphragm system of the beam and the length of the collecting electrode. 

II— The “ air-wall ” chamber , in which the volume of ionized air is defined 
by a completely enclosing chamber, the walls of which have an effective 
atomic number the same as that of air. Such chambers, which are often 
quite small in size, are in practice completely enveloped by the beam of rays 
to be measured. The ionization produced in such a chamber is partly due to 
the secondary electrons liberated from the envelope. When the latter is 
made of material which is “air equivalent” for the radiation concerned, 
then, as first shown theoretically by Bragg ( 1912 ; Gray 1928 ), the ionization 
produced in the air cavity in the chamber will be the same as if the cavity 
were surrounded by air. This type of chamber, which requires to be cali¬ 
brated by means of a free-air chamber, has found extensive use for the range 
of rays used in medium voltage X-ray therapy. 

Although the use of a free-air chamber as a primary instrument was 
implied in the definition of the rontgen, no specific design of chamber was 
actually suggested, and various workers proceeded to develop different 
designs of chambers in their attempts to realize the unit unambiguously. 
In this country, an X-ray standardization equipment was erected at the 
National Physical Laboratory (Kaye and Sinks 1933 b) for the measurement 
of X-rays excited at voltages up to about 200 kV. In 1931 a co-operative 
investigation (Kaye and Binks 1933 a) by the National Laboratories of 
this country, the United States, Germany and Prance, which was under¬ 
taken for medium-voltage X-rays, showed that the various standard free-air 
chambers agreed within the limits of error of observation (about 0*5 %). 
Thus the position in respect of X-rays could be regarded as satisfactory. 

Unit of y-RAY Dosage 

Meanwhile consideration was being given to the question of a suitable 
unit of y-ray dosage. Objections were raised to such units as the “milli- 
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gramme-hour” and the ‘‘milhcuries-deatroyad’’, since these refer to the 
energy emitted by the source, a quantity which is not necessarily directly 
related to the energy absorbed by the tissue. As the rontgen was based on the 
principle of absorbed energy and had soon become established as a service¬ 
able unit of X-ray dosage, it was sought to investigate its suitability as a 
unit of y-ray dosage, particularly in view of the fact that combined X-ray 
and radium therapy is largely used in cancer treatment, and there would be 
obvious conveniences in employing a single unit of dosage. Incidentally, 
it will be appreciated that such an ionization measurement of y-rays is 
related to the determination of Eve’s number. 

In the case of y-rays, all light elements (excluding hydrogen) can be con¬ 
sidered to 1)6 approximately “air-wall” in behaviour, since they have 
approximately the same electron density. It was, therefore, to be anticipated 
that no difficulties would be encountered in the y-ray region in securing agree¬ 
ment between free-air and air-wall ohambers. The results of earlier workers 
(Failla and Henshaw 1931 ; Mayneord and Roberts 1934 ) did not, however, 
support this view, the measurements with air-wall chambers appearing to be 
some three times as large as those with free-air chambers, although the same 
chambers showed agreement for X-rays. Doubts were thus cast on the 
suitability of the rontgen as a unit of y-ray dosage; and the present work 
was undertaken with the object of clearing up the position if possible. 

To provide a basis of comparison with the measurements of other workers, 
the ionization results in the present paper are expressed in terms of the 
conventional Sievert unit dose, that is, the quantity of y-radiation which is 
received in 1 hr. at 1 cm. from a “point source” of 1 mg. of radium with a 
surrounding filtration of 0*5 mm. of platinum. On a priori grounds, such a 
standard of comparison may, however, have its limitations, for when 
attempting to contrast by its aid the results of various workers, it would not 
always appear possible to ensure that the different experimental conditions 
are reducible to a common basis, e.g. as regards the degree of extraneous 
scattering from the environment; the degree of absorption, not only in the 
varied types of containers but in the different quantities of radium salt used; 
and the degree of filtration in the different kinds and thicknesses of metals 
employed. These and other factors may introduce uncertainty, and, as we 
shall see later, it is not unlikely that the discrepancies in the published 
results rest in part on the difficulties of realizing the Sievert unit dose rather 
than the rdntgen. 

It appeared then that the first step in the present investigation should 
be to examine the present uncertainties in y-ray dosage measurement and 
to see if they could be removed by a closer specification of the experimental 
conditions. 
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I—Fbee-Aib Chambers 

As regards the experimental conditions of the free-air chamber, there 
were three main factors which appeared to need attention. The first was to 
ensure a specific pencil of y-rays which, if sufficiently narrow, would not 
only avoid the chamber electrodes but help to minimize the extraneous 
scattering, both of electrons and of y-radiation, by the environment, e.g. 
the boundaries of the room. This was secured by placing the radium source 
in a massive block of lead provided with a small hole which directed the 
beam of rays horizontally. The geometrical spread of the primary y-ray 
beam (including the penumbra) was about 4°, so that the total width was 
about 55 cm. at 7 m. distance. 

{Several radium sources were employed, the most satisfactory being one 
consisting of highly concentrated radium salt which was kindly lent by 
the National Radium Trust. In this, about 180 mg. of radium were packed 
tightly into a flat cylindrical platinum capsule, the side wads and one end 
being 0-5 mm. thick, and the other end 2 mm. thick. The internal volume 
occupied by the radium was 2-5 mm. in length and 7 mm. in diameter. The 
measurements were conducted with the thinner flat end of the capsule 
pointing at the oentre of the ionization chamber, the filtration therefore 
being 0-5 mm. platinum. 

The other two factors were the distance of the radium from the 
free-air chamber and the size of the chamber, for it appeared from con¬ 
sideration of the long electronic ranges associated with y-rays that both 
these dimensions should be large, and that the apparatus of previous 
workers had been on much too small a scale. If this were so, we should 
have an explanation of the low values previously obtained with free-air 
chambers. 

In this connexion we may recall that the definition of the rontgen requires 
that the ionization in the measured volume of air shall represent the total 
energy of the secondary electrons liberated in that volume. In the case of 
low* and medium-voltage X-rays, the electrons have such short ranges 
that virtually the whole of their energy is absorbed within the volume of air 
in which they are liberated. When, however, the electrons have greater 
ranges, they are no longer completely arrested within the measured volume, 
from whioh, therefore, there is a leakage of energy. On the other hand, some 
of the electrons liberated outside the volume now enter it and so contribute 
to the energy absorbed there. The definition of the rontgen will still be 
satisfied if the incoming and outgoing energies compensate; from which it 
follows that the measured volume must everywhere be bounded either by 
air of a thickness in eaoh direction equal to the maximum range of the elec- 
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trons in that direction, or alternatively, by air-wall materials of equivalent 
thicknesses for the particular type of radiation used. 

In the case of a free-air chamber, it will be appreciated that the collecting 
electrode records not only the electrons in the measured volume (fig. 1, 
shaded area), but also those in the “outside” volume whioh laterally en¬ 
velops it (shown in fig. 1 by dotted lines indicating normal planes at the 
edges of the collecting electrode), and which is irradiated by long-range 
electrons which have left the path of the y-ray beam obliquely on the way 
to the chamber. Lateral compensation in the measured volume is secured 
by employing electrodes big enough and sufficiently separated to provide 
for the full collection of these “outside” electrons, while “fore-and-affc” 
compensation is ensured if the chamber is sufficiently remote from the radium 
source and the far wall of the room. 


Collecting 

electrode 



Fig. 1—Diagram of large free-air ionization chamber indicating 
typical electron tracks. 


Crosa-sectional Survey of the Beam 

In order to obtain a reasonably close estimate of the minimum dimensions 
which should be adopted for the free-air chamber, a cross-sectional survey 
was made within and without the periphery of the primary y-ray beam, to 
determine the distribution of direct and secondary y-rays and accompanying 
electrons. The exploration was conducted by small air-wall chambers, both 
thin-walled and thick-walled chambers being used, in order to differentiate 
between ionization due to electrons and that due to y-rays. In the case of a 
thick air-wall chamber, any incident external electrons will be arrested in 
the walls and will not therefore contribute to the measured ionization whioh 
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must then be due wholly to electrons liberated from the walls themselves 
by incident y-radiation. On the other hand, a very thin air-wall chamber 
will allow incident electrons to pass through to the air oavity, while any 
incident y-rays will produce relatively few electrons owing to the thinness 
of the walls, so that most of the measured ionization is due to external 
electrons. 

Although preliminary measurements had indicated that full electron 
compensation in the forward direction, i.e. along the beam, would probably 
occur at distances in air of about 2 or 3 m. from the radium source, it was 
deoided to carry out the cross-sectional survey at as much as 7 m., in order 
to ensure complete compensation. The beam was first explored at a number 
of points by a very thin air-wall chamber, so determining the total number 
of ions/c.c./sec. due to electrons coming from all directions. The contribution 
due to scattered electrons from the far wall of the room upon which the 
y-ray beam fell was ascertained by using a thin-walled cubical chamber 
with one wall thickened, namely, that facing the far wall of the room. The 
difference between the two sets of measurements was, for most of the points 
in the cross-section, about 2 ions/c.c./sec. The ionic contribution of the 
scattered y-radiation was then determined by making a survey with a thick- 
walled chamber outside the periphery of the primary y-ray beam. The three 
series of measurements agreed, within the limits of error of measurement, in 
indicating that at a distance of 7 m. from the radium source, the secondary 
electrons are virtually confined within a periphery distant 2 m. from the 
axis of the beam, i.e. some 14 times the geometrical width of the primary 
y-ray beam. Such small residual ionization as occurs outside this distance 
is due almost entirely to scattered y-radiation. In Table I are given the 
number of ions/c.c./sec. at different points in the cross-section of the beam, 
after allowing for the small amountof scattered radiationfrom the back wall 
of the room. 

Further evidenoe regarding the distribution of the attendant scattered 
y-radiation was obtained by means of a recording Geiger counter of the neon 
lamp type. As is well known, both y and “natural ” (cosmic and terrestrial) 
radiation can be detected by the flashing of an ordinary “Osglim” lamp 
either by lowering the discharge voltage of the lamp (Oschwald and Tarrant 
1933 ) or by increasing the frequency of the intermittent glow discharge 
(Stttger 1932 , Chalmers 1934 ). In view of the irregularity of the flashing 
produced by natural radiation, several thousand counts were necessary to 
obtain good mean values, the tediousness of counting being avoided by the 
use of a thyratron amplifier and Morse recorder. Observations made at a 
distance of 7 m. from the radium and at 1 m. off the axis of the beam 
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revealed scattered y-radiation to an extent about 40 % in exoeas of that due 
to natural radiation alone. By interposing lead screens 5 cm. thiok, so as to 
intercept the scattered radiation in various directions, it was found that at 
the point in question, about half the secondary y-radiation was due to side¬ 
scattering by the air in the path of the primary y-ray beam and the rest to 
back-scattering by the far wall of the room. 

Table I—Distribution of Ions in the Cross-section of a Canal¬ 
ized y-RAY Beam of Geometrical Spread about 4° (1 in 12) 


Radial distance from 
axis of beam in cm, 
at 7 m. distance 

Number 

from source 

ions/c.c./s 

0 

506 

5 

473 

10 

378 

15 

271 

20 

174 

25 

99 

30* 

57 

35 

42*5 

40 

33*5 

45 

29 

50 

25 

60 

16*5 

70 

11*6 

80 

9*2 

90 

71 

100 

5*8 

125 

3*4 

150 

2*1 

175 

1*2 

200 

0*0 


* Approximate geometrical periphery of direct beam. 

Design of Free-air Chamber 

The results of the cross-sectional survey of the beam indicated that to 
ensure collecting sensibly all the ions produced by the secondary electrons 
would entail a chamber having a collecting electrode at least 4 m. high with 
a possible separation of not less than 4 m. between the two electrodes. 
Limitations of space, however, made it necessary to cut down eaoh of these 
dimensions to 3 m., though Table I indicates that such a chamber will 
collect, at a distance of 7 m. from the radium source, not leas than 95 % of 
the total ionization. 
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A photograph of the final design of chamber constructed is shown in fig. 2. 
The two parallel eleotrodes were of sheet aluminium, mounted on wooden 
frames and suspended vertically on horizontal wooden cross-bars by means 



Fig. 2—Large free-air parallel-plate ionization chamber. 

of whioh it was possible to vary the electrode separation up to 3 m. The 
collecting electrode consisted of fifteen coplanar and separately insulated 
sections, each 10 cm. long (i.e. in the direction of the beam) and mounted 
one above another. The height of the collecting electrode could be varied 
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between 25 om. and 3 in., and so it was possible to vary the effective size of 
the ionization chamber within wide limits. The collecting electrode was 
surrounded by an earthed guard plate 3 $ m. high and about 1 m. long, 
these being also the dimensions of the high-tension electrode. The whole 
chamber was mounted on wheels running between guide-rails so that the 
distance from the radium could be varied from about 1 to 7 m. The y-ray 
beam passed horizontally and symmetrically through the chamber. 

To be able to use as short a length as 1 m. for each of the electrodes and 
still secure a uniform field over the entire length of the collector, was rendered 
possible by adopting a “guard-wire” system of the progressive potential 
type described by Taylor (1930, 1936) in connexion with small free-air 
chambers for medium voltage X-ray measurements. In the present chamber, 
the saturation voltage was spread over fourteen evenly spaced wires which 
passed right round the chamber, the plane of each loop being parallel to the 
electrodes. Between successive wires were interposed a series of “Karbo- 
wid” high resistances, the several values of which depended on the relative 
position of the electrodes and the wires. For example, when the electrodes 
were 3 m. apart, they coincided in position with the two end wires, one of 
which was connected to the high-tension electrode and one to the earthed 
guard plate. In this case, equal potential drops were required between 
successive wires, for which purpose a 10-megohm resistance was inserted 
between eaoh pair. If, however, an electrode happened to come midway 
between two wires, it was connected to the wire more remote from the centre 
of the chamber, the resistance between the two wires being replaced by a 
5 -megohm resistance. As Taylor has noted, the potential differences between 
adjacent wires did not need to be precisely equal; for example, halving or 
doubling the potential difference between the central pair of wires only 
changed the measured ionization current by ± 2 %. Nor does the relatively 
intense ionization between the central pair of wires appreciably distort the 
field. 

Incidental Equipment 

The ionic charge reoeived by the collecting electrode was measured by 
means of a Lindemann electrometer, using the Townsend compensation 
method. It soon appeared that this method, in common with others which 
were tried, necessitated keeping the voltage of the high-tension electrode 
steady within narrow limits, otherwise the voltage change by electrostatic 
induction in the collector system might amount to as much as 10 % of the 
change due to the collected ions. In the case of the largest electrode spacing, 
a voltage of about 20,000 V was required to produce saturation conditions, 
the maximum voltage change which could be tolerated being about I V. In 
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the end, a high-tension mains unit was devised, an aocount of which will he 
published elsewhere, whereby a regulation of the order of 1 part in 100,000 
could be obtained, provided the mains supply was reasonably steady. The 
mean reproducibility of the ionization measurements was of the order of 1 %. 

“ Aperture" of the Chamber and “ Measured Volume" of Ionized Air 

The precise measurement of a beam of radiation in rontgens requires an 
aoourate knowledge of the “measured volume” of air irradiated. In the 
use of parallel-plate chambers for measuring X-rays, the authors have 
experimentally investigated two methods of estimatingthe measuredvolume 
and found them to be in agreement (Kaye and Binks 1933 h). With a normal 
electrostatic field and an adequate electrode separation, the measured 
ionization represents the energy of the electrons liberated in a volume of air 
which is a frustum of a cone bounded by the periphery of the beam and by 
two parallel planes normal to the collecting electrode at its edges. This 
method gives the dosage rate at the centre of the chamber. Alternatively, 
the measured volume of air is represented by a cylinder having an area of 
cross-section equal to that of the chamber aperture and a length equal to 
that of the collecting electrode. In this case the dosage rate measured is 
that at the chamber aperture, the value at the centre of the chamber being 
derived by the inverse-square law. 

In the present work we have adopted the latter method for simplicity, 
and since no diaphragm was placed in the path of the y-ray beam, the mouth 
of the canal in the lead block enclosing the radium served as the chamber 
aperture. 

The Influence of “ Natural ” Ionization 

The ionization produoed in air by “natural” radiation, although small, 
was sufficient to give rise to appreciable ionization currents in a chamber 
as large as the present one, where the volume of air between the measuring 
and high-potential electrodes might be as much as 10001 . Measurements of 
the natural ionization showed that, while it varied considerably from hour 
to hour, the mean value was about IS ions/c.c./sec. For the largest electrode 
height and spacing used, the natural ionization was much the same as that 
due to the radium alone, while for the smallest height and spacing the natural 
ionization amounted to only about 2 % of the total. 

In the earlier stages of the work it was difficult to obtain consistent 
measurements, due apparently to erratic air currents wafting natural ions 
through the chamber. The difficulty was finally overcome by carefully 
shielding the windows and doors of the room, and the observers then keeping 
still until the major air currents had sufficiently subsided to permit obser- 
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vations. One remedy previously tried to reduce the effect was to drape the 
chamber with thin fabric, but this was not a success, as the slightest move¬ 
ment of the fabric occasioned troublesome capacity changes. 

Uniformity of Electrostatic Field 

Since we rely on the electrostatic field to define the boundaries of the 
“measured” volume in a free-air chamber, it is important to secure an 
adequate degree of uniformity of the field throughout the length of the 
collecting electrode. Similar requirements, however, are not essential with 
regard to the height of the collecting electrode, provided the field is every¬ 
where adequate to collect all the ions. 

The design of the chamber was calculated to produce a uniform electro¬ 
static field at distances from the guard wires exceeding half their separation, 
that is, beyond a distance of about 12 cm. As, in actual fact, the two guard 
plates on each side of the collecting electrode were each 40 cm. long, it was 
therefore assumed that the field was free from distortion over the whole 
length of the collecting electrode. Some support for this was obtained from 
measurements of the “natural” ionization, which could reasonably be 
assumed to be uniform throughout the volume between the electrodes at 
any given time. To overcome the effect of the variation of the natural 
ionization from hour to hour, the mean values of a series of daily readings 
of natural ionization for each combination of electrode spacing and height 
were derived. The results showed that the number of ions/c.c./sec, of air 
between the electrodes was, within the limits of accuracy of measurement, 
approximately the same whatever the volume of air, the electrode spacing 
or the collector height. A few of the mean values for various sizes of the 

Table II— Uniformity of Electrostatic Field 
in Large Free-air Chamber 

Height of col- Natural ionization; 

Distance between looting electrode number of « 


electrodes in cm. 

in cm. 

iona/c.c./seo. 

300 

300 

15*7 

300 

200 

14*0 

300 

100 

16*1 

300 

50 

14*5 

300 

25 

16*1 

260 

250 

14*6 

200 

300 

13*8 

200 

200 

14*9 

100 

100 

17*0 

50 

50 

16*8 

25 

26 

16*8 
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chamber are given in Table II, the last ooinmn of which illustrates, though 
naturally only roughly, the degree of field uniformity. 

It may further be added that in the case of small ionization chambers 
having electrode separations up to 20 cm., Failla ( 1929 ) has shown experi¬ 
mentally that when the separation is 25 % of the electrode length, 25 % of 
the electrode length lies within a uniform field. Thus in the case of the present 
chamber, with a total length of 90 cm. and a spacing of 23 cm. (such as exists 
between adjacent guard wires), there should be a uniform field over the 
middle 22 om. of the electrode, i.e. 12 cm. more than the length of the 
collector. 

Experimental Results 

The first point investigated was the influence of the effective size of the 
free-air chamber on the measured ionization; and, in particular, how nearly 
the chamber with its electrode spacing and collector height, eaoh at a 
maximum of 3 m., was capable of measuring the maximum possible ioniza¬ 
tion for various distances of the chamber from the radium source. In fig. 3 
the measured ionization is plotted against the size of the chamber (i.e. 
collector height x electrode spacing) for four different radium distances, 
namely 126 cm. and 2, 4, and 7 m. In each case the ionization equivalent of 
the Sievert unit dose is expressed in e.s.u./c.c. of air. 

It will be seen that each of the curves has very nearly attainedits maximum 
for the largest available electrode spacing and height of collector. The shapes 
of the extrapolated portions of the curves appear to be justified, since, as 
already mentioned, the cross-sectional survey of the beam at 7 m. distance 
had already shown that the electrons were virtually confined within a 
circular cross-section of 2 m. radius. Although a high order of accuracy of 
measurement is not claimed, owing to the experimental difficulties inherent 
in a chamber of such large dimensions, it is significant that the ionization 
values at 2 m. distance are appreciably higher than those at 4 m., while the 
latter are in turn higher than those at 7 m. This suggests that the absorption 
of the primary y-rays in air is not negligible, a fact which is confirmed in the 
work with air-wall chambers, with which we deal later. From measurements 
on graphite we estimate the absorption of the y-rays in the air path between 
2 and 4 m. to be about 0-15 e.s.u./c.c./Sievert unit dose, while the corre¬ 
sponding figure for the range 2-7 m. is about 0-3 e.s.u./c.c. Applying these 
corrections to the maximum values of the curves in fig. 3 for 4 and 7 m., we 
obtain values of 7*85 and 7*9 e.s.u./c.c. respectively. These are in satis¬ 
factory agreement with the maximum value of 7-8 at 2 m. 

The lower ionization values observed at 125 om. distance between the 
radium and chamber are due to the fact that the electron compensation in 
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the forward direction is no longer complete. The available evidence indicates 
that, in order to ensure complete compensation, the distance between the 
radium and the chamber should not be less than about 2 m. We therefore 
propose to regard 2 m. of air as a basic distance to which it is desirable to 
refer free-air observations such as those in this paper. We deal with this 
point further in the next section on air-wall chambers. 



To sum up, the present observations show that when the free-air chamber 
is of such a size that it permits the electrons to complete their paths in air, 
and when the chamber is at a distance from the radium source equal to the 
maximum forward range of the electrons, the measured ionization of a 
y-ray beam is equivalent to 7*9 e.s.u./c.c./Sievert unit dose. As under 
these conditions the definition of the rontgen is satisfied, this value may be 
written as 


7*9 rontgens/Sievert unit dose. 
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We can see now the explanation of the low values (2-3 r.) obtained by 
those earlier workers who used free-air chambers in whioh the maximum 
electrode separation was no more than 20 cm. The curves in fig. 3 show that, 
for a collector height and electrode spacing of 20 cm., the ionization values 
for all the radium distances used lie between 2 and 2*5 e.s.u./c.c. These 
values are not expressible as rontgens, since the condition of electron com¬ 
pensation is not fulfilled. 


II— Aib-wall Chambers 

A free-air chamber with the above formidable dimensions, while serving 
its purpose as an ultimate standard of reference, is clearly unacceptable for 
routine y-ray observations whether of a medical or general nature. The small 
air-wall type of chamber would obviously be more convenient in every way, 
and we may now consider under what conditions it lends itself to satisfactory 
calibration by the large free-air standard. 

Description of Chambers 

A large variety of air-wall chambers was constructed for the purposes of 
the present work. They all consisted essentially of two electrodes (fig. 4), 
an outer chamber wall forming the high-tension electrode and enclosing a 
cylindrical graphite electrode whioh acted as the oolleotor. The latter was 
connected to a Lindemann electrometer via a brass socket and an earth- 
shielded wire of considerable length (1$ m.), so that the direct effect of the 
radium on the electrometer was negligible. The outer electrode fitted closely 
on a thin brass ring and was so connected to a high-tension battery (up to 
500 V) which provided the saturation potential. The outer electrode was 
pushed on the brass ring until it came up against an insulating stop of 
keramot which prevented any uncertainty as to the volume of the air cavity 
of the chamber. In most cases the axis of the ohamber was set at right angles 
to the y-ray beam. 

The ionization ourrent was measured by the Townsend compensation 
method, so that, provided the wire connecting the collector and the electro¬ 
meter is initially at the same potential as the shielding tube, any stray 
ionization in the tube should not affect the measurement. Owing, however, 
to contact e.m.f.’s whioh evinced themselves, it was found best to fill the 
tube with oeresine. The balancing condenser was surrounded by lead to 
obviate the effect of stray ionization in the condenser. 

Both cylindrical and cubical ionization chambers were employed, the 
sizes of the former varying from about 2 to 300 o.c. and of the latter from 
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2 to 8000 o.o. The volumes of the smaller chambers were determined (a) by 
tapered gauges, (6) by the micrometer microscope, and (c) from the weight 
of the mercury necessary to fill the chamber. The larger chambers were 
measured by steel scales. In all cases the probable error in volume was 
estimated to be less than ± 0-5 %. The materials employed for the chamber 
walls were graphite, graphited paper, graphited cellophane (or celluloid), 
bakelite-graphite and, on occasion, aluminium. Chamber distances ranging 
up to 9 m. from the radium souroe were employed. 



Experimental Results 

(a) Canalized Radiation. 

It was clearly desirable to preserve as far as possible the experimental 
conditions whioh obtained in the case of the free-air chamber, and accord¬ 
ingly a canalized y-ray beam was employed in most of the measurements 
whioh follow. 

The dependence of the ionization in an air cavity upon the thickness of 
the material surrounding the cavity has been established by several Workers, 
who have shown that in the case of an air-wall chamber enveloped by a 
canalized beam of y-rays, the measured ionization increases with wall thick- 
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ness up to a maximum, the critical thiokness of material necessary for com¬ 
plete electron compensation corresponding to the maximum range of the 
secondary electrons in the material in question. For example, the authors 
associated the maximum ionization with wall thickness of about 7 mm. of 
graphited paper, or 3 mm. of graphite or graphited celluloid (Kaye and 
Binks 1934 ). 

The individual contributions from the several walls of a cubical air-wall 
chamber of paper placed in the canalized beam at 50 cm. from the radium 
have also been investigated (Kaye and Binks 1936 ), it being found that the 
contribution from the “ near ” wall was approximately the same as the total 
contribution from all four side walls, the rear wall contributing very little 
to the ionization. It was further observed that the ionization reached a 
maximum at approximately the same thickness for either near or side wall, 
suggesting that the effective maximum sideways range of the electrons was 
about the same as the maximum forward range. This is in agreement with 
the observations with the free-air chamber referred to above, where the 
maximum electron ranges in the forward and sideways directions proved to 
be about 2 m. each in air. The maximum ionization value obtained with the 
cubical air-wall chamber, when all its walls were of equilibrium thickness, 
was 7-8 e.s.u./c.o./Sievert unit dose. 

Measurements were also made of the effect of wall thickness in the case of 
a cylindrical graphite chamber placed in the canalized beam at 50 cm. from 
the radium. The y-ray beam was directed first at right angles to the chamber 
axis and afterwards along the axis pointing at the flat end of the chamber. 
Although in each case the ionization was found to increase with increasing 
wall thickness, up to a common value of 8-0 e.s.u./c.c./Sievert unit dose, the 
equilibrium wall thicknesses were slightly different, being 3 mm. for the 
cylindrical wall and 4 mm. for the flat end. This may be accounted for by the 
fact that the path of the y-ray beam through the cylindrical wall is in effect 
more than 3 mm. 

When the walls were increased beyond the equilibrium wall thickness, 
there was a gradual decrease in the measured ionization, due to the absorp¬ 
tion of the primary y-radiation. In the case of graphite, the result of in¬ 
creasing the wall thickness from 3 to € mm. was to reduce the equivalent 
Sievert unit dose by about 0*045 e.s.u./c.o., while the corresponding figure 
for an increase from 6 to I* mm. was about 0*035. 

In fig. 5 are given the observed values at various distances along the axis 
of the canalised beam, using thiok air-wall chambers of various materials 
and of sizes appropriate to the increasing oross-section of the beam. Curve A, 
which was obtained with a canalized beam from a tapered hole having a total 
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angular spread of about 2 °, reveals a somewhat rapid fall in the measured 
ionization values as the distance from the radium is increased up to 1 m. In 
passing from 1 to 8 m., the curve shows a gradual decrease of ionization with 
distance, which can be accounted for by increasing absorption of the primary 
y-rays in the intervening air. The maximum electron ranges in air and 
graphite are about 2 m. and 3 mm. respectively, and since the absorption 
per mm. of graphite over various ranges of thickness is known, the calculated 
absorption per metre of air would appear to be equivalent to about 0-07 and 
0-05 rontgen/Sievert unit dose over the ranges 0-2 m. and 2-6 m. respectively. 
These values agree with the slopes of the corresponding parts of curve A. 



Fig. 5—Ionization measurements at various distances in a canalized beam of y-rays, 
using thick air-wall chambers of various sizes and materials. 


Thus when we correct in fig. 5 the observed ionization values over the 
range 1-8 m. for the effect of air absorption, we obtain a horizontal straight 
line, indicating that over this entire range 

(a) the inverse-square law is obeyed (so that the amount of scattered 
radiation which reaches the ohamber at such distances must be negligible); 
and 

(b) the dosage rate can be calculated from a basic figure of 7-0 rontgene/ 
mghr. at 1 cm. 

The ionization values at distances less than 1 m. show a departure from 
the inverse-square law, whioh is, in all probability, due to a small amount of 
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scattered y-radiation from the walls of the hole in the lead block used for 
canalizing the beam. In support of this, curve B, which was obtained with 
a canalized beam having a much wider angular spread (about 24° total 
angle) than that used for curve A, shows greater ionization due to more 
pronounced scattering. 

Incidentally, .the dependence of the ionization at the smaller distances on 
the spread of the canalized beam may be of some significance in the thera¬ 
peutic use of “bombs”, since the degree of scattering by the internal walls 
of the bomb will no doubt depend considerably on its design. If, therefore, 
it should be desired for any reason to use a more precise basic value than 
8 r./Sievert unit dose for the doses at short distances from a bomb, the most 
satisfactory course would be to make direct observations with the particular 
bomb in question. 

( b) Non-canalized Radiation. 

We next proceeded to employ experimental conditions corresponding to 
those of earlier workers, who used unshielded radium (nan-canalized radia¬ 
tion). In such circumstanoes, scattered y-radiation from the environment 
was found to have a profound influence on the measured ionization, so that 
the rontgen equivalents of the Sievert unit dose depended on the distance 
from the radium at which the measurement was made. For example, in 
some preliminary experiments with thick air-wall chambers, the ionization 
values no longer obeyed the inverse-square law but rose from about 7*7 r./ 
Sievert unit dose at short distances, to about 10-7 r. at the largest distance 
of 9 m. At 1 m. the value was 8-1 r. This departure from the inverse-square 
law is somewhat analogous to that encountered at an earlier date withX-rays, 
when the divergence was originally interpreted as evidence against the 
realizability of the rontgen. The anomaly was subsequently traced to off- 
foous radiation, while in the y-ray region it is olearly caused by scattered 
radiation which progressively increases with the distance. This explanation 
was verified by determining the amount of scattered radiation which reached 
the ohamberat different distances when a solid lead cone (about 25 cm. long), 
of the same spread as the primary y-ray beam, was interposed between the 
radium and the chamber so that the cone just screened the ohamber from the 
primary radiation. The results are presently turned to account. For dis¬ 
tances less than 25 cm. the scattering, which was only small in amount, was 
determined by extrapolating the observations at greater distances. 

We were next led to investigate the significance of the finite size of the 
ionization chamber. For' the purpose, we first employed two cylindrical 
graphite ohambers having very different volumes, viz. 2 and 40 c.o. respec- 
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tively. These were used at distances of from-2 to 60 cm, and from 20 to 
300 cm. respectively. It will be seen from fig. 6 that the two curves of 
observed values {ABC and A'BC) only coincide {BC) for distances greater 
than about 50 cm. from the radium: for shorter distances, the larger chamber 
gives the higher values. The explanation would appear to be that, since the 
electrons which produce the ionization in the air cavity come almost entirely 
from the near half of the chamber, the larger the chamber the nearer is 
the effective centre to the radium. The divergence between the effective 
and the geometrical centre is sufficient to be appreciable at short distances, 
and accounts for the laok of agreement between the two chambers in 

fig. 6- 

To test the explanation further, we took the smaller of the two cylindrical 
chambers, in which the length was slightly greater than the diameter, and 
measured the ionization at various distances from the radium, first with the 
radium along the axis of the cylinder and then at right angles to the axis. 
The flat end of the chamber was farther than the cylindrical wall from the 
geometrical centre, and we found, as we had anticipated, that the ionization 
values with the radiation directed through the flat end were always higher 
than those taken through the cylindrical wall (fig. 7), the divergence being 
the greater for the shorter radium-chamber distances. The point was further 
confirmed by employing a cubical paper chamber of about 4 c.o. volume, for 
which the effective centre as viewed in the two directions should be equi¬ 
distant from the geometrical centre of the chamber. In this case the ioniza¬ 
tion was found to be the same in the two positions for the same radium- 
chamber distance. 

These results have a bearing on figs. 6 and 7, the shapes of the curves 
suggesting that at the shortest distances the observations are vitiated by the 
finite sizes of the measuring chambers. That this is the case will be seen from 
fig. 6, to which we may now apply in turn corrections for scatter, as deter¬ 
mined above, and for air absorption. The correction for scatter gives us 
curves DEF and D'EF, while a further correction for air absorption 
gives us curve OHI, of which the portion HI is a horizontal straight line, 
dearly obeying the inverse-square law. At distances less than 60 cm. there 
is a departure from the law, the departure being greater for the large 
chamber. 

In order therefore to obtain the dosage rate at the conventional 1 cm. 
distance, it will be best to extrapolate from the greater distances. For the 
purpose, any one of the three ourves in fig. 6, viz. CB, FE, or 7/f,will suffice, 
and as will be seen, all three afford the same result, which is dose to 
8-0 e.s.u./o.o./Sievert unit dose. 
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Corrected /or soaUtr turd air •ab*ocpt 


Distance from radium to chum bar ( in mat ret ) 

Fio. 6—Dependence of ionization in two cylindrical graphite chamber** upon 
distance between radium and chamber, using non-canalized radiation. 


Scam along chamber axis 



Distance from radium to chamber (in cm.) 

Fio. 7—Dependence of the ionization in a cylindrical graphite chamber on whether 
the radium beam is along or perpendicular to the chamber axis, using non-canalized 
radiation. 
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In passing, we may note that most previous workers have restricted their 
ionization measurements to small radium distances, up to about 20 cm., 
and have found that for the larger of these distances the inverse-square law 
appeared to hold. From this they have been led to conclude that the finite 
sizes of their chambers do not matter at such distances. As will be seen, 
however, from fig. 6, the position, as illustrated by the observations with the 
2 c.c. chamber, is that while the observed ionization values do roughly obey 
the inverse-square law for distances between about 6 and 20 cm. (the upper 
part of curve A'B), the numerical values of the Sievert unit dose over this 
range are actually too high by about 0-2 rontgen. 

Discussion of Results with Free-air and Air-wail Chambers 

It will be seen that in the case of air-wall chambers with walls of equili¬ 
brium thickness, there is satisfactory agreement between the observed 
ionization values at distances between 1 and 3 m. from the radium in a 
canalized beam (fig. 5), and the corresponding values for non-canalized 
radiation after corrections have been applied for scattering (fig. 6; curve 
EF), the value of 8-0 e.s.u./c.c./Sievert unit dose for non-canalized radia¬ 
tion agreeing closely with the value of 7*9 for canalized radiation. Since 
these two values were both obtained with equilibrium air-wall chambers 
under conditions in which the inverse-square law is obeyed, they may be 
correctly translated as 8-0 and 7-9 rontgens/Sievert unit dose. In view of 
the greater consistency of the results for non-canalized radiation, we are led 
to adopt the higher value, that is to say 8-0 rontgens/Sievert unit dose. 

The corresponding result with the large free-air chamber was 7*9 rontgens 
at a distance of 2 m. of air from the radium, which distance corresponds to 
the equilibrium thickness of the walls of an air-wall chamber. Thus under 
these comparable conditions, the agreement between the values from the 
two types of chambers can be regarded as sufficiently satisfactory not only 
to warrant the use of equilibrium air-wall chambers as y-ray dosemeters, 
but also to establish the suitability of the rontgen as a unit of quantity of 
y-radiation. 

Reduction to Zero Wail Thickness 

In passing, there is a further point to which we would like to refer. As we 
have seen, for both free-air and air-wall chambers, a certain thickness either 
of air or air-wall material is necessary in order to establish equilibrium 
electronic conditions. In view of the finite, though small, amount of absorp¬ 
tion of the y-rays which takes place in the thick walls of air-wall chambers, 
it has been suggested by some workers that when comparing the readings 
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of different air-wall chambers one ought to use ionization values which have 
been extrapolated to be representative of chambers with zero wall thickness. 
This procedure is in our view open to objection for the following reasons: 

(а) Such extrapolation of ionization values to zero wall thickness runs 
counter to the very conception of an “equilibrium” wall, the existence of 
which is bound up with the physical basis of the functioning of thick-wall 
chambers. 

(б) Moreover, ionization values so extrapolated are no longer appropriate 
to clinical measurements in tissue (or body phantom) but would require in 
practice to be corrected back again to equilibrium conditions. 

(c) Such extrapolation to zero wall thickness readily lends itself to the 
misleading interpretation that the ionization value so obtained would be 
that given by an air-wall chamber having infinitely thin walls. Such an 
impression would, in most circumstances, be completely erroneous, as the 
readings of a thin-walled chamber would be greatly influenced by attendant 
primary or secondary /2-radiation, whereas the readings of a thick-walled 
chamber would not. 

(d) Furthermore, such extrapolated values might tend to be regarded 
as representing the dose for zero thickness of tissue, for example, at the 
surface of tissue or in the layers of tissue in contact with a buried radium 
needle. This again would be unfortunate, for /?-radiation, which plays an 
important part in such cases, would actually fail to be recorded by a thick- 
walled chamber placed in such locations. 

(e) In the analogous case of the calibration of a beam of radiation by a 
free-air chamber, the latter only affords a true measure of the ionization in 
the measured volume, when the path of the beam in the air between the 
source and the chamber is sufficiently long. It would be irrational to reduce 
the observations to zero length of path, and neither should such a correction 
be required for a thick air-wall chamber, which can, so to speak, be regarded 
as a “compressed” edition of a free-air chamber. 

These considerations lead us to the view that the correction of ionization 
measurements to zero wall thickness is not a desirable course. As maintained 
elsewhere, we consider that the equilibrium wall thickness provides a better 
basis of comparison. 

Comparison with the Results of other Workers 

We have already referred to the possibility of error when translating 
ionization measurements into rontgen equivalents of the Sievert unit dose, 
and it would appear, from a closer consideration of the published papers of 
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previous workers who have used air-wall chambers, that among the diffi¬ 
culties which arise are the following: 

(1) It is usually necessary in such work to use muoh larger quantities of 
radium than the conventional 1 mg., so that the absorption of the primary 
y-rays in the radium salt itself may make the effective value of the radium 
appreciably less than the actual amount present. We find little mention 
of this factor in previous publications. 

(2) In many cases, filters and containers are used other than the 0*5 mm. 
platinum specified in the definition of the Sievert unit doBe. In view of the 
uncertainty as to the equivalence of various metal filters, the reduction to 
the conventional filtration may give rise to error. 

(3) The use of wall materials which are not truly “ air-wall” in character. 
For example, while graphite is considered by many workers as an “air- 
wall” material, it is commonly agreed that aluminium and electron metal 
give respectively about 7 and 5 %* excess ionization. 

(4) The use of chamber-wall thicknesses, other than the “equilibrium” 
thickness of the material used, required for complete electron compensation 
within the air cavity. 

(5) In the case of non-eanalized y-radiation, undue extraneous scattered 
y-rays may appreciably influence the ionization values. If, however, care 
is taken to avoid undue scattering, the unavoidable remaining effect due 
to the floor, oeiling and walls of the room will probably be negligible for 
radium distances less than about 25 cm. 

(0) Although the observed ionization values over a small range of dis¬ 
tances between the source and chamber may appear to satisfy the inverse- 
square law, this, as shown above, does not necessarily establish the claim 
that the equivalent of the Sievert unit dose is unaffeoted by the finite sizes 
of the source and chamber. 

In view of the number of possible sources of error, it is not surprising that 
there are discrepancies in the published rdntgen equivalents of the Sievert 
unit dose. In Table III we have attempted to reduce to a comparable basis 
the results of the more recent workers, who have in general used non- 
oanalized radiation and thick-walled chambers at radium distances less than 
25 cm. Any error due to extraneous scattered radiation can therefore prob¬ 
ably be ruled out. As regards any corrections necessitated by the finite sizes 
of chamber and source, we have found it difficult to appraise the various 
experimental arrangements employed by most other workers, and have had 

* These are average figures. Some workers claim that there is no difference 
between graphite and aluminium, but this is not the general finding. 
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to rest content with the knowledge that if such a correction could be 
estimated it would normally tend to lower the published value. 

The corrections which have been made to the observed values, and which 
are given in the successive columns of Table III, are therefore confined to: 

(а) Allowance for the absorption of the primary y-rays in the radium salt 
in those cases where the absorption is given or can be derived* 

(б) Reduction, where necessary, to a total filtration of 0*5 mm. Pt. 

(c) Allowance for any departure from air-wall material. 

( d ) Allowance for the absorption of the primary y-rays in the chamber 
walls when these exceed the “equilibrium thickness” in the material, which 
thickness we have adopted throughout as a basis of comparison. 

Table III— Measurements with Non-canalized y-RADiATioN 
and Thick Air-walled Chambers 

(Radium distances less than 25 cm.) 


a.s.u./c.o./mghr. at I cm. 




Corrected 



Corrected 



for absorp- 

Corrected 


to “equi- 



tion in 

to 0*5 mm. 

Corrected 

librium ” 



radium 

Pt fil- 

to air-wall 

wall 

Authors 4 ‘ Observed 

” salt 

tration 

material 

thickness 

Mayneord and 

8*3 

8*3 

8*3 

8*3 

8*3 

Roberts ( 1934 ) 
Sievert ( 1934 ) 

7*55 

7*55 

7*7 

7*7 

7*7 

Murdoch and 

8-1 

8*1 

8*1 

7*6 

7*6 

Stahel ( 193 $, 1936 ) 
Friedrich and 

7*8 

7*8 

7*8 

7*8 

7*8 

Schulze { 1935 ) 
Grimmett and 

0*15 

>9*05 

9*2 

8*7 

8*8 

Read ( 1935 ) 

Glasser and 

8*8 

8*8 

8*8 

8*8 

8*8 

Rovner ( 1936 ) 

Kaye and Binks 

7*8 

7*8 

7*8 

7*8 

7*8 

( 1936 ) 

Smereker ( 1937 ) 

7*75 

7*9 

7*0 

7*4 

7*5 

Kaye and Binks 

8*0 

8*0 

8*0 

8*0 

8*0 

(J937) 






Mean 

— 

— 

— 

— 

8*0 


Thin Air-wail Chambers 

Although we may perhaps regard the major problem as having been solved, 
we should like to refer for a moment to certain measurements which we have 
conducted with air-wall chambers having very thin walls. The results of 
such measurements, first of all for a canalized y-ray beam, are exemplified 
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in fig. 8 for various radium distances. The shape of the curves may be ex¬ 
plained as follows. At short distances from the radium, part of the ionization 
is contributed by electrons which reach the chamber from the platinum 
filter and the lead walls of the aperture in the canalizing block. This was 
confirmed by applying a strong magnetic field near the aperture, when in 
general the resulting deviation of the electrons produced, as will be seen, 
a noticeable reduction in the measured ionization. As the radium distance 
is increased, fewer of the electrons from the platinum and lead reach the 
chamber, but in their place we have more and more electrons from the air, 
so producing a steady rise in the ionization over a distance of from 2 to 7 m. 

The experiment was now repeated with the same y-ray beam, but this 
time using the large free-air chamber, the separation of the electrodes being 
adjusted until they were situated just on the periphery of the geometrical 
beam. It was then found that the part of the curve in fig. 8 between 2 and 
7 m. was reproduced quantitatively, and as we may take it that, under such 
conditions, the free-air chamber can only measure the energy absorbed 
from those electrons actually within the primary beam, we conclude that 
very thin air-wall chambers also afford a means of measuring the energy 
absorbed from the electrons within the y-ray beam itself. 

Fig. 9 deals with similar measurements to those in fig. 8, again using very 
thin-walled chambers but this time with non-oanalized radiation. The curves 
reflect the complexity of the conditions, for we are now dealing not only 
with scattered electrons from the platinum, lead, air and the general 
environment, but with considerable extraneous scattered y-radiation. 
Little significance should be attached to the numerical values recorded in 
fig. 9, since they merely illustrate a particular set of experimental conditions, 
and are scarcely likely to be reproduced *in other circumstances. One’s main 
comment is that the ionization values are always larger than those obtained 
with thick-wall chambers under similar conditions. 

Clinical Bearing of the Results 

The bearing of the results in the present paper on clinical practice is of 
interest, particularly when the conditions are such that we may assume the 
biological effect produced by y-radiation in a particular cell in tissue depends 
on the energy absorbed from the electrons passing through the cell. As we 
have seen, this energy is not necessarily equivalent to the energy of the 
electrons liberated in the cell, the two being only equal when the cell is 
surrounded by tissue of a thickness at least equal to the maximum electron 
range. The equality is actuallyimplied in the present definition of the rontgen, 
which is correspondingly restricted in its application. 
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Fig. 8—Effect on measured ionization of varying the distance between radium source 



Fig. 9—Effect on measured, ionization of varying the distance between radium 
source and thin air-wall paper chambers of varying sizes, using a non-canalized 
y-ray beam. 
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It will be appreciated that a thick air-wall chamber has its clinical 
limitations, in that there are locations where it does not give a true measure 
of a dose in tissue. For example, in the case of a radium needle buried in 
tissue, a chamber having walls 3 mm. thick can only be used to measure 
doses in tissue at distances of 3 mm. or more from the needle. If we wish to 
ascertain the dose received by a cell neafer to or in actual contact with the 
needle, we can most conveniently determine the energy absorbed from the 
electrons passing through the cell by means of a very thin air-wall chamber. 
In point of fact, such a chamber is of universal application, since it will 
equally well measure the electronic energy absorbed at any point, whether 
in free air, or on the surface of tissue, or within it. Such measurements 
should however be stated in e.s.u./o.c. and not in rontgens, since the thin 
air-wall chamber does not satisfy the definition of the rdntgen. 

On balance, however, it is realized that, from a practical point of view, the 
fragility of thin-walled chambers, together with their susceptibility to 
extraneous scattered /J-radiation, are such as to render them unsuitable for 
routine medical purposes. Thick-walled chambers are to be preferred, for 
although they are inadequate in certain locations, they can in most cir¬ 
cumstances be relied upon to measure dosage correctly in rontgens. 

Revised Definition of the Rdntgen 

In order to clarify the use of the rdntgen in the light of the knowledge 
gained in y-ray dosage measurements, we suggest, in view of the foregoing, 
that the present definition could advantageously be modified on some such 
lines as the following, the wording of which is designed to deal both with 
v y-rays and X-rays of all wave-lengths: 

The rdntgen shall be that quantity or “dose” of X- or y-radiation, whether direct 
or scattered, which, received at any point, would liberate under saturation conditions 
an ionic charge (of either sign) of one electrostatic unit per cubic centimetre in an 
indefinitely small volume of dry air at 0° C. and 76 cm. mercury pressure* situated 
at that point, the air being bounded by an envelopef of air or air-equivalent material J 
of thickness equal to the maximum range of the secondary particles liberated by the 
radiation from the envelope and contributing to the ionization. 

With regard to the above definition, it isappreciated that in certain clinical 
circumstances a dose measured in rontgens may differ from the physical 
concept of quantity of radiation as set out at the beginning of this paper, 

* More precisely, at "standard atmospheric pressure". * 

t It is assumed that the introduction of the envelope does not disturb the quantity 
of radiation reaching the point. 

t "Air-equivalent" material is understood to have the same properties as air in 
regard to the absorption and scattering of the particular radiation employed. 
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but despite such occasional limitations, it would appear that the rdntgen, 
as so defined, forms a convenient practical unit which is sufficiently accurate 
for present-day medical requirements. 

We are glad to be able to record our appreciation of the services of 
Messrs. P. R. Pallister, B.Sc. and Mr. E. E. Smith, B.Sc. who gave skilled 
assistance throughout the prolonged experimental work. 

Summary 

Among the essential factors for success in the treatment of cancer by 
X-rays and y-rays, whether singly or combined, is the accurate measurement 
of the quantity or “ dose ” of radiation administered. In the case of X-rays, 
the most satisfactory method available involves the determination of the 
electronic ionization liberated in air by the radiation. On this physical 
process rests the international air-ionization unit of X-ray quantity defined 
as the rontgen, for the experimental realization of which the “free-air” 
ionization chamber is commonly adopted. The published results of the 
various workers who have attempted to extend the same procedure to the 
y- rays from radium, display however discrepancies which have cast doubts 
on the feasibility of expressing X-ray and y-ray measurements in a single 
unit, a procedure admittedly desirable. 

The authors show that the difficulties experienced by previous workers 
in the case of y-rays were due in part to the use of free-air chambers which 
were too small to take account of the long ranges (up to about 6 ft.) of the 
electrons liberated in air, and in part to the presence of undue extraneous 
scattered radiation from the environment. These difficulties have been 
overcome in the present investigation by using a very large parallel-plate 
free-air ionization chamber (of effective dimensions about 12 ft. by 10 ft.), a 
narrow beam of y-rays, and a remote source of radium (not less than 6 ft. 
from the centre of the chamber). By these means, electronic equilibrium 
can be attained in the 11 measured volume ” of the chamber; and by adopting 
a somewhat more generalized definition of the rontgen, which still remains 
appropriate for X-rays of all wave-lengths, the unification of X-ray and 
y-ray dosage measurements in rontgens can be effected. 

While a chamber of such large dimensions is naturally unsuitable for 
routine general or medical observations, it serves its purpose as an ultimate 
y-ray standard of reference and has afforded a means of calibrating small 
ionization chambers completely enclosed by walls of “air-equivalent” 
material and of a thickness equal to the maximum electronic range in the 

Vol CLXI— K* 



592 G, W. C. Kaye and W. Sinks 

material—a general type already in use for X-ray measurements. Such 
calibrations have in fact confirmed the presumption that in most circum¬ 
stances air-wall” chambers designed on suoh lines can be successfully 
employed for y-rays. 

Incidentally, it appears from the present investigation that the Sievert 
unit dose (i.e. the quantity of y-radiation received in 1 hr. at a distance of 
1 cm. from a “ point source ” containing 1 mg. of radium element surrounded 
by 0*5 mm. platinum) is equivalent under specified conditions to approxi¬ 
mately 8 rontgens (within a few per cent), a figure which would seem to be 
sufficiently precise for present-day medical purposes. 
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(Abstract) 


QUANTITATIVE SPECTROGRAPHIC ANALYSIS OF 
BIOLOGICAL MATERIAL—II 

By J. S. Foster, F.R.S., Macdonald Professor of Physics, 
and C. A. Horton, Demonstrator in Physics; 

McOill University , Montreal . 

(Receiver! 31 March 1937) 

An internal standard method of general applica bility has been de veloped 
for quantitative spectrographic analysis of fresh plant tissue without 
ashing or chemical treatment. 

The method is applied to the determination of boron, line intensities 
being measured with a wedge. 

Results obtained for normal plants with 200 mg. of material are repro¬ 
ducible with variations rarely in exoess of 10%, 

A photometer for wedge spectrograms is described. It is designed to 
avoid the problem of finding the ends of the spectral lines and to give the 
relative intensities directly. 


(The full paper is published in Proc . Roy, Soc, B, 123, 422) 
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